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Abstract

Supervisory hybrid systems are systems generating a mixture of continuous-valued and discrete-valued
signals. These systems provide convenient models for a wide range of complex engineering applications
ranging from small real-time embedded systems to large-scale traffic control and manufacturing facilities.
In recent years there has been considerable interest in using hybrid systems theory to develop a systematic
framework for the analysis and design of complex engineering systems. This paper provides an introduction
to some of the concepts and trends in hybrid dynamical systems theory.

1 Introduction

Supervisory hybrid systems are systems generating a mixture of continuous valued and discrete valued sig-
nals. This systems paradigm is particularly useful in modeling applications where high level decision making
is used to supervise process behavior. This occurs, for instance, whenever a network of computers is used
to control the physical plant in a decentralized manner; as is found in chemical process control or flexible
manufacturing facilities. Hybrid system methodologies are also applicable to switched systems where the
system switches between various setpoints or operational modes in order to extend its effective operating
range. Such applications are found in aerospace and power systems. Hybrid systems, therefore, embrace a
wide range of applications [32] [71] [75] [76] [77] [78] [79] ranging from embedded real-time systems to
large-scale manufacturing facilties, from aerospace control to traffic control. Over the past 5 years there has
been considerable activity in the area of hybrid systems theory and this article provides an introduction to
some of the basic concepts and trends in this emergent field.

The termhybrid refers to a mixing of two fundamentally different types of objects or methods. Hybrid neural
networks arise when we combine artificial neural networks with fuzzy logic or with statistical methods. A
system modeled by the interconnection of lumped and distributed parameter systems may be referred to as a
hybrid system. Sampled data control systems are hybrid in that they combine discrete-time and continuous-
time systems. This paper deals withpervisory hybrid system®wing to the diverse useage of the term
hybrid, we need to be precise in delineating the hybrid nature of these supervisory systems.
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and the National Science Foundation (NSF-ECS95-31485)



System science provides a formal mathematical approach to the study of dynamical systems. The system
scientist treats the system as an abstract mathematical mapping between variousige&sof he signals

are, themselves, functions between a set of time indi¢esid a set of measurmeriks Signals, therefore,

are functions of the formx: | — M which map a time € | onto a measuremer(t) in the setM. Hybrid

systems arise when they generate signals whose index or measurement sets can be treated as the Cartesian
product of a discrete and continuous set. The obvious example, in this case, is the class of sampled data
systems in which the index sktis the Cartesian product of the integers (discrete-time) and real numbers
(continuous-time)Supervisory hybrid systemsn the other hand, arise when the measuremer $stthe
Cartesian product of a discrete set (usually taken to be a finite set of symbols or integers) and a continuous set
(usually taken to be some subset of Euclidaspace). The discrete-valued signals are sometimes referred

to asdiscrete-evensignals. The hybrid nature of supervisory hybrid systems, therefore, is a consequence of
the fact that these systems generate a mixture of continuous-valued and discrete valued signals.

This paper is concerned with the studysofervisory hybrid system& common example of such systems is

found whenever a computer is usedtpervisg¢he behavior of a continuous-valued process. The continuous
process may be a closed loop control system whose mathematical representation takes the form of an ordinary
differential equation. The computer program may be seen as supervising this control loop by selecting various
reference inputs. This program’s current state evolves over a discrete set and the dynamics of the associated
discrete-evenprocess are formally modeled using language theoretic or graph theoretic constructions. We
therefore see that this computer supervised system is a hybrid system since it mixes continuous-valued (the
control loop’s state) and discrete-event (the program state) variables.

Over the past five years there has been considerable interest in supervisory hybrid systems [63] [64] [65]
[66] [67] [68] [69]. One of the primary motivations for this interest rests with the fact that rapid advances

in computer and networking technology have greatly accelerated the deployment of large scale supervisory
systems. Examples of such large scale systems include the air traffic control grid, communication networks,
and the power distribution grid. Traffic control is concerned with the supervision (a discrete process) of
vehicles (continuous processes). Congestion control in communication networks is similar in that we're
interested in supervising the flow of data packets so that some continuous-valued measure of service quality
is optimized. Power distribution involves discrete switching to ensure the stable and continuous delivery of
electrical power across the grid. The safe operation of such systems is of paramount interest to the nation as
these systems constitute major components of the national infrastructure. Current methods for the design and
analysis of such systems rely heavily on simulation testing which is a costly and time consuming method of
analysis providing no provable guarantees of safe system operation. The hope is that hybrid systems theory
will provide a systematic framework for system engineers that will greatly reduce the cost of large scale
system development with concurrent increases in system reliability.

The remainder of this paper is organized as follows. Section 2 provides a concrete example of a hybrid system
which will be used throughout the paper as a pedagogical tool illustrating various concepts in hybrid systems
theory. Section 3 discusses modeling frameworks for hybrid systems with specific attention being paid to
the hybrid automatorin section 4. Not only may the system have a hybrid character, but the specifications

on desired system behaviors may also be hybrid. Section 5 discusses specification logics for hybrid systems
that express system requirements on both the discrete and continuous states of the system. Section 6 surveys
current methods and concepts used to verify or validate desired system behaviors and then concludes with a
survey of current methods for hybrid control system synthesis. Final remarks will be found in section 7.



2 Hybrid System Example

A concrete example of a supervisory hybrid system will be found in figure 1. This figure shows a free floating
robotic vehicle with two articulated arms. The system is required to obtain components fiiamts adinand

move these components tovark areawhere an assembly operation is to be performed. The tasks of fetching

the workpiece, transporting it to the work area and then returning to the parts bin to fetch another workpiece
are performed repeatedly. As illustrated in figure 1, however, it is assumed that the parts bin is shared by
both robotic arms. The introduction of a shared resource (i.e. the parts bin) genematidsah exclusion
requirement on the system. Not only must the robotic arms complete their repetitively performed tasks, they
must also be sure to execute the tasks in a way that ensure both arms don't enter the parts bin at the same
time. In other words, the robotic system needs to treat the parts bircidtical sectionwhich both arms

access in a mutually exclusive manner.

Figure 1: Free Floating Robotic System

A candidate solution to the mutual exclusion problem can be readily developed [58] [59] [62]. Let's assume
that each arm is controlled by a computer process (an instantiation of the arm control program). We therefore
have two concurrently running computer processes that need to coordinate their actions if they are to ensure
the physical system (i.e. the robotic arms) enters the parts bin in a mutually exclusive manner. Assuming
that a multi-tasking operating system (O/S) controls the execution of both computer processes, we can then
use O/S control structures suchsmmaphoresr mutexeg60] to ensure that both processes execute, in a
mutually exclusive manner, that section of their code requesting access to the parts bin. In other words, by
requiring that the virtual (i.e. computer) processes respect the mutual exclusion requirement, we hopefully
expect the robotic arms (i.e. the physical system) to respect that requirement as well.

The pseudo-code for one of the computer processes is shown below



ENTRY: if(x==1) goto ENTRY

x=1;
CRIT1: if(arm_not_in_partsbin) command_arm(1);
EXIT: x=0;
ERR: if (arm_locked) STOP;
REM: if (arm_not_in_workarea) command_arm(-1);
goto ENTRY;

This code segment has four distinct segments. There is an entry sé&iRY) which tests the lock variable

x to see if the other arm is moving towards the parts bin. In practice, the lock variable could be implemented as
a O/S semaphore. If the lock varialdés 1, then the program sets the lock variable to alert the other process
that it is heading to the parts bin. This process then enters its critical seCaami) which represents

that code which must be executed mutually exclusively. In other words, both computer processes cannot be
executing their critical sections at the same time. While in the critical section, the program checks to see if
the arm is in the parts bin (the function caltm_not_in_partsbin) and outputs the command signal to

the arm’s motor (the function calommand_arm(1)). Upon leaving the parts bin, the process releases the

lock variable and then enters its remaindeEX) section from which it commands the arm to move back

to the work area. This remainder section checks to see if the arm is in the work area (the function call
arm_not_in_workarea) and ouptuts the command signal to the arm (the functionceathand _arm(-1))

which moves the arm towards the work area. We've also includegtran state £RR) in the program that

aborts the program’s execution if the arm hits its mechanical limitsgie. 1ocked evaluates to true). From

this pseudo-code, we see that the state of the program can be characterized by 3 different state variables; the
lock variable, the program counter for the first process and the program counter for the second process. Since
these variables take values in a discrete set, the supervisory logic embodied in this program is a discrete event
system.

