DIVIDING LINES IN UNSTABLE THEORIES

GABRIEL CONANT

The aim of this paper is to define various properties of formulas in first order theories, and prove the
appropriate implications between these properties. Most definitions are taken from [3], but the definitions
themselves and many of the proofs are due to Shelah (see [4, IT]). We give citations at the beginning of proofs
taken from other sources.

Recall that a theory is stable if no formula has the so-called “order property”, and a theory is simple if
no formula has the “tree property”. We first define these properties, along with a few more complicated
properties of the same type. We fix some theory T" and a sufficiently saturated M = T. If ¢ is a sentence
with parameters from M, we write = ¢ if M = .

1. A CHAIN OF PROPERTIES

Definition 1.1. A formula ¢(x,y) has the order property, OP, if there are tuples (a;)i<., and (b;)i<w
such that = ¢(a;, b;) if and only if i < j.

Forn > 3, a formula p(z,y), with l(x) = l(y), has the n-strong order property, SOP,, if

E -3z, . xn (e, 22) Ap(za,23) Ao A o(Tn, 21)),

and there are tuples (a;)i<. such that = ¢(a;,a;) for alli < j < w.

A formula p(z,y), with l(x) = l(y), has the strong order property, SOP, if for alln >3

E -3z, .. en (e, x0) Ap(za, 23) Ao A (T, 1)),

and there are tuples (a;)i<w such that = p(a;, a;) for alli < j < w.

A formula o(x,y) has the strict order property, sOP, if there are tuples (a;)i<. such that
E Jr(—p(z,a;) Ap(z,a;)) & i<j.
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Consider the definition of SOP,, and its natural extension to n = 1 or n = 2. For n = 2 we have the
order property. Moreover, any theory with an infinite model would satisfy the definition with n =1 via the
formula x # y. Therefore we will redefine SOPs and SOP; in the same vein as the next class of properties,
which are defined using trees as index sets.

Before defining these properties, we specify some notation concerning trees.

Definition 1.2. Let A be a set and define

A< =[] A

new

If (ag, - -, an), (b, ..., by) € A<¥, define
(agy .. an) (boy ... bm) = (ag,...,an,bo,...,by) € A,

If uym € A%, we say p < n if there is some v € A% such that n = p’y. For a € A we identify a and

(a) € A<Y. Ifn € w, we also define (a)™ = (a,a,...,a) € A<¥. Two elements p,n € A< are incomparable
————

n times

if wAnandn A p.

The next class of properties on formulas are defined using tuples indexed by trees.

Definition 1.3. A formula ¢(x,y) has the tree property, TP, if there are tuples (a,)pecw< and some k > 2
such that for all o € w*, {@(z,a,,) : n < w} is consistent; but for all n € W<, {Q(x,aprn) : 1 < w} is

k-inconsistent.

A formula p(z,y) has the tree property 1, TP, if there are tuples (ap)ncw<e and some k € ZF such that
for all o € w*, {p(z,a,,) : 1 < w} is consistent; but for all incomparable p,n € W<, {¢(x,a,), p(x,a,)}

18 1nconsistent.

A formula ¢(x,y) has SOPy if there are tuples (a,)peca<e and some k € ZT such that for all o € 2¥,

p(x,ays ) :n < w} is consistent; but for all u,n € ,if w0 < then {p(x,a,1), o(x, an)} is inconsistent.
In 3 istent; b ll 2<% 4f 110 h " n)} 184 ) t

A formula ¢(x,y) has SOPy if there are tuples (a,)peca<w and some k € ZT such that for all o € 2¥,

{o(x,a0),) : n < w} is consistent; but for all incomparable p,n € 2=, {p(x,a,), ¢(x,a,)} is inconsistent.

The goal of this section is to prove the following chain of implications (when Q = R is written with no

other information, we read this as “if 7" has Q then T" has R”).
Theorem 1.4.

sOP = SOP = ... = SOP,,41 = SOP,, = ... = SOP3 = (TP; & SOP,) = SOP; = TP = OP.
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Proposition 1.5. sOP = SOP.
Proof. Suppose ¢(x,y), with (a;)i<y, witnesses sOP. Let I(z1) = l(z2) = I(y) and define

(21, 2) 1= Va(p(r, 1) = (2, 22)) A Jw(p(z, v2) A —~p(z, 21)).

