Rational Homotopy Theory Seminar
Week 5: Minicourse Part V
P.J. Jedlovec

Recall we were considering the chain of Quillen equivalences between (up to decoration)
Top, sSet, CDGA, CDGC, and DGL.
Today we are considering the Quillen equivalences

(—)Y: CDGA'™ = CDGCI™ : (—)Y
L : CDGC=1os = DGL“™ : C
L, : CDGAT™=! = DGL"™™" . C,
We’ll assume that k is a field of characteristic zero. Recall the following definitions:

Definition. A differential graded Lie algebra, or chain Lie algebra, L € DGL is a chain
complex of k-vector spaces

R L L
equipped with a Lie bracket [—, —] : L, ® L, = Ly, satisfying
1. Antisymmetry [z,y] = (—1)®W+1 [y, 2]
2. Leibniz d[z,y] = [dz,y] + (—=1)"[z, dy)
3. Jacobi (see notes from a couple of weeks ago)

The morphisms between differential graded Lie algebras are maps defined levelwise which
commute with d and [—, —]. We say that L is connected if L = L.

Definition. A differential graded coalgebra C € DGC' is a chain complex of k-vector
spaces

%Cgicli)CO

with comultiplication ¢ : C — C' ® C and augmentation € : C' — k satisfying
1. dod=0
2. (ide @) oty = (Y ®idc) o9
3. (idc ®€) o) = (e0idp) oth =ide
4. Ypod=(d®idc+ 1o (d®idc)oT) o



Up to sign, the fourth rule says that ¥ (dc) = > ¢ @ d¢’ + dd @ ¢’ where ¢¥(c) =) . @ .

The morphisms between differential graded coalgebras are maps defined levelwise which
commute with d and ¢. We say that C' is cocommutative if 7 o1 = 1, coaugmented if it has
amap n: k — C, and connected if Cy = k.

We now want to define the free Lie algebra and the cofree differential graded coalgebra.
We will define adjunctions

L:Ch& DGL : forget
F:Ch<= DGC : forget.
The free Lie algebra on V is defined as follows. Begin by considering

V)=1H(v)=Epve*

k>0 k>0

with bracket
[zyl =z @y+ ()WY @

Then L(V') is the sub-Lie algebra of T'(V') generated by V.
The cofree differential graded coalgebra is defined using the same T'(—) functor as above.
We have a comultiplication

TWV)—=>TV)XT(V)
k
Al ® -+ @ v) ZU1® @) W (vjp1 ® - @ vg)
7=0

and we can define F\(V) =T(V).

We are now ready to define the Quillen equivalence mentioned earlier. We have three
adjunctions

L: CDGC™ = DGL“™ : C
Q:CDGC"™ =2 CDGH™™ : B
P:CDGH*“" < DGL“"™ : U

where C'DGH is the category of commutative differential graded Hopf algebras. We have
the following definitions:

e L=Po)
o P(H)={z € H:¢(z) = A® 1+ 1® 2z}, with bracket [z,9] =z @y + (—=1)l*ly @ z
U(L) = TLHz ©y — (—1)#ly @ & — 2, 4]}

e C=Bol



The first adjunction is a Quillen equivalence, the third is an equivalence, and therefore the
second is a Quillen equivalence.
Define
£(C) = (L(5710>0)7 0 =0dp + (51)

where

So(s7'z) = —s e (z)

if P(a;) =, 2, @ af.
Define
C(L) = (Sym(sL),d = dy + dy)

where
do(sTy N\ -+ N\ szy) = Z(—l)”"(sxl A--esdo(xg) N - sy)
di(sxy N+ Nsxy) = Z(—l)'smﬂijs[xk,xj] ANSTy N+ NST N+ NST; A -+ A sy,
i<j
where szy A -+ A sz, € Sym(V) and n; = >, [sx;[. This is also called the Chevalley-
FEilenberg construction.

A Lie model, or a Quillen model, for a simply connected topological space X € Top=! is

a differential graded Lie algebra Lx € DGL such that C.(L) = 7, (Se(X)).
Fact.
m(QX)®Q = H,(Lx)
Examples.

e Let n > 2. Then Lgn = (L(«),d(c) = 0) where |o| =n — 1.

e We can add in generators via (L[¢],06 = a) = LxL(§) = L(L & L(&))/([z,y]r =
[z, ylu; [, ylue = [2,9))

Theorem. Consider the pushout X Uy D" = colim(D™+! « S END'S ) where @ € L,
represents f. Let L = Lx. Then (L(£),d¢ = ) is a Lle model for X Uy D",

Example. Consider CP? = colim(D* <— S* 2 S?) where eta is one of the Hopf elements.
Then 21 = [12, 15] € 3(S?) and Lepe = (L(1, §), 00 = 0,66 = £, ¢]).