Whether or not ensuring mutually exclusive execution of the process’ critical sections is sufficient to guaran-
tee the safe operation of the physical system is not immediately apparent. From our earlier discussion, we
saw that the computer process controlling each arm occupies a number of distinct states. Are these discrete
states sufficient to represent the behavior of the physical process? For this particular system, the answer is
negative because there is a subtle coupling between the arm and body dynamics. The equations of motion for
the arms can be expressed by the following ordinary differential equations

81 = —61+k(O1+6,—11)
éz = —02+k(02+6,—r2) D

whereB; and 6, are the angular positions of arm 1 and arm 2 with respect to the robot’'s body axis (see
figure 1). For this example, we see that the control law is a proportional feedback law witk gaihwith
reference inputs; andr,. These reference inputs represent commands that direct the arm to move to the
parts bin or work area. Due to the Hamiltonian nature of the system, the movement of the arms will induce
a body rotation so that the system’s total angular momentum is conserved. We therefore know that the body
angleB, with respect to an inertial frame must satisfy

Jbeb + Jaél + JaGZ =0 (2)

whereJ, andJ, are the moments of inertia for the body and arms, respectively.



Note that the state of the continuous-valued subsystem is not entirely reflected in the discrete-event state of
the computer process. Transition between discrete states is triggered on the entry into or exit from the parts
bin and this knowledge is determined by explicitly examining the arm’s position with respect to the position

of the parts bin. by measurirtj + 6. We assume that the computer process can only me@suf®; + 6p,

the angle between the arm and the parts bin (or work area). Under our assumptions, it is assumed that the
body angle cannot be obtained independently fBamThe fact that the arm angl@;, (relative to the body)

and body anglef, are not directly observable suggests that it may be possible for this system to fail in ways
that cannot be predicted by an examination of the controlling computer processes. From equation 2, we see
that arm motions will induce a body rotation since the system conserves total system angular momentum. It
may, therefore, be possible for the system’s body to work itself into a position from which one of the arms
cannot reach the parts bin. If this were to occur, then the system wlealdlock{i.e. the program would be

get stuck in one of its discrete states). In other cases, system dynamics imply a subtle coupling between both
arms which might make it possible for an arm to enter the parts bin when the controlling computer process
is not in its critical section. As a result, it is possible to violate the mutual exclusion constraint without the
computer process actually detecting this violation.

The conclusion to be drawn from the preceding discussion is that even relatively simple systems such as that
shown in figure 1, may need to be studied using a formal framework in which both discrete and continuous
system dynamics are examined simultaneously. The goal of hybrid system science is to provide such a formal
framework and the following sections discuss what progress has been made to date in this direction.

3 Hybrid System Modeling

Hybrid systems have been studied extensively by computer scientists and system scientists. Computer sci-
entists have been interested in the behavior of real-time and multi-processor programs. The system models
developed for such systems are usually based on extensions of traditional finite state machine or Petri net
formalisms. System scientists, on the other hand, have tended to eatplayionaimodels in which system
trajectories are represented as functions solving some set of equations. Each approach has its strengths and
weaknesses. What has become apparent in recent years is that a successful modeling paradigm for hybrid
systems must integrate ideas and methodologies from both disciplines in a complementary way.

Early system theoretic models for hybrid systems tended to focawitched systenjg4]. These are systems
that can be implicitly modeled by the following set of equations,

x = f(x(t),i(t)) 3)
it) = ax(),it")) (4)

wherex : 0 — " is the continuous valued state trajectory andl — Q is a discrete valued state trajectory
taking values in the discrete €t x(t) andi(t) denote the values that the continuous and discrete trajectories
take at time, respectively. The functiofi: 0" x Q — 0" represents a set of continuous dynamical systems
(vector fields). The dynamical system used at tinie represented by the discrete stgt¢ at timet. The
dynamics of the discrete state are embodied in equation 4. In this equétion= lim i(t) represents the
righthand limit of the function(t) att. Equation 4 means that the discrete state transtions at firoen state

i(t7) toi(t) and that this transition is conditioned on the current value of the continuous§tateThe set

of discrete sets we might transition to is characterized by the discrete transition functiohx Q — Q.

It is convenient in switched systems to definewaitching setbetween thath and jth subsystems by the



following equation,
Qij ={xe 0" : j=a(xi)} (5)

This set is the set of all continuous states which enable a transition from discretetstdiscrete statg.

We usually assum;j is a "nice” set in the sense that its boundary isran 1-dimensional manifold (a
hypersurface). We therefore see that the switching action may be initiated whenever the system’s continuous
state evolves across that boundary.

A natural question to be asked about such equational representations is whether or not they are well-posed. In
other words, are there any continuous or discrete trajectories that satisfy these equations? Conditions for the
existence of absolutely continuous trajectories generally require that a set-valued mapping associated with
these system equations be upper semicontinuous and convex [7]. These are very general conditions and are
satisfied by most of the systems of interest.

The existence conditions [7], however, do not preclude the existence of hybrid system continuous state tra-
jectories which are not absolutely continuous. Switching systems of the form shown in equations 3 and 4 are
well known to exhibitchatteringsolutions in which the system switches infintely fast between two different
types of vector fields. The existence and exploitation of this relaxed behavior is, in fact, a basic principle
behind another important class of hybrid systems known as variable structure systems [8]. It is interesting
to note that computer scientists also have an interesting term for this chattering behavior. Systems capable
of exhibiting such chattering solutions are sometimes referred Eeaesystems. The name refers to the
classical Zeno’s paradox in which the concept of a limit is first informally introduced. In supervisory hybrid
systems, we want all of our systems to be non-Zeno.

While we can usually ensure the existence of solutions to such equations, there is no guarantee that these
solutions will be unique. The switching systems represented in equations 3 and 4 can also be treated as
differential inclusions for which it is well known that nondeterministic solutions exist. In other words, if

we know the system state at tinhethe future behavior of the system may take any one of a number of
different paths. This nondeterminism is, in fact, a fundamental property of hybrid systems and it represents
one important way in which hybrid systems theory differs from traditional linear systems theory.

The switching system introduced in equation 3 and 4 provides a convenient model for many physical systems,
but it does not capture the full range of possible hybrid behaviors. The preceding model assumed solutions in
which the continuous state trajectories were continuous across the switching boundary. There are, however,
many systems in which the continuous state makes discontinuous jumps on the switching boundary [6] [5].
One example of such a system is the bouncing ball where, due to an elastic collision, the ball's velocity
vector makes an instantaneous sign change upon hitting the floor. A variety of hybrid system models have
been developed to allow the representation of such discontinuous or autonomous jumping. A good reference
to some of these models will be found in [4].

The preceding references to the hybrid system’s modeling literature refer exclusively to the efforts of tradi-
tional system scientists. These scientists were trying to develop an equational framework capturing a suf-
ficiently rich array of possible hybrid behaviors (chattering, switching, and autonomous jumping). A key
challenge to be faced by any hybrid systems paradigm, however, involves developing a framework which
not only treats continuous-state jumping, but also captures the switching nature of the discrete-event process.
Equational representations familiar to most system scientists, unfortunately, do not provide a convenient way
of capturing discrete event behaviors. What is really needed for hybrid systems theory to advance is a mod-
eling paradigm providing greater insight into the discrete event dynamics of the hybrid system.