By assumption, = ¢ (a;, a;) for all i < j. Suppose, towards a contradiction, that we have n > 3 and by, ..., b,

such that
E (b, ba) Ao Ab(bp—1,bn) A1(bp, b1).

If B, =4¥(M,b;) for 1 <i<n, then we have B; C By C ... C B,, € By, which is a contradiction. Therefore

Y(x1, z2), with (a;);<y, witnesses SOP. a
Proposition 1.6. SOP = SOP,, for all n > 3.

Proof. Follows by definition. O
Proposition 1.7. Forn > 3, SOP,,;; = SOP,,.

Proof. Suppose T has SOP,,;1, witnessed by ¢(x,y) and (a;);<,. Define

¢(3317332a?/17y2) = QO('T17$2) /\gﬁ(l’g,yl) A (p(xg,yz) A Sp(ylay2)'

Ifi < ] then ': 1/1((12,-, a2i+1,a2j5, a2j+1). Suppose, towards a COIltI‘adiCtiOIl, that (bl,o, 1)171)7 ey (bmo, bn,1)

are such that

M E ¥(b1,0,b1,1,b2,0,02,1) A oo o AY(br—1,0,bn—1,1, 00,0, b0,1) AY(br 0, b5 1,b1,0,01,1)-

Then we have
M = @(b1,0,b1,1) A @(b11,b2,1) Ao A@(bp—1,1,bn,1) A @(bn,1,b1,0)s

contradicting that ¢(z,y) SOP,,4+1. Therefore ¢(x1,x2,y1,¥y2), wWith (ag;, azit1)i<w, witnesses SOP,,. O
Proposition 1.8. SOP3 = SOP,.

Proof. [2] Suppose ¢(z,y), with (a;)i<w, witnesses SOP3. We have |= ¢(a;, ;) for all ¢ < j. By compactness,
we can obtain (by)gseq such that = ¢(by, b,) for all ¢ < r. Set z = (y1,y2) and define

w(% z) = 90(?/1733) A 90('% y2>'
We define (c;)pe2<« inductively by ¢y = (bo, b1), and if ¢,, = (bg, b,-), with ¢ < r, then

(an b%(r—q)) i=0
(b%(rqubr) Z == 1

C»,]Ai =
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We claim that ¢(x, 2), with (¢;),c2<w, witnesses SOP,. To this end, suppose o € 2* and n < w. There are

O=qo<...<qn<rp<rp_1<...<719=1such that for 0 <i < n,

CO"i = (bfli’bh‘)'

If gn < q <7y then |= @(by,,bg) A p(bg,by,) for all 0 < i < n. Thus {1(x,c,),) : 0 < i < n} is satisfiable, and
so {1 (z,¢,|,) : n < w} is consistent by compactness.
Now suppose i, € 2<% are incomparable. Then, without loss of generality, we have ¢ < r < s < t such

that
¢y = (bg,by) and ¢, = (bs, by).

If d satisfies {¢(x,c,), 9 (x, ¢y)} then we have

©(d, b:) N p(br,bs) A @(bs, d),

contradicting that ¢(z,y) witnesses SOP3. Therefore {¢(x,c,), ¥ (x,cy)} is inconsistent. O
Proposition 1.9. SOP, < TP;.

Proof. [3] Suppose ¢(z,y), with (ay),ec2<«, witnesses SOP,. Define h : w<“ — 2<“ inductively by h(0) = 0
and for i < w,

h(ni) = h(n)"(1)"0.
If n < p, say o = n"(n1,...,n;) with n; € w, then h(u) = h(n)*(1)=""0 so h(n) < h(u). Thus if o € w®,
we may define h(o) =, ., h(o]n) € 2¥.

By assumption, {¢(z, ap(0)),) : 7 < w} is consistent. If n,u € w<v

are incomparable then, without loss
of generality, there are v,mg, g € w<¥ and ¢ < j such that n = v""ng and pu = "5 ug. It follows that
there are 11, 1 € 2<% such that h(n) = h(y)"(1)"°0™n; and h(p) = h(7)"(1)7°0"u1. Therefore h(n) and h (i)
are incomparable, and so {¢(z, an(y)), ©(z, an())} is inconsistent. In conclusion ¢(z,y) with (az(y))new<e,

witnesses TP;.

