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Math 20580 (L.A. and D.E.) Tutorial
Worksheet 9

1. Determine the Q) R-factorization of the following matrix:

1 1
A=1-1 0
0 1

Solution: Apply Gram—Schmidt to the columns of A:

up = [1,—1,0]"
Hence,
(751 1 T
ep=——=——[1,—1,0]".
Y T v
Now for es:
Ug = [17 0, 1}T - pI‘Ojul[l, 0, 1]T = [17 0, 1]T - ([17 0, 1]T ’ 61)61;
r 1 T
ug = [1,0,1]" — 5[1,—1,0] :
uy = [1/2,1/2,1]%.
Hence,

T
€s Tual \/6[1,1,2] .
Thus, we get that
I
Vi
Q= -5 e
0 7

To get the matrix R, we use that fact that QTQ = I,,. Hence,

] |

V2
0

Sl

R=Q"A=
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2. Find a least squares solution to Ax = b where
31 1
A=1|1 1| ,b= |1
1 2 1

Furthermore, is the solution unique or not?

Solution: We compute

T_116 T_5
AA—[6 6} and Ab—LJ.

So the solution to the equation ATAX = ATb is

1
=13
15

Furthermore, the solution is unique since A” A has full rank.
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3. Find the quadratic function that gives the best least squares approximation to the points
(1,1), (2,-2), (3,3), (4,4).

Solution: Let the equation of the quadratic function be y = a+bx+cx?. Substituting
the given points into this quadratic, we obtain the linear system Ax = b that we
want the least squares approximation of, where

1 1 1 o 1
1 2 4 -2
A= 13 ol X = I; , and b= 3
1 4 16 4
We compute
4 10 30 6
ATA= 110 30 100 and A'b= |22
30 100 354 84

So the solution to the equation ATAX = ATb is

X
I
|

Thus, the least squares approximating parabola has the equation

18
y:3—gsc—|—:c2.
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4. The function y;(7) = =2, —0co < ¥ < oo and

16
(z) 0, x <0
.’L' =
b2 1—16354, x>0

have the same domain but are clearly different. Show that both functions are solutions
of the initial-value problem (IVP)

dy
d $\/§» y( )

on the interval (—oo, 00). Explain why this IVP fails to have unique solutions.

Solution: Note that

y1 is a solution. Note that

d
—(0)=0=2-0
S =0=2-0
and that y, is differentiable on (—o00, 00), ¥ is also a solution.

Let
F(z,y) = z\/y.

This IVP fails to have unique solutions as

or _ z

dy 2y

does not exist on y = 0.