An early hybrid system model dealing explicitly with discrete and continuous dynamics will be found in



[9]. In this case, the hybrid system was viewed as logical discrete event supervisor connected to a contin-
uous subsystem. The discrete and continous systems were interconnected through an interface that trans-
formed continuous-valued measurements into discrete event signals and vice versa. This work suggested
a logical discrete-event system (DES) approach to hybrid controller synthesis which was reminiscent of
traditional approaches to sampled data control. The approach advocated the extraction of an equivalent
discrete-event model of the continuous subsystem which could then be supervised using extensions of the
Ramadge-Wonham supervisory control theory [61].

While providing a very general framework for hybrid systems, the model in [9] [11] [10] was of limited
utility due to the restrictive nature of the control. A framework with significant potential for practical useage
was developed by the computer science community [1] [2]. Computer scientists have long used formal graph
theoretic models for concurrent computer processes. Finite state machines and Petri nets represent two well
known examples of such models and while powerful computational tools were developed for the manipulation
of such formal models, it was apparent that in dealing with multiprocessors and real-time applications, that the
continuous nature of time would require some extension of these traditional computer science methodologies.
This realization led to an attempt to extend traditional and highly successful model checking [28] for finite
state machines to real-time systems. The result wased[2] and hybrid automatorjl] . These automata

were generalizations of traditional finite state machines in which event transitions were conditioned on the
truth value of logical propositions defined over a set of continuous-valued dyanmical processes. The work
was very influential in that it led to the development of verification tool [3] [22] [23] [27] for real time and
hybrid systems and has served as the starting point for much of the recent research in hybrid systems.

The hybrid automaton is closely related to the differential automaton which was introduced in [13] [70].
Another related version of the hybrid automaton will be found in [14]. Extensions of the approach using
Petri nets (rather than finite state machines) will be found in [15] [46] [16] [17] [18] [19]. While the hybrid
automaton has been very influential in the study of hybrid systems, there are some significant limitations
and much recent research has attempted to define the boundary of these limitations. Nonetheless, the hybrid
automata in spite of its limitations represents an necessary starting point for the study of hybrid systems
theory. For this reason the following section will present the hybrid automaton in more detail.

4 Hybrid Automata

The hybrid automaton is an extension of the traditional finite state machine [88]. It can be defined as a 3-
tuple(N ,X,L) whereN is a labeled marked directed graph calleteawork X is a set of continuous-valued
dynamical processes calléidhersandL is a mapping from the network’s vertices and arcs onto formulae

in a propositional logic. The network models the discrete-event subsystem and theXimegsesent the
continuous dynamics of the hybrid system. The relationship between these two subsystems is captured by
the labeling functiorL.

A network or directed graph is the ordered p@irA) whereV is a set of vertices and C V x V is a set of
directed arcs between vertices. The vertex set is finite with its cardinality dendiéd Bietworks are often
represented graphically. An open circle is used to represent each vertex of the network. An arrow starting
at vertexv; and terminating with an arrowhead at noges used to represent the ang,vj). As a specific
example of a network, let's consider the set of vertices

V= {V17V27V37V47V5} (6)



and the set of arcs
A= {(V]_,Vz), (V25V3)7 (V37V4)7 (V47V1)7 (V27V5)7 (V4,V5)} (7)
Figure 2 shows the graphical representation of this network.

Vs
GoTo Bin
V1 Vs V3
Work Area Stop Parts Bin
V4
Leave Bin

Figure 2: Network for a Discrete Event System’s State Space

The network(V,A) denotes all possible states that a discrete-event system might occupy. Which state a
specific system is currently occupying is shownrbgirkingthe network. A marked network is the 3-tuple
(V,A,n) whereV andA are the network vertices and arcs, respectively. The final element of the triple is
a functionp: V — {0,1} which associates either zero or one with each vertex of the netg/A. If

H(v) = 1, then we say vertexis marked. Otherwise the vertex is unmarked. Graphically, we mark a network
by placing a small solid circle (also calledaker) in the marked vertex. As shown in figure 2, the venigx

is marked.

By itself, the marked networkV,A, ) is an abstract mathematical object. We nbind this object to a
specific interpretation so it becomes a model of something. Such a binding is accomplished by labeling the
vertices of the network with strings or names that have a concrete meaning. Formally, we denote a labeled
marked network by the 4-tupl¢V, A, ¢) where(V, A, 1) is a marked network anél: V UA — Q maps the
vertices and arcs of the network onto a discrete set of labels. Consider for example, the network shown in
figure 2 and let’s introduce the following labeling function on the vertices

£(v1) = WorkArea (8)
£(v2) = GoToBin 9
f(v3) = PartsBin (10)
{(v4) = LeaveBin (11)
{(vs) = Stopped (12)

The labeled vertices are shown in figure 2. With these labels, the network shown in figure 2 provides a
graphical model for the computer program we used to control the arms of the vehicle in figure 1. There
are, in this figure, 4 discrete states associated with each of the program segments given in the pseudo-code
described above. In addition to these 4 states, we've also included a fifth&tatepéd) that represents a

failure condition under which the system does an emergency stop.



As presented so far, the labeled marked netWdrk (V, A, 1., £) represents the discrete state of the program
controlling the arms in the paper’s robot example. We can also, however, introduce a very simple dynamical
rule which allows us to viewN as a discrete-event dynamical system. Denoteptheetand postsetof a
vertexv asev andve, respectively. Define both of these objects as

ov = {weV: (wv)ecA} (13)
ve = {weV : (yw)ecA} (14)

The preset (postset) oftherefore consists of all vertices which are connected by an input arc (w,v)
(output arc,(v,w)). An arc(w,v) will be said to beenabledif and only if y(w) = 1. Any enabled arc may
fire. Let 1 be the network’s marking function before enabled @#gv2) fires and let/ denote the marking
function after the arc fires. The relationship betwpemd is

1 if w=wvp
Hw)y=< 0 ifw=v; (15)
p(w) otherwise

In other words, the firing of ar¢vi,v») unmarks vertex;, marks vertexs,, and leaves all other vertices in
the network unchanged.

The labeled marked network described above is sometimes referred fmas atate machineFinite state
machines are often referred to as finite automata. This paper does not distinguish between the two structures.
It should be noted that finite automata are usually defined from a language theoretic formulation. To keep the
presentation more compact, we treat finite state machines and finite automata in the same way using a graph
theoretic formalism. While these models are very useful, it is common practice to augment the structure
by labeling the arcs and vertices with statements conditioning the firing of arcs. One common example of
such an augmented network is found in logical DES control where finite state machines are augmented with
conditional labels that disable the firing of specific arcs of the network as a function of the network’s current
marking. When these conditional statements are also functionally related to the states of a continuous-valued
dynamical system, then we obtain the Alur-Dill hybrid automaton [1].

The Alur-Dill hybrid automaton was introduced in response to a need to accurately model the behavior of real-
time programs. Real-time systems, of course, contain an implicit dynamical system; a clock with associated
differential equatiorx = 1. The clock can be used to condition program execution so that program code
segments at executed at the correct real-time, not just in the correct order. Any control systems engineer with
experience in the development of embedded control systems will be aware of the use of interval timers in
controlling program execution in real-time. The hybrid automata model was introduced to capture this aspect
of real-time programming.

To formally define the hybrid automaton, we need to introduce the timers and labels mentioned in the opening
paragraph of this section. We define thtetimer by the ordered triples = (fj,Xo,tio) wheref; : O" — O"

is a Lipschitz continuous vector field defined over the continuous state 5plagg is an initial condition in

0", andtjg is an initial time inO. The timer triple, therefore, can be viewed as an initial value problem and
thetimeof our timer is denoted by the state trajectogyt) fort > tjp that satisfies the following initial value
problem

x = fi(x) (16)
Xi(tio) = X0 (17)

We letX denote a set of timers of the form given above. TheXseharacterizes the continuous dynamics of
our hybrid system. If the vector fielfl is unity, then we call the timer @lock Thestateof theith timer at
timet will be denoted ag;(t) = (xi(t),xi(t)), i.e. it is defined with respect to thith timer’s rate and value.