Conversely, if ¢(z,y), with (ay),ecw<w, witnesses TPy, then clearly ¢(z,y), with (ay),e2<«, witnesses

SOPs. O
Proposition 1.10. SOP, = SOP;.

Proof. Suppose ¢(x,y), with (ay,)yc2<w, witnesses SOPy. For all p,n € 2<¥, if "0 < 5 then p°1 and
n are incomparable, and so {¢p(x,a,1), ¢(x,a,)} is inconsistent. Thus ¢(z,y), with (a,),ec2<v, witnesses

SOP;. O

Proposition 1.11. SOP; = TP.
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Proof. [2] Suppose ¢(z,y), with (a,),ec2<«, witnesses SOP;. Define h : w<* — 2<“ inductively such that
h(0) =0 and for i < w,

h(n°i) = h(n)"(0)""1.
For n € w<¥, set b, = ap(,). As in the proof of Proposition 1.9, p < 7 implies h(p) < h(n). For o € w®,
define h(o) = U, <, M(o]n). Then {@(x,by),) : n < w} C {@(x, any),) : n < w}, so {(x,by),) : n < w}is

consistent.

Now fix 7 € w<* and suppose i < j. Then h(n)"(0)* < h(n"j) and h(n"i) = h(n)"(0)*"1, so

{QP(‘T, ah(n%’))a 90(1’.7 ah(?fj))}

is inconsistent by assumption. Therefore {¢(z,by~;), ¢(x,b,-;)} is inconsistent, and so {¢(z,by) : 1 < w}

is 2-inconsistent. Thus ¢(x,y), with (by),ecw<w, witnesses TP. O

The only remaining implication in the statement of Theorem 1.4 is TP = OP. This argument is a bit

more technical than the previous one, and we break it into two steps, the proofs of which are taken from [4].

Lemma 1.12. Suppose p(z,y) witnesses TP with respect to k > 2. Then there is an infinite set A such that
1S, (A)| > |A].

Proof. [4, IT] Let s be an infinite cardinal such that ¥ > max{2%, x}. By compactness we may assume that

we have (a,)ner<« such that for all o € k¥,
o = {o(z,a4),) 11 < w}

is consistent; and for all n € k<, {¢(z,a,;) : i < K} is k-inconsistent. Given o € k“, construct F, C k¥
such that

(1) o0 € Fy;

(41) U,ep, mr is consistent.

(t73) for all p € K\ F,, m, UJ 7, is inconsistent.

TEF,
Let T, = {7|p:n <w, T € Fy;}. Then T, is a tree. Suppose, towards a contradiction, that there is n € T,
and distinct 41,...,4; € & such that n"i; € T, for all j. Then there are 7,...,7; € F;, such that n"i; < 73,
which is a contradiction since {¢(z,al,~;) : 1 < j < k} is inconsistent. It follows that 7;, can be embedded
into k“. In particular, |F,| < 2¢. Since k% > 2%, there is F' C k% such that |F| = s and F, # F. for all
distinct o, 7 € F.

Let A = (ay)pen<w and, for o € F, let p, € S,(A) be a complete p-type containing | p mr. If
o, 7 € F are distinct then, without loss of generality, there is some p € F,\F;. Then 7, C p, and p, U, is
inconsistent. Therefore p, # p-, and so [S,(A)| > K > Kk = |A]. O
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Definition 1.13. Given formulas ¢(z,y), ¥(y,z), a type p (¢, ¢)-splits over a set B if there are a,b €
dom(p) such that tp,(a/B) = tp,(b/B), but ¢(x,a), ~¢(x,b) € p.

Proposition 1.14. TP = OP.

Proof. [4, I1] Suppose ¢(z,y) witnesses TP. By Lemma 1.12, there is some infinite cardinal x, and a set A
of size k, such that [S,(A)] > k. Let (¢;)j<n+ be realizations of x™-many distinct p-types in S,(A). Set
Y(y,z) = p(z,y). Let Ag = A and, given A,, of size k, define

Appi=A,U{a:al=p, pe S,(B)USy(B), BC A, is finite}.

