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Basic partition

A basic partition of A € R™"" is a partition of {1,2,...,n} into a pair of ordered sets
8= (h,8,....0m)and 1 = (M,%, ... ,Mn-m) 5o that Ag := [Ag,  Ag,,..., Ag, | isan

invertible m x m matrix.
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We associate a basic solution z € R™ with the basic partition via:

T = 1 e R .
Fg = Ag'h €R™:
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Note that every basic solution 7 satisfies Axr = b, because

Az = i,&jfj =Y Az + Y Az = AgZp+ Az, = Ag (AS' lb) +A,0=5.
=1
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A basic solution I is a basic feasible solution if it is feasible for (P). That is, if 5 =
A'b>0.



we observe that the feasible region of (P) is the solution set, in K",

g + Az Agz, = Az'b;
g =0 In = 0.

(45'4,) 2y < A5";
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Notice how we can view the xz variables as slack variables.
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A set 5 C " is a convex set if it contains the entire line segment between every pair
of points in 5 . That is,

' +(1-Az” €8, wheneverz',z° € Sand0< A< 1.

For a convex set 5§ C R" , a point £ € 5 is an extreme point of S if it is not on the
interior of any line segment wholly contained in S . That is, if we cannot write

F=dl4+(1-ANz?, withz! £2z° € Sand0< A <1.
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Fg = Az |
g b eR™.
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Figure: Feasible directions



For a point z in a convex set § € R", a feasible direction relative to the feasible
solution # is a £ € R" such that £ + ¢£ € 5, for sufficiently small positive e € & .

b= A(f + €5) = A + €As = b + €A%,

so we need Az = 0. That is, 2 must be in the null space of A.



Focusing on the standard-form problem (P), we associate a basic direction z € B™
with the basic partition 3, 7 and a choice of nonbasic index n; via

Zy = e € R°-™ ;
2

A7l4, €R™.

Note that every basic direction z is in the null space of A :

b

A% = Agls + AnZn = Ap (—A7"Ar,) + Anej = —An, + Ay, = 0.

A(Z+ez)=0,






For a nonempty convex set S C R" ,arayof SisaZ # 0in R" such that# + 12 € S
forall # € S and all positive r € .

If the basic direction # is a ray, then we call it a basic feasible ray. We have already
seen that Az = 0. Purthermore, z > 0 if and only if 4, := A;'A,, < 0.




A ray # of a convex set S is an extreme ray if we cannot write

=24 2%, withz! 2 pz’beingravsof Sand u £ 0.