10



In a hybrid automaton(N ,X,L), the labeld_ tie the discrete and continuous parts of the system together.
These labels are mappings from the vertices and arcs of the nelvaskto formulae in a propositional

logic, P, whose truth values are evaluated with respect to the current timer stafég, logical propositions
labeling the network nodes and arcs can be defined in a variety of ways. In this paper we choose the following.
We first introduce a set aitomic equationslefined over the variables, X;, Xo, andf;. Leta andb be real

vectors and let be a real constant, then the basic atomic equations are:

e switching equationsf the form[x; = f;]. This formula states that thith timer’s rate is equal to vector
field fj,

¢ guard equationsof the form[a'x;Rbx;] or [a'x;Rd. These inequalties mean that the inner produet of
andx;, a'x;, stands in relatioR (either< or >) to b'x; or real constant.

¢ reset equationsf the form[a’xip = c] which means thad'x; is equal to real constant
Legal formulae irP are defined inductively by the following rules:

e Any atomic equation s iR,
e If pandgare inP then[pAq]isinP
e if pisinP thenpisinP.

The preceding paragraph defined the syntax for formulae.inThe meaningor interpretationof these
formulae is made with respect to the timer states(x,x). In particular, we say that an atomic formula is
satisfied by timer statg(t) = (x(t),x(t)) if and only if the equation is true when evaluated with respect to
those states at timee The formulap A q is true if bothp andq are true under the given timer states. The
formulap is true if p is not true under the current timer states. The current timer state is said to satisfy a
formulaep € P if and only if it has the truth value of true.

The labeling functior. associates each vertex and arc of the network with a propositi®n irhe bindings
implied by L determine how the continuous and discrete parts of our hybrid system interact. For hybrid
automata, this interaction is defined according to the following rules:

e The network arcs are labeled with equationdirformed from guard atomic equations'x;Rd or
[@xRBX;]. These conditions on the arcs represent additional enabling conditions for an arc’s firing.
Recall that an arc({v,v)) of a network may only fire if vertew is marked. In the hybrid automaton,
this same arc may fire at tintef and only if vertexw is marked and_ ((w, v)) is true at time.

e The network vertices are labeled with formulae whose atomic equations are switching or reset equa-
tions. These formulae are interpreted as follows. If the formulae do not evaluate to true when the vertex
is first marked , then the timer states will be reset to make these predicates true. In the case of the reset
equations, this means that the clock timés reset to the specified value. For switching equations, the
timer’s rate X'is set to the specified vector field. We therefore see that these reset/switching conditions
allow the hybrid automaton to model autonomous jumping and switching behaviors.

There are several important classes of hybrid automata. When the timers are chosen to be clocks, then
we obtain the class of linear hybrid automata. Timed automata are linear hybrid automata whose guard

11



conditions define rectangles in the continuous state space. The class of rectangular hybrid automata occur
when the timers are represented as rectangular differential inclusions of the foflmb] and the guard
conditions also define rectangular sets.

The system whose continuous dynamics are illustrated in figure 1 and whose discrete dynamics are illustrated
in figure 2 can be easily modeled using a hybrid automaton. The resulting hybrid automaton is shown in
figure 3. In this automaton, we see that the vertex labekArea has no predicate associated with it. The

arc, however, betweeorkArea andGoToBin is labeled with the conditional formuldxX > 0]. In other

words when the lock variabbeis no longer nonzero this arc may fire and the system will switch to the logical
stateGoToBin.

Go To Bin

Go To Bin

6+ &) <0.1
|6+ 6] <0.1

Parts Bin

Work Area Work Area -10 < 6.< 100 Parts Bin
1

l6,+ 85 12| < 0.1 16+ 6, >0.1 2 -6, 6,<0.1 V2 - 6, §>0.1

Leave Bin Leave Bin

Figure 3: Hybrid Automaton for Robotic System

The discrete stat@oToBin is labeled with the predicatex = 1] A [ = —61 + k(81 + 8)] This predicate

sets the lock variable to 1 thereby indicating to arm 2 that it is heading towards the parts bin. While in
this state, the system also sets its timer ftéo the vector field which begins moving the arm towards
the parts bin. The arc connectiGgToBin to the discrete stattartsBin is labeled with the conditional
predicate[ef — 10(B§] < 0]. This conditional predicate is a indefinite quadratic form representing a conic
sector enclosing the parts bin.

Also note that the transition out of discrete staé&oBin has a nondeterministic next state in the sense that
we can either transition tPartsBin or Stopped. The condition for transitioning to th&topped state is

[61 > 100 Vv [61 < —10] This is a safety condition which is triggered if the arm moves too far (i.e. hits its
physical stops). In this case, we transition to shepped state. TheStopped state is a deadlocked state
from which all forward progress in the system ceases. It is labeled by a predicate which turns off the system,
so it is labeled with the predicaf; = —61] A [6, = —85] thereby causing both arms to eventually stop their
motion.

Once in the parts bin, the system begins moving the arm out of the bin. Therefore thRastaé8in is

labeled with the predica{®; = —8; + k(81 + 8, — 11/2)] Once the arm is out of the bin, we allow the system’s
discrete state to transition to the stateaveBin. The predicate guarding this transition@ — 1008,] > 0.

Upon leaving the bin, the system resets the lock variable so the other arm can access the parts bin, hence
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the predicate omeaveBin is [x = 0]. Finally, the system returns to thierkArea state if the appropriate
conditions on the angle are satisfied or exits to¥hepped state if the limit conditions on the arm’s angular
position are violated.

Note that the preceding discussion stepped through the different discrete states of the automaton controlling
the first arm of the vehicle. A similar automaton shown in figure 3 is also used to control the second arm of
the vehicle. The coupling between these two discrete structures is through the lock varaduehe body
angleby,.

5 System Specifications

Control theoretic measures of system performance are frequently taken tosipeetifesome important signal

within the control system’s feedback loop. Signal size is measured using a functional that maps each signal
(function) onto a positive real number. Common measures of signal size include signal energy, power, and
amplitude. In a more abstract setting these measures are referred to asaigrsaind norm-based measures

of system performance represent the starting point for most optimal controller design methods.

In practice, however, a single norm based measure of performance is rarely adequate to completely char-
acterize what the designer wants the system to do. It may, for example, be necessary to condition system
performance on the system’s reference signal. A gain scheduled system may need to satisfy one norm bound
specification at one of its setpoints and yet this specification may be relaxed at another setpoint without hurt-
ing the system’s ability to satisfactorily meet specified performance goals. Finally, it should be noted that
norm based performance measures are clearly inappropriate for supervised systems such as the system in fig-
ure 1. In this case, the mutual exclusion requirement is a high level behavioral constraint which is not easily
expressed in terms of a signal with bounded norm. The conclusion that must be drawn from the preceding
observations is that while traditional control theoretic performance measures are valuable, they do not pro-
vide sufficient flexibility to characterize the wide range of desired behaviors our systems need to satisfy. To
meet these more complex and realistic system specifications it is imperative that a more expressive method
be adopted for capturing the designer’s requirements.

Formal logics can be used to express more complex system specifications. We've already used a propositon
logic to characterize the labels for a hybrid automaton. We now turn to the use of formal logics, and in
particular temporal logic, to express requirements on desired system behavior.

A logic may be characterized by three things, its atomic formulae, its syntax and its semantics. The atomic
formulae are a set of elementary formulae or equations. The syntax of the logic is the set of rules defining
how atomic formulae may be combined to form legal formulae or predicates in the logic. The semantics
characterize the meaning of the logical predicates with respect to a spdidfieel The frame is a set of
states through which a system might evolve (i.e. our hybrid automaton). The meaning of logical formulae
is then determined by defining the truth values of all logical equations with respect to the frame states. In
particular, if a logical formulap, is true with respect to the frame staehen we say that satisfiesp and

we denote this asf=¢ p whereF is the frame on whicls is defined. In cases where the frame is clear, we

will drop the subscripF.