There are countably many finite subsets of A, and if B is finite then S,(B) U Sy(B) is finite, so A, 41 still
has size k.

Claim: There is some i < k¥ such that for all n < w and for all B C A, finite, tp,(ci/Ant1) (¥, ¢)-splits
over B.

Proof: Suppose not. Then for all i < k¥ there is a pair (n, B) such that B C A,, is finite and tp,(ci/An11)
does not (¥, @)-split over B. There are only countably many such pairs (n,B). Thus, without loss of
generality, there is a pair (n, B) such that B C A,, is finite and for all i < s, tp(c;/An+1) does not (¢, ¢)-
split over B. By definition, there is a finite set C' such that B C C' C A, 4 and all types in S,(B) U Sy (B)
are realized in C. Again, S,(C) is finite, so without loss of generality we may assume tp,,(c;/C) = tp,(c;/C)
for all 4,j < w+.

Consider c¢g, ¢;. By assumption, there is some a € Ay such that = ¢(c1,a) <> —p(co,a). Let o’ € C such
that tp,(a’/B) = tp,(a/B). For all i < x*, tp,(ci/Ans1) does not (¥, p)-split over B, so it follows that
tp,(ci/C) does not (1, p)-split over B. Since tp,(a/B) = tp,(a’/B), we have ¢(r,a) € tp,(c;/C) if and
only if ¢(z,a’) € tp,(c;/C). In other words, |= ¢(ci,a) < p(ci,a’), for all i < x*. Altogether, we have

': QO(CO, a) AN @(COa a/) A 30<017al> A @(cla Cl) A _‘HO(COa CL),

which is a contradiction. ;

By the claim, we have i < xT such that for all n < w and for all B C A, finite, tp(c;/A,11) (1, p)-splits
over B. Set ¢ = ¢;. Then tp,(c/A1) (¢, ¢)-splits over (), so there are ag, by € Ay such that tp,,(ag) = tp, (bo)
with (2, ao), ~¢(z, bo) € tp(c/A1). Now {ag,bo} € A so there is some dy € Ay realizing tp,,(c/ao, bo)-

Suppose n > 0 and we are given (a;, b;, d;)i<yn such that for all ¢ < n,

(1) tpy(ai/{d; - 7 <i}) = tpy(bi/{d; - 5 <i});

(i) di € Agiyo realizes tp,(c/{a;,bj : j <i});
(iii) = (e, a:) A —p(c, bi).
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Then tpw(c/Ag,H_l) (v, p)-splits over {d; : i <n} C Ag, so there are a,,, b, € Ag, 1 such that tpw(an/{di :
i < n}) = tpy(bn/{di : i < n}) and p(z,an), ~p(z,bn) € tp,(c/A2nt1). But tp,(c/{ai,b; : i < n}) is

realized by some d,, € Ay, t2. This process generates (an, by, dy)n<w such that for all n < w,

(1) tpy(an/{di i <n})=1tp,(bn/{di i <n});
(i) dn € Agnyo realizes tp,(c/{a;, bi i < n});

(”Z) ': @(Ca an) N ﬁ()D(C, bn)

Note first that for all j < ¢, we have |= ¢(d;, a;) A =p(d;, b;). Moreover, for all ¢ < j,
E e(di, a;) < Y(a;,di) < ¥(bj, di) <> (di, bj).

Therefore we have
= ¢(d;,a;) < o(d;,bj) < i<j.

Altogether, if 2 = (y1,y2) and 0(z,2) = ¢(z,y1) < @(z,92), then O(x, 2), with (d;)i<o, and (as,b;)i<w,
witnesses OP. O

This completes the proof of Theorem 1.4.

2. FURTHER PROPERTIES

We now define two more properties, which do not fit exactly into the chain in Theorem 1.4.
Definition 2.1. A formula ¢(x,y) has the independence property, IP, if there are (a;)i<w and (¢o)oe2w
such that = ¢(a;, cy) if and only if (i) = 1.

