Operads and Loop Space Machinery Seminar
Week 1: Ezercises
J.D. Quigley
(1) A pair of functors F' : C = D : G form an adjunction if there is a natural
family of bijections

home(GX,Y) = homp(X, FY),

for all X € D and Y € C.
(a) Show that X : Top, = Top, : € is an adjunction.
(b) Show that X" : Top, = Top, : Q" is an adjunction.
(c¢) Show that X : Top, = Q — Spectra : 2% is an adjunction.
e will nee e notion of simplicial objects and geometric realization later.
2) We will need the noti f simplicial objects and tri lization lat
A simplicial object in a category C is a sequence of objects X, € C, together
with face maps
8i : Xq — Xq,1
and degeneracy maps
S; - Xq — Xq+1
for 0 <14 < g, such that the simplicial identities hold:

[ J
0,0; = 0,.10; if i<y},
[ J
5;-10; if 1 < j,
Bis; =141 ifi=jori=j+1,
$;01  ifi>j+1,
[ J

SiSj = Sj+15; Zf 1 S j
A morphism of simplicial objects { X, } — {Y,} is just a sequence of morphisms
fq + Xy — Y, which commute with the structure maps. The category of
simplicial objects in C is denoted sC.
If X, € sSets,, then we can define the geometric realization of X, by setting

1X| = (|_| X, x Aq> / ~

q=0

where ~ is defined by (z,p) ~ (y, q) if either
e Oir =y and d'q = p, or
o s;r=yand /g =1p
where d', s7 are the usual face and degeneracy maps for the standard g-simplex
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(a) (Lemma 9.2 of May) Let X € C.
(i) Show that one can define a simplicial object X, € sC by setting
X, =X and 0;,s; = id for all 7, j.
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(ii) If Y, € sC, determine show that a map f : X — Y; determines and
is determined bythe map 7o(f) : Xo — Y, defined by 7,(f) = s f.
(iii) Show that a map ¢ : Yy — X such that gdy = gd; determines and
is determined by the map €,(g) : Yo — X, with €,(g) = g9.
(b) Show that there is an equivalence of categories

| — | : sSets, = Top, : Sings(—).

(3) A simplicial space is just a simplicial object in unbased topological spaces. Let
X,o be a simplicial space. Let sX, = U?:o 5; Xy C Xgy1. We say X is proper
if (X 41,5X,) is a strong NDR-pair for all ¢. We say X is strictly proper if
each (Xg41,56X,) is a strong NDR pair via a homotopy h : I x X1 — Xy
such that

k—1 k—1
h(I x| s;X,) € | X,
=0 j=0

Given a simplicial space, the formulas above naturally define a geometric
realization functor
| —|: sTop — Top.
Let fo : Xo — Y, be a simplicial map between strictly proper simplicial spaces.
Assume that each f, is a weak homotopy equivalence, and either | X| or |Y|
are simply connected or that |f| is an H-map between connected H-spaces.
Then |f| is a weak homotopy equivalence.