In temporal logics, the frame states can be ordered (i.e. with respect to order of occurrence) and this allows
us to introduce and reason about several notions of time. A linear temporal logic assumes all states are
strictly ordered and hence allows us to reason about purely deterministic strings of events. A branching
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temporal logic assumes all frame states are partially ordered and allows us to reason about systems with
nondeterministic dynamics. In our case, we will look at system specifications that can be expressed as
formulae in a branching temporal logic since hybrid systems are usually nondeterministic. We refer to this
logic as CTL1. Itis a subset of the well-known computation tree logic (CTL).

Before defining the atomic propositions, syntax and semantics of our specification logic, we need to introduce
some preliminary notation. Consider the hybrid automaltbr;: (N ;X ,L). The hybrid state of the system

at timet is denoted as(t) = (x(t),u(t)) wherex(t) is the continuous-valued state trajectory gud is the
network marking history (as a function of time). We defineglent projectiom(o(t)) by the equation

Te(a(t)) = M(ta), \(t2), -+, K(tn), -+ (18)

In other words, the event projectioneft) is a sequence of discrete network states in which no two adjacent
states are the same. The event projectigio) is sometimes called theace of the hybrid trajectory.

Let o(t) be a hybrid system trajectory, then thmicformulae for our specification logic take the form,
[@x(t) > b] or [u(t) = po]. The first atomic formula is the conditional formula used earlier as a guard condition
in the hybrid automaton. The current hybrid states said to satisfy this atomic formula if the inequality is
true for the given state at tinte The second atomic formula is a specific marking of the network. In this
case, the hybrid state at tinsatisfies the predicate if and only if the network’s trace at tiragualg.

The syntaxof a logic is a set of fundamental legal formulas. These fundamental formulas provide a way of
inductively defining all legal formulas in CTL1. In our case, the syntax is as follows.

pisin CTL1 if pis atomic

if pisin CTL1 thenpisin CTL1

if pandgare in CTL1 thempAqisin CTL1.

if pandgare in CTL1 therpgUqis in CTL1,

if pandgare in CTL1 therpvUqis in CTL1

The formulavU p and3U p are equivalent t@rug VU p and|trug3U p, respectively. The notation above may

seem confusing, but essentially, we are assuming that all legal formulas in CTL1 can be expressed as either a
predicatep, a predicate with a unary operator, (i.e, YU p, 3U p) or a binary operation on legal predicates,

(i.e. pAQ, pvUq, p3Uq). Note thatyU and3U represent binary or unary operators on predicates. These
formulas provide a way of building up more complex formulas. Therefore the formulgvUr] is legal

because and[gvUr] are both legal predicates according to the syntactical rules given above.

The preceding syntactical formulas represent a set of abstract formulas but provide no interpretation or mean-
ing to these formulas. The interpretation of the formulas is determined by the logic’s semanticenTdre

tics of CTL1 are defined with respect to a hybrid state,Let o(t) = (x(t),lu(t)) be a hybrid trajectory
generated by the hybrid automatgN ,X,L). As the frame is given, we drop explicit mention of it in the
formulae. The meaning of the generating CTL1 formulae is as follows:

sEp < pissatisfied by state (29)
SE" < pisnotsatisfied by state (20)
SEpPAQ & pandgare satisfied at state (21)
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sEpdUq < there exists a hybrid trajectogyt) such that(0) = sand a time; such that  (22)

o(t) Epvqgfort <t;andao(ty) = Q. (23)
sEpvUq <& forall hybrid trajectories(t) such that(0) = s, there exists a timg such that (24)
o(t) Epvqfort <t;anda(ty) = Q. (25)

We therefore see that the formysev q represents our usual notion of logical conjunction wherepap-

resent the logical not operation. The other two formyts&q and paUq have a special meaning which

is specific to temporal logics. These operators provide a way of describing temporal relationships between
predicates. The formulpvUq can be seen as saying ttiat all hybrid trajectories, predicateis trueuntil
predicateq is true. The formulgp3Uq is the other existential formula meaning thia¢re exists trajectory

in which pis trueuntil g is true.

CTL1 allows us to express complex specifications relating the discrete and continuous states of the hybrid
system. It should be noted that we've made no attempt in this paper to construct a complete logic. More

powerful temporal logics using the hybrid automaton as a frame will be found in [20] and [21]. CTL1,

as introduced in this paper, is only intended as a pedagogical tool illustrating some of the basic concepts
encountered in using temporal logics to express specifications for hybrid dynamical systems. In the remainder
of this section we present some specific examples illustrating the use of CTL1 in specifying acceptable

behaviors for the robotic system illustrated in figure 1.

In referring to the example in figure 1, the first requirement is that the system must satisfy a mutual exclusion
requirement. A temporal logic specification capturing this desired constraint is,

VU™ [PartsBinj APartsBiny] (26)

This particular specification equation says that for all possible traces, the computer programs controlling both
arms will not enter their critical sections at the same time. This mutual exclusion requirement, however, is
only on the discrete part of the system and does not necessarily capture the true constraint we're interested
in. A more realistic constraint on the system would be expressed as follows:

VU[[|01+8b| < 1] A [|82+ 8| < .1]] 27)

This constraint addresses the mutual exclusion constraint on the physical system by specifying that all hybrid
trajectories respect the physical constraints defining entry into the parts bin.

By itself, of course, equation 27 still does not precisely capture our desired behavior. A stronger constraint
would require that the conditions defining mutual exclusion for the discrete and continuous systems coincide.
This later requirement can be captured by the following specifcation on arm 1's angular position,

YU[[|81+ 6| < .1] A [PartsBiny]] (28)

and by a similar specification on arm 2. This specification requires that the arm is in the parts bin if and only
if the desired angle conditions are satisfied. In this case, the state conditions ensuring the first condition is
satisfied become an invariant characterization of the discretePstateBin and if we can ensure this along

with the preceding discrete constraint in equation 26, then mutual exclusion is guaranteed in the system in a
very strong sense.

The specification in equation 28 illustrates one important approach to hybrid system analysis and design. The
approach involves abstracting a discrete-event model for the hybrid system in such a way that checking the
behaviour of the discrete event system is sufficient to ensure the safety of the complete system. We sometimes
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refer to this abstracted model abigimulationof the original hybrid system. In our example, the high level
logical model for the system will be a bisimulation of the physical plant if we can guarantee that the physical
constraints defining the parts bin are entered if and only if the discrete system $tated8in. If this is

the case, then controlling the discrete-event structure will clearly be sufficient to ensure the safe operation of
both the discrete and continuous parts of the hybrid system.

Not all solutions to the mutual exclusion problem are equally desirable. An easy way to guarantee mutual
exclusion is to require that the system deadlocks in a safe state. In other words, if one of the arms stops
moving, then we can always ensure the other arm accesses the parts bin in a mutually exclusive manner. For
this reason, it is also essential to require that the systedehdlock-free A system attempting to enforce
a mutual exclusion constraint is weakly deadlock-free if each process in its entry section is guaranteed of
eventually transitioning into its critical section. The weakly deadlock free specification may be expressed by
the CTL1 formula,

[WorkArea]VU[PartsBin) (29)

This says that for all hybrid trajectories which start in therkArea, there is some time when the system
ends up in the discrete statertsBin.

As noted before, the specification in equation 29 is a requirement for weak deadlock freedom. The require-
ment is weak because no finite constraints have been imposed on the amount of time before deadlock is
broken. A time limit on the duration of deadlock might be imposed by introducing a clock into the system
that measures how long the arm has been deadlocked; denote the state of such a clock and let's assume

the clock is reset and restarted when the system first marks the Wetiekrea. In this case, the following
equation provides a useful characterization of the deadlock-freedom requirement,

[WorkArea|VU|[[PartsBin| A [x1 < C]] (30)

The specification is requiring that all trajectories startingiétrkArea enterPartsBin in less thafc time
units.

The preceding examples illustrate how various hybrid specifications might be expressed as formulae of a
computational tree logic. This logical framework is clearly more expressive than the traditional norm bounded
approach to specifying control system performance. The particular logic used here, however, is extremely
simple and it should be noted that there is still considerable work being done to investigate specification
logics for hybrid systems. Recent work in [20] and [21] have augmented CTL to reason about time intervals
and there is auration calculug24] [25] [26] [27] which also appears to form a very attractive specification
language for hybrid systems. This paper has only presented some of the basic principles and ideas behind
using logics to formally specify hybrid system behaviour.