A formula ¢(x,y) has the tree property 2, TPy, if there are (ai ;)i j<w Such that for any o € w¥,
{p(x, ap o(n)) : 1 < w} is consistent; but for all j <k < w, {¢(x,a:;), p(x,a:r)} is inconsistent.

Proposition 2.2. IP = OP.

Proof. Suppose o(z,y), with (a;)i<, and (¢s)se2w, witnesses IP. Given i < w, let 0; : w — w such that

0:(7) =0 if and only if i < j. Then we have
Folaico;) & o0i(i)=1 & i<].
So ¢(x,y), with (a;)i<w and (¢, )i<w, Witnesses OP. O

Proposition 2.3. TP, = TP.
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Proof. [1] Suppose ¢(z,y), with (a; ;)i j<w, Witnesses TPy. Fix an injection f :w x w — w. Set by = ag o,
and for i < w, set b;) = a1,;. Suppose 0 < n < w and for all n € w™ we have j < w such that b, = a, ;. Let
(by;)i<w be an enumeration of w™ and for j < w define by, ~j = apy1,4(i,5)-

We claim that ¢(z,y), with (b;),cw,<w, witnesses TP with respect to 2. If o € w* then for all n < w,

bo|, = Gn,; for some j < w. So if 7:w — w is such that 7(n) = j, we have that

{o(z,bs1,) 1 n < w} ={@(x, a0 7)) : 1 < W}

is consistent. Furthermore suppose n € w<“ and j < k < w. If || = n, then b, j = anyq,f3,;) and
by*k = @nt1,#(i,k), Where 7 = 7; in the enumeration of w™. Since f is injective, it follows that f(i, j) # f(i, k),

and so
{90(.%, bnAj)7 (p(l‘> bn”k)} = {(P(Q?, anJrl,f(i,j))a (P(xa an+1,f(i,k)>}

is inconsistent by assumption. O
Proposition 2.4. TP, = IP.
Proof. [1] Suppose ¢(z,y), with (a; ;)i j<w, witnesses TPy. Let o € 2. By assumption,

{o(w,ai1) 1 0o(i) = 1} U{p(x,a:0) : 0(i) = 0}

is consistent, say satisfied by some b,. Furthermore, {¢(z, ai0), p(x,a;1)} is inconsistent for all i < w, and

so it follows that b, satisfies

{o(@,ai,1) s 0(i) = 1} U{~p(2,ai1) s 0(i) = 0}

Therefore p(z,y), with (a;1)i<w and (by)oecaw, witnesses IP. O

Altogether, we have shown the following:

Theorem 2.5.

sOP = SOP = ... = SOP,,41 = SOP,, = ... = SOP3 = (TP; & SOP;3) = SOP; = TP = OP
f f
TPy, = 1P

Remark 2.6. In [4], the following equivalences are proved,

OP & (IP or sOP) and TP < (TP; or TPy).
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We detail these proofs in the last section.
Recall again that a theory T is stable if and only if 7" does not have OP; and T is simple if and only if T
does not have TP.

3. ALTERNATE DEFINITIONS

In the literature, it is easy to find sources with slightly different definitions of the properties discussed
above. While this can sometimes make a nominal difference when considering the property with respect to

the formula, it usually does not make any difference when considering the property with respect to a theory.

Theorem 3.1. Let n > 3. Then T has SOP,, if and only if there is a formula ¢(x,y), with l(z) = U(y),
such that for all k < n,

E -3z, ap(e(@, ) Ao A (a1, k) A o(ag, 21)),

and there are (a;)i<, such that |E o(a;,a;41) for all i < w.

Proof. Suppose ¢(z,y), with (a;)i<w, witnesses SOP,,. Then for all k < n, there are ¢y (z,y) and (a¥)i<.
witnessing SOPy, if &k > 3 and OP (respectively an infinite model) if k¥ = 2 (resp. k = 1). Define

(@1, T Y1 Un) = (@ yn) A\ er(Tn ur)-
k<n

Clearly, for all £ < n, we have

F o3z, B (W(Z1, T2) A AY(Ze—1, T) AP (T, T1),

Moreover, if @; = (a},...,al'" ', a?), then |= 1(a;,a;11) for all i < w.

