Name: VERSION: 1

Section #: Carl Frederick Gauss

Exam 3, Math 20580
April 17,2025

The Honor Code is in affect for this examination. All work is to be your own.

Please turn off and put away all cellphones and electronic devices.
Calculators are not allowed.
The exam lasts for one hour and 15 minutes.

Be sure that your name and your instructor’s name and
your section number are on the front page of your exam.

There are 12 problems: 8 are multiple choice and 4 are partial credit.

Be sure that you have all 9 pages of this exam.
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Each multiple choice question is worth 6 points. Your score will be the sum of the best 7 scores on the

multiple choice plus your score on questions 9-12.

Make sure you have correctly marked your multiple choice answers by the time the exam ends. No

credit will be given for incorrectly marked answers.

Please mark you answers with an X, not a circle.
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Multiple choice problems
1. (6 points) The eigenvalues of a certain 3 x 3 matrix A are —1, 0, and 1. Determine which statement is true.

(a) The linear transformation associated to A is onto.

)
(b) rank(A4) =1
)

2

(d) A is not diagonalizable.
(

e) Ax = 0 has only the trivial solution.
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2. (6 points) Suppose that we find a QR decomposition of A = 1 1 0 —1 with
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What is the first entry in the third row of R?
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3. (6 points) Suppose that A is a 3 x 3 matrix, that | 1 | is an eigenvector for A with eigenvalue —1, and that
1
0
1
0

[ 0 ] is an eigenvector for A with eigenvalue 2. What is A ?
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4. (6 points) Let S be a one dimensional subspace (i.e. a line through the origin) in R?. Let A be the 2 x 2 matrix
such that AZ is the orthogonal projection of Z onto S. Which of the following are true statements?

(I) Every vector ¢ in S is an eigenvector of A.

(IT) Every vector in the orthogonal complement of S is an eigenvector of A.

(IIT) 0 and 1 are eigenvalues of A.
(a) (I) and (III) only (b) (I), (II) and (III) (¢) (I) and (IT) only (d) none of them
(e) (III) only ‘)
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5. (6 points) Find the projection of the vector ¥ = [ 0 ] on the subspace W of R? spanned by the vectors [ 1 ]
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6. (6 points) What is the least squares solution Z of the linear system
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7. (6 points) Which of the following statements about the differential equation

y/ _ y2
are true?
(I) The equation is linear.
(IT) The equation is separable.
(III) The equation is autonomous.
(a) (III) only (b) (I) and (III) only (c) (IT) and (III) only (d) (I) and (II) only

(e) None of them
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8. (6 points) Let y(x) be the solution of the initial value problem
dy

-9 —9.
o zy®,  y(0)

What is y(1)?

() 1 (b) 1/3 (©) 2 (¢) 3/2
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Partial credit problems

9. (18 points) Consider the matrix

3 0 1]
A=1]10 2 -1
0 1 0
(a) Find the eigenvalues of A _ —
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(c) What are the algebraic multiplicities of the eigenvalues of A?
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(d) What are the geometric multiplicities of the eigenvalues of A?
| hay oeom. m t |
(b has ? e ynd H’ |

(e) Diagonalize A if possible. That is, find a diagonal matrix D and an invertible matrix P such that
A= PDP~'. If Ais not diagonalizable, explain why not.
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10. (12 points) Consider the matrix

3 -4 4
0 0 2
A= 1 2 -2
0 1 10

Use the Gram-Schmidt process to find an orthonormal basis for Col(A).
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11. (14 points)
(a) Find the solution y(x) of the initial value problem

)‘é@ + ;:j =2 We covtider s £r 270

dy
=7 =2 1)=2
e+ 3y =2, y(1)
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(b) Which of the followmg three pictures shows the slope (i.e. direction) field for the differential equation in
st ircle your answer and briefly explain your reasoning.
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12. (14 points) Counsider the autonomous ODE Z—z = f(y) where the graph of f(y) = 3y® — 3y is shown below.

(a) Find and classify the critical points ofx justifying your classification briefly in words or by drawing a phase
portrait (i.e. phase line).
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(b) On the graph below, give rough sketches of the (three) solutions y(x) of the differential equation that pass
1
through the indicated points (z,y) = (-1, -1), (0, 5), (1, —g)
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