6 Verification, Validation, and Synthesis

Given a system model and a specification on that model there are two classes of problems to consider; the
analysisandsynthesigproblems. The analysis problems asks whether or not the model satisfies the specifi-
cation. Solving this problem involves identifyirsgifficientor necessary and sufficietasts for satisfiability

of the specification with respect to the assumed model (a hybrid automaton). Necessary and sufficient tests
are often referred to agerificationtests whereas only sufficient conditions are often referred taléation

tests. Verification methods have been studied extensively by computer scientists interested in extending sym-
bolic model checking to real-time systems. Validation methods are frequently used in the control systems
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community where it is frequently impractical from a computational standpoint to verify system properties
such as stability and robust performance. In both cases, we're concerned with determining whether there
exists a set of initial conditions from which there emanate trajectories satisfying the formal specification.

The second problem of interest concerns the synthesis of controllers that enforce a specification on the plant
behavior. Synthesis is closely related to analysis in that by parametrizing the verification or validation prob-
lems, it may be possible to effectively search for system parameters ensuring the satisfiability of the speci-
fication. Control theorists are very familiar with this approach to system synthesis. Modern robust control
synthesis involves searching over a parameterization of the feedback control loop to find stabilizing systems
satisfying norm bounds on a specified set of objective signals. In [29] a similar approach has been proposed
for using existing verification tools to help synthesize hybrid system controllers.

The objective of this section is to provide an overview of concepts and methods used in hybrid system anal-
ysis and synthesis. The discussion begins with a look at current verification methods based on extensions of
symbolic model checking. We then consider Lyapunov theory approaches for validating hybrid system per-
formance. The two approaches are compared and their relevance to hybrid system synthesis is then discussed.

6.1 \Verification

Much of the early work in hybrid systems analysis will be found in the computer science literature. This
body of work assumes that the specification is posed in a temporal logic such the timed computation tree
logic (TCTL), the timep-calculus [20] or the duration calculus [25]. The frame for these logics is often
taken to be the hybrid automaton, though there have been recent effort looking at alternative frames such as
Petri nets. By far the best known work has been done for hybrid automata with specification logics based
on Emerson’s computation tree logic [34]. This work [23][22] [21][20] [1] [3] attempts to extend symbolic
model checking to real-time systems.

Symbolic model checking (SMC) [28] is a verification method in which the frame is a finite state machine and
the specification language is the branching temporal logic, CTL. Through the use of binary decision diagrams
(BDD) it has been possible to answer queries posed in CTL in a computationally efficient manner [28]. As a
result symbolic model checking has become a standard way of checking digital VLSI circuits [35].

Early verification work for hybrid systems attempted to duplicate the success of SMC on real time systems.
This work developed an extension of CTL so that specifications could be formulated on continuous state
variables as well as discrete network states. A hybrid system verification method based on earlier SMC
approaches was reported in [1] and software implementing the approach was also developed [3].

How does model checking for hybrid systems work? It is easiest to begin by considering classical SMC for fi-
nite state machines and then examine the extensions required for checking hybrid systems. Traditional model
checking [28] assumes that the specifcation is framed in CTL. The interesting thing about CTL formulae is
that they are fixed points of special recursive operators and this means, therefore, that the satisfiability of such
formulae can be readily computed by the repeated application of these operators [33]. A full discussion of
symbolic model checking is beyond the scope of this paper, but a simple example will serve to illustrate the
basic principle.

Let's consider the finite state machine shown in figure 3 and the CTL predicate,

p = 3U[PartsBin] (31)
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This CTL specification asks us to identify all discrete states from which there exists a state trajectory eventu-
ally ending up in the parts biRartsBin.

Q5= {y} Q= Pre{in} = v, ) Q= Pre(Qy} = {v;, v, .} Q= PrefQ} ={v, v, v, v}

Figure 4: Model Checking Iteration

Now consider a sequence of seig, fori =0,1,2,.... The first sefQq consists of all those discrete states
for which the predicat@ in the CTL formuladU p is true. In this case, we see tia§ = {PartsBin}. The
next setQ; is generated by the relation

Q1 =QoUA (32)

where the sef consists of the preset of all vertices(y. These presets represent those discrete states from
which there exists at least one trajectory reaclidggin this case, therefore, we see that

Q1 = {GoToBin,PartsBin} (33)

We repeat the above iteration repeatedly, computing iritthéeration, the set of discrete states that may
reachQ;_1 in a single step. The first observation that can be made about this iteration is that it is monotonic,
sinceQ; C Qj+1. The second observation is that because the state machine has a finite number of vertices,
we are guaranteed that there exists sgreach thalQ; = Q for all k > j. In other words, the iteration has
afixed point which we denote aQ. This fixed point represents all the discrete states of the system satisfyng
the CTL formuladU p. Moreover, this fixed point can be identified after a finite number of iterations, so the
fixed point is computable. In this example, the fixed point is the set

Q = {PartsBin,WorkArea,GoToBin,LeaveBin} (34)

Figure 4 illustrates the basic steps in this iteration leading to the final determination of the fixed point. This
figure shows each set of states in the sequ&hceThis set represents the set of discrete states which can
reach a discrete state satisfying the predigate CTL formula3dUp. We therefore see that the iterative
procedures used in symbolic model checking are essentially solving reachability problems over the discrete
event system’s state space. The specificafiblp is then verified by comparing this fixed point against

the initial starting states for our system. If the starting states are contained within this fixed point, then the
specification can be considered to be verified.

Extending SMC methods to hybrid systems involves solving the reachability problem for both continuous
and discrete system states. As before, let's consider the verification of the CTL foskdglavherep =
[PartsBin|. The SMC method described earlier identifies those discrete states that can reach the parts bin
solely on the basis of the connectivity between logical states in the network. The enabling and firing of arcs
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in hybrid automata, however, are also conditioned on the satisfaction of the guard equation labeling the arc in
guestion. This implies that while connectivity between discrete states is certainly necessary for reachability,

it is by no means sufficient. To fire the arc between the discrete sléfe8in andPartsBin, we must also

ensure that the continuous stafzsand®, satisfy the guard conditio®? — 10083 < 0. Extensions of SMC
methods to hybrid systems must therefore determine methods for computing subsets of continuous-states that
allow the firing of the arc.

These subsets can be computed using a recursive procedure similar to that used in traditional SMC methods.
Let's consider a sequence of pairs of sé®,=0),(Q1,Z1),- -, (Qn,=n),---. The subsequend&;} consists

of sets of discrete states and the subsequéBgeconsists of subsets of continuous states. We now introduce

a recursive procedure for computing a sequence of sets that can verify the existential faldqulaet Qg
consist (as before) of all states that satisfy the given predpzdtet = consist be a subset of the continuous
state space that satisfies the guard condition on the arcs leading into the ste$\a determine the next
discrete sef)1, as before, by adding vertices from the prese®ef The next sekE, is computed as follows.

Let’'s consider all arcs between element€fandQ;. The dynamics of the continuous part of the system
are determined by th&witching equationkabeling the vertices d@1. We therefore propagate back frafg

using these continuous-dynamics until the guard conditions on the arcs leading into the verfigesref
satisfied. The resulting s&t;, then represents a subset of the continuous state space from which the hybrid
automaton can reacky under the appropriately selected dynamics.

Figure 5 illustrates how this computation might appear for the specific example considered here. In this case,
=0, is the set outlined at time=t;. By propgating back until the states enter the work area, we obtain

a polytopic region representing the possible states (and times) which canggadinis set becomes;.