Conversely, suppose we have p(z,y), with I(z) = I(y) and (a;)i<. such that = ¢(a;,a;41) for all i < w

and for all k < n,
E -3z, . xp(e(@, o) Ao A (a1, 2k) A o(ag, 21)).

O

Theorem 3.2. T has sOP if and only if there is a formula ¥ (x,y), with [(x) = l(y), defining a partial order

(reflexive, antisymmetric, transitive) with infinite chains.
Proof. Suppose ¢(x,y), with (a;);<., witnesses that T' has sOP. Define the formula,

V1, y2) == y1 =y2 V (V:c(so(%m) = o(z,y2)) A (=@, y1) A w(%yz)))-
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In other words, for all b,c € M,
Fv(be) & b=corpM,b) S oM, c).

Therefore ¢ (y1,y2) defines a partial order. By assumption we have (M, a;) € ¢(M,a;) for all i < j, so
(ai)i<y 1s an infinite chain with respect to ¥ (y1, y2).

Conversely, suppose we have 1 (z,y) defining a partial order with infinite chains. Let (a;);<, be an infinite
chain, i.e., = 9(a;,a;) and a; # a; for all ¢ < j. We claim that ¢ (x,y), with (a;)i<. witnesses sOP. Indeed,
if i < j then we have = —¢(a;, a;) A(a;,a;). On the other hand, if ¢ € M such that = =) (c, a;) A (e, a;)
then ¢ < j, since otherwise we would have = 9(c,a;) A¥(a;,a;), and so = ¢¥(c, a;) by transitivity. O

4. EQUIVALENCE THEOREMS

Definition 4.1. A formula ¢(x,y) is unstable if there is some infinite set A such that |S,(A)| > |A].
Recall that T is stable if and only if no formula is unstable.
Lemma 4.2. A formula ¢(x,y) is unstable if and only if it has OP.

Proof. [4, II] Suppose @(z,y) is unstable. As in the proof of Proposition 1.14, there are (a;, b;,d;)i<w such
that

E o(d;i,a5) <> o(d;, b;) for all i < §, and = ¢(ds, a;) A =p(d;, by) for all j <.
Let [w] = {(4,7) : i < j < w} and define f : [w] — {0,1} such that f(¢,j) = 0 if and only if = p(d;, a;).
By Ramsey’s Theorem, there is an infinite subset I C w such that f is constant on {(i,5) € I? : i < j}. By
renaming, we may assume f is constant on |w]. If f = 0 then we have = ¢(d;, ;) if and only if ¢ < j, so

¢(z,y) has OP. If f =1 then we have = —p(d;, a;) if and only if ¢ < j. Define
A=TU{p(x;y;) 1 <j<wlU{o(r;,y;):j<i<w}

If Ag C A is finite then let n be maximal such that x,, or y, occurs as a variable in Agy. For i < n, interpret
x; as dp—; and y; as an—;, which satisfies Ag. Therefore A is satisfied by compactness and so ¢(z,y) has
OP.

Suppose (z,y) has OP. By compactness we may assume OP is witnessed by (a,)qeq and (by)geq- Note
that for all ¢ < r we have = ¢(aq, b,) A—p(aq,by), so if A= {b,: ¢ < w} then A is countably infinite. Given
t € R\Q, define the o-type p, = {¢(z,bq) : ¢ > t} U {—-p(x,by) : ¢ < t}. By assumption and compactness,
each p; is consistent. If s < ¢ are irrational and ¢ € Q with s < ¢ < ¢ then ¢(x,by) € ps and —(z,bq) € ps.
Therefore |S,(A)| > |A| and so ¢(z,y) is unstable. O
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Theorem 4.3. A formula ¢(x,y) is unstable if and only if 0(y, x) := p(x,y) has IP or, for somen < w and
ne2
Un(@, Yo, yne1) = N\ ez, m) A —(x,yi)
n(i)=1 n(i)=0

has sOP.