This operation is sometimes called thecursoroperation and the sé&; is often written as; = Prg=p).
Recursive application of this precusor operator constructs a sequence of discret@statdscontinuous
subsets;, which represent the states (both discrete and continuous) that can reach those states satisfying the
CTL formula’s predicatep. If the iteration converges to a fixed poii, =), then this fixed point represents

all of the states that can satisfy the specificatitld p. As in the case of SMC verification, we then compare

the allowed initial states against this fixed point (if it exists). If the starting states are a proper subset of the
fixed point, then we know that this system will satisfy the specification. In other words, wefifeedthe
specification for this particular system and set of starting states.

o

W<l S I,t?,,,,,j x-1] < 0.1

Figure 5: Preset of a Transition
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The preceding discussion provides a simplified example of the basic concepts behind symbolic model check-
ing for hybrid systems. As can be seen, this is a direct extension of traditional model checking methods. Un-
like traditional model checking however, there is no guarantee that the sequence of continuous state subsets
=i will ever converge to a fixed point after a finite number of steps. This last point concerning the non-finite
nature of the computation highlights one of the great weaknesses of model checking methods as applied to
hybrid systems. Since the computation may not terminate in a finite number of steps, the computation of
these reachable sets is not decidable [88].

The decidability of the verification problem for hybrid systems has been an important issue driving a great
deal of current work. In general, verification problems for hybrid automata are undecidable. It has been
shown that even for the very restricted class of linear hybrid automata that verification is undecidable [30].
Suitable restrictions of linear hybrid automata, however, have yielded decidable verification problems. Timed
automata and rectangular hybrid automata represent two such classes of decidable hybrid systems [31]. The
primary obstacle in establishing decidability of hybrid systems rests with the fact that the precursor operation
for determining= may not converge. In particular, it was implied in [31] that the decidability boundary for
hybrid systems may well rest with rectangular hybrid automata and therefore it was important to see how
useful that class of systems would prove to be. In [36], it was suggested that the flow-box theorem could be
used to straighten out hybrid systems represented by nonlinear differential inclusions into rectangular hybrid
automata. The necessary conditions for this transformation, however, were so restrictive that it was apparent
that rectangular hybrid automata were of limited utility in modeling many hybrid systems arising in practice.
Very recently a larger class of decidable systems hybrid systems has been identified. These systems are
referred to a®-minimalsystems [81]. The significance of this larger class of decidable hybrid systems is still
being investigated.

6.2 Validation

In view of the undecidability of verification problems for many hybrid systems, it is natural to ask whether or
not we should relax our demands and settlealidationtests. Recall that validation only requires finding
sufficient conditions for a specification’s satisfiability. The hope, of course, is that the sufficient condition is
easier to compute yet is sufficiently tight to be useful. The use of sufficient conditions in control theory has
a long history. A number of fundamental control problems can be shown to be undecidable, but this fact has
not prevented people from developing sufficient methods which are still of great utility.

An example of a very useful sufficient test will be found in Lyapunov’s second method. Lyapunov’s second
method provides a sufficient test for system stability and it serves as the basis for a number of analysis and
synthesis methods in control theory. Given a dynamical systenf (x) with state trajectories(t), we say

thatxg is anequilibriumpoint if and only if f(xg) = 0. We say that the equilibrium point is stable in the
sense of Lyapunov if for akk > O there is @ > 0 such that|x(0)|| < & implies ||x(t)|| < € for all t > 0.
Lyapunov's method states that if there exists a positive definite functibnal” — O such that/ (xg) =0

andV (X(t)) < 0, then the equilibrium point is Lyapunov stable. Lyapunov methods are well known to only
provide sufficient tests for system stability (though converse results exist for linear systems). In spite of this
shortcoming, however, Lyapunov methods still provide an extremely useful tool in the study of nonlinear
dynamical systems.

Given the importance of Lypuanov methods, it is not surprising to find a variety of results on the Lyapunov
stability of hybrid systems. In [37] a single Lyapunov function was used to determine sufficient tests for
switched system (equations 3-4) stability. Multiple Lyapunov function approaches in [38] [40] [42] and
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[41] greatly extended the applicability of Lyapunov analyses for hybrid systems. We now review some
of this recent work on multiple Lyapunov functions. In [38] , a sufficient condition for switched system
stability using multiple Lyapunov-like functionals was established. Recall that a switched system consists of
a collection of continuous systems="f;(x) which are switched between on the basis of some supervisory
control logic. Assuming that system switching is non-Zeno in character, then fgttttseibsystem, we can
identify a collection of closed bounded intervals, over which that system is active. Figure 6 illustrates one
such hybrid system trajectory and identifies the set of disjoint time intervals over which the first subsystem
is active. Assuming there af¢ systems to switch between, we associate a funatjofj = 1,...,N) with

the jth subystem. We say that this family of functionald ispunov-likef V;(x(t)) is decreasing over the
intervals in which thegth subsystem is active. Figure 6 illustrates a set of Lyapunov-like functionals for this
particular system. The result in [38] states that if there exists such a family of Lyapunov-like functions, then
the switched system is stable in the sense of Lyapunov. Note that in this result, it is possible for there to be
discontinuous jumps in the value gf(t) between different subsystems.

The fundamental concept in results such as [41] and [38] is that we only have to consider the behavior of the
Lyapunov function ovecyclesin the switching behaviour. Examining figure 6, we see that a Lypaunov-like
function is associated with each subsystem. Each subsystem, however, as shown in the attached automaton
is also associated with a vertex. The decreasing nature of a specific Lyapunov-like functign,isaynly

evaluated when the hybrid system is in system 1 or rather vertéfherefore the contours of the Lyapunov-

like function represent subsets of continuous states which the system returns to whenever the discrete part of
the system executes a cycle returning to veviex his close relationship between the cycles of the discrete-
event part of the hybrid system and the Lyapunov-like functions used in the stability analysis represent a
fundamental way in which the continuous and discrete dynamics of the hybrid system are coupled together.

Vi)

System 2
System 1
System 2

Vo (t)
~ .

time

System 1

Figure 6: Switched Lyapunov System

The results in [38] provide an important extension of Lyapunov analysis methods for the validation of
switched system stability. Related work in [41] [42] has relaxed some of the assumptions in [38] thereby
providing tighter sufficient conditions on hybrid system stability. Neither of these results is constructive. As
is usually the case in using Lyapunov methods, the determination of such functions can only be done system-
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atically for special classes of systems. One such class occurs when the switched subsystems are linear time
invariant and the switching sets are conic sectors. In [44] and [43], it was shown that Lyapunov like functions
could be determined by checking the feasibility of a certain linear matrix inequality (LMI) [39] based on a
modified version of Lyapunov’s equation.

While these prior results have provided great insight into the Lyapunov stability of switched systems, these
results do not address the role of the switching law on overall system stability. It was assumed that all
traces generated by the switching law were available to be tested. It is more practical to use the discrete
event system’s switching logic to directly assess system stability. A hint on how this objective might be
accomplished is buried in the result of [38] and [41]. In both results, it was observed that it is important to
check for monotone decreasing behaviour of Lyapunov-like functionsaypaeswithin the discrete trace.
Thecyclesare cycles of switched systems that begin and end with the same subsystem. For switching logics
generated by finite automata or Petri nets, the pumping lemma [88] assures us that all traces can be finitely
generated by a finite set of discrete event cycles. It therefore seems plausible that by investigating the cycles
within the discrete part of the hybrid system, it should be possible to formally establish the role that discrete
dynamics play in determining overall hybrid system stability. This ideas was developed more fully in [45]
and [46], where it was shown that the use of fundamental cycles extracted from the discrete event subsystem
could be used in conjunction with the results of [44] and [43] to provide sufficient conditions for hybrid
system stability.

It is interesting to note that the use of fundamental cycles and Lyapunov functionals in [45] is related to
earlier work studying cyclic behaviors in hybrid automata. Recall that the SMC iteration discussed earlier
may converge to a fixed point consisting of a set of discrete sfatasd a subset of the continuous-state
space=. Because these points are fixed points of the iteration, they also constitute sets of states which can
be revisited repeatedly by the system. Such sets are sometimesvialtigity kernels[47]. The fixed points

= represent viable sets of states associated with cycles in the discrete-event dynamics of the hybrid system.
This is precisely what the Lyapunov analysis discussed above approximates for the fundamental cycles of the
switching logic. The computational methods discussed in [45] identify fundamental cycles of the switching
logic and then uses linear matrix inequality (LMI) techniques to find Lyapunov like functions. The level sets
of these functions are invariant under the cycle and hence represent a viability kernel for the entire system.
These sets, of course, represent approximations to the viability=setsich the fixed point computation in

the SMC iteration attempts to determine.