Proof. [4, IT] First, if p(x,y) has IP then it is unstable by Proposition 2.2 and Lemma 4.2. On the other
hand suppose there is some n < w and 7 € 2" such that ¢, (z,y) has sOP, witnessed by (a;)i<w. If b; is such
that = =y, (bi, a;) A ¢y (bi, aiq1), then = ¢,(b;, a;) if and only if ¢ < j, so ¥, (x,y) is unstable by Lemma
4.2. Let A be infinite such that |Sy, (A)| > |A]. Given p € Sy, (A), let a, |= p and define

p={¢(z,a):a €A, Eplap,a)} U{-p(z,a):a €A, =-playa)}

Clearly, each p is a consistent ¢-type. Furthermore, if p,q € Sy, (A) and p = ¢, then p = g. Therefore
|Se(A)| =[Sy, (A)] > |A|, and so ¢(z,y) is unstable.

Conversely, suppose ¢(x,y) is unstable. By Lemma 4.2, there are (a;);<, and (b;);<, witnessing that
o(z,y) has OP. By replacing (a;, b;)i<, with a realization of EM ((a;,b;)i<.w), we may assume (a;, b;)i<w 18

indiscernible. Suppose that for all n < w and u € 2™ we have

e A elb) AN e b)

n(i)=1 u(i)=0
Then for any o € 2¢, we have a solution ¢, to {¢(z,b;) : 0(i) = 0} U {=p(x,b;) : o(i) = 1} by compactness.
Setting 6(y, z) = ¢(z,y), it follows that §(y, z), with (b;)i<. and (c,)peon, witnesses IP. Therefore we may

assume that there is some n < w and p € 2" such that

E -z /\ o(x,b;) A —p(2, b;)

u(i)=1 u(i)=0

Let Xo = {i : u(i) = 1} and set m = |Xy|. Note that 0 < m < n. For some N < w, we construct sets
Xo, ..., Xy satisfying the following properties:

(i) Xn={n—-m,n—m+1,...,n—1}

(i7) for all k < N, |Xg| =m and X C{0,...,n — 1};
(#9t) for all & < N there is some [ € X}, such that X1 = (Xi\{l}) U {l + 1} (note that altogether this

implies | € X\ Xp41 and [ + 1 € X1\ Xk).

This can be done in the following way. Let Xo = {l1,...,ln} withl; < ... <. Thenl; <n—1+m—i for all
i. The next set in the sequence is obtained from the current one by choosing ¢ maximal with [; <n—1+m—i

and replacing l; with [; + 1. Eventually we find I; =n — 1 + m — ¢ for all 7.



12 GABRIEL CONANT

We have

= —dx /\ o(x,b;) A /\ —p(z,b;) | and |3z /\ o(x,b;) A /\ —(z,b;) |,

1€Xo i€ Xo, i<n i€XN 1ZXN,i<n

where the second statement is witnessed with & = a,,_,,_1. Therefore there is some k < N such that

= -d /\ o(x,b;) A /\ —@(z,b;) | and =3z /\ o(x,b;) A /\ —p(z,b;) |,

1€Xg ig{Xk, i<n iEX}C+1 iQXk+1,i<n

Let | € X be such that Xj11 = (Xp\{I}) U {l+1}. Set

Q/J(xﬂy>y0a"'7yl717yl+27"'ayn71) = 90(1"7:[/) A /\ So(xayl) A /\ "SD((L‘7yi)'
i€ X \{l} 1€ Xp1U{l}, i<n

For r < w, let b, = (bo,...,bj_1,b1424r -+, bn_14r). Then we have |= Iz (¢(x,biy1,b0) A —p(x,by)). Fixing
r<w, forall i,j <w with [ <i < j <142+ r, we have by indiscernibility

= 3x(¥(x,b;,0r) A —p(2,b;)).
But | —3z((x, by, bo) A ~p(x,bii1)) so, similarly, for r < w and [ <i < j <1+ 2+ 7, we have

= ~3w(¥(z,bi,b) A —p(,0))).

It follows that for all r <w and I <1< j<l+ 24T,

= 3w (9 (@, by, br) A (@, by, b)) and = 3w (@, by, br) A —tb(x, bj, b))

For r <w and i < r, let @l = (bj44,b,). Then for all » < w we have
F3z(-((z,ai) Aoz, a5) < i<j
By compactness, 1(z,y) has sOP. Clearly, v is of the desired form v, for some n € 2<%, ]

Corollary 4.4. OP < (IP or sOP). O
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