This section has surveyed recent work providing sufficient conditions for the stability of switched systems.
The multiple Lyapunov function methods discussed here were related to earlier work in model checking for
hybrid systems and it was noted that these Lyapunov methods can be seen as computing approximations
to the fixed points determined by model checking methods. In the following subsection a concrete example
illustrating the use of Lyapunov type methods in hybrid system validation is presented for the robotic example
of figure 1.

6.3 \Validating the Example

This subsection illustrates some of the principles discussed in subsection 6.2. In particular, this subsection
will validate the mutual exclusion and deadlock-freedom requirements on the robotic system of figure 1. The
methodology will be a variation on the Lyapunov stability approaches discussed in [46].

The performance specifications for our example will be posed as temporal logic formulae. The mutual ex-
clusion constraint was that both arms should not be in the parts bin at the same time. This requirement is

22



expressed by the formula, _ _
“3U[[|61] < 10°] A[|62] < 107]] (35)

wheref; = 6; + 6y (i = 1,2). This formula states that there should not exist any trajectory which eventually
reaches a state where the angular position of both arms is less than the prespecified limitbé&8e limits,

of course, define the extent of the parts bin, so the formula is requiring that the physical system should never
violate the mutual exclusion requirement.

The deadlock freedom requirement was that neither arm should reach a state from which it is impossible to
proceed (actually we're only insisting that the system be weakly deadlock free). Deadlock effectively occurs
if either arm reaches its physical stops at any time. This specification may therefore be represented by the
following formula,

YU[[-10< 6; < 100 A[—100< 8 < 10]] (36)

This formula states that for all trajectories starting in the initial states that both of the confitiths 6; <
100 and[—-100< 6, < 10] must be satisfied by all state trajectories.

The preceding requirements are associated with regions in the continuous state space of the system. The
mutual exclusion requirement defineoabidden setwhich the system trajectories must never enter. This
forbidden set is the smaller box centered at the origin in figure 7. The deadlock freedom requirement is
associated with the larger box in figure 7. This box represents the safedirm positions and therefore
represents agafe setvhich all continuous-state trajectories must remain in for all time.
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Figure 7: Forbidden and Safe Sets Associated with System Specifications
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An ellipsoidal approximation to the validating set of initial conditions may be computed using the Lyapunov
techniques discussed in section 6.2. We use a variation [45] on the linear matrix inequality (LMI) method first
proposed in [44] and [43]. The methodology in [44] [43] formulated a linear matrix inequality whose feasible
solutions were a set of positive definite matriégscharacterizing a family of Lyapunov like functions for

this switched system. The method used in [45] employed a linear matrix inequality to form a sufficient test
for the uniform ultimate boundedness (UUB) [89] of the switched system. This method extends the earlier
results of [44] and [43] so that systems with bounded exogenous disturbances could be treated using the
same type of analysis. The analysis method works as follows. Consider all fundamental cycles of discrete
events generated by the discrete part of the hybrid system. A linear matrix inequality (LMI) may be derived
from this set of cycles whose feasible solution (if it exists) consists of a set of positive definite matrices and
constants characterizing ellipsoidal sets in the continuous-state space whose intersection is invariant under all
possible concatenations of fundamental cycles. In other words, the sets identified by this method represent
sets of continuous states which the system is guaranteed to reenter as it traverses its discrete events. Technical
details on the formulation of the LMI will be found in [56].

The invariant sets identified using the preceding method can be used to validate the mutual exclusion and
deadlock freedom constraints posed above. Let’s first consider the deadlock freedom constraint. Associated
with this requirement was a region in the system’s state space which was required to be invariant under all
possible system trajectories. The validation problem involves finding a set of initial conditions within this
box whose future trajectories remain in the set. The invariant set identified using the preceding method is an
obvious candidate for this set. Therefore, if we can find a set of feasible LMI's whose solution identify an
invariant set which is properly contained in thafe sef the system, then the system is guaranteed to be
safe as long as our initial condition is taken from within this invariant set of states. The proper inclusion of
the invariant in the safe set therefore validates the existential specification we posed earlier.

Validating the mutual exclusion requirement may also be accomplished using this method. In this case,
however, we reverse the sense of the inequalities, so that their feasible solution identifies a set which is
guaranteed to beepellingunder all concatenations of fundamental cycles. The union of the ellipsoidal sets
identified by the feasible solutions of this LMI, this represents a repelling set of initial conditions, in the sense
that if the system starts outside this set, then it is guaranteed to remain outside of this set for all time. We use
this repelling setmanner to validate the mutual exclusion requirement. Ifftlibidden setassociated with

the specification is properly contained within the repelling set, then the specification is validated in the sense
that any initial conditions starting outside of this region will be guaranteed to not violate the mutual exclusion
constraint.

Ensuring that both mutual exclusion and deadlock freedom constraints are met is simply a matter of ensuring
that the intersection of the repelling and invariant sets is hon-empty. Figure 7 provides an illustration of the
invariant and repelling sets identified using this LMI method for the case where the feedbackigaid.B®

and the ratio of the moments of inertig/J, = .1. In this case, it is easy to see that the non-empty intersection

of the repelling and invariant sets indeed lies within the accepting region for this problem. For this particular
system, therefore, we can validate the specified behavioral constraints.

6.4 Hybrid System Synthesis

Synthesis methods for hybrid control systems are still at an early stage of development. This subsection
identifies some of the major trends in hybrid control system synthesis.

Early work in hybrid control synthesis attempted to follow the route of traditional sampled data control
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design. One method proposed extracting a discrete event model of the continuous-part of the hybrid system
and then using discrete-event supervision schemes to synthesize a supervisory controller. [9] The strength
in this approach rested with its attention to the interface between the continuous and discrete subsystems.
Specifically, it was argued that an important aspect of hybrid control synthesis was to design interfaces in
which the extracted DES plaatccuratelymodeled the behavior of the continuous system [12]. Precisely
what constitutes accurate modeling has been discussed in a variety of papers [83] [84] [85] [82]. In most
of these works it is essential that some property of the original continuous system (such as controllability
or observability) is preserved under the discretization. Discrete event systems that satisfy this condition are
sometimes referred to désimulationsof the continuous plant. Precisely how such bisimulations might be
used to help in the design and analysis of hybrid control systems, however, remains an open question for the
research community.

An alternative approach tdiscretizationis to continualizethe entire system. Research in the dynamics

of switched systems and variable structure systems might be taken as early examples of this continualization
approach. A very sophisticated approach [48] to continualization was based on the use of formal power series
(Lie-Fliess series) [49] to represent the continuous-state trajectories generated by the hybrid systems. The
synthesis problem, then involves determining a controller such that the series representation of the continuous
state trajectory satisfies specified safety conditions. The resulting series representations of the controlled
systems, by way of the Schutzenberger [50] representation theorems, could then be used to extract finite
automata generating the desired switching logic for the hybrid system. This continualized approach was
first discussed in [48] [80] and that work combines concepts from logic, automata theory, and differential
geometry to attempt to produce a unified framework for the synthesis of controlled hybrid systems. The
method is very similar the motion planning approaches found in robotics [54] and an elementary example
illustrating how such switching policies might be synthesized will be found in [55].

Another approach for hybrid control system synthesis is basemimschedulingdeas [55]. Gain schedul-

ing [51] [52] [53] assumes a set of linear controllers that are switched between as the system moves through
its operating range. Gain scheduling has been extensively studied in the control systems community. Early
work in this area [57], which was of direct interest to the study of hybrid systems, established conditions un-
der which switched behavior would result in stable behavior. The method’s primary strength is that it draws
heavily upon mature results in modern linear robust control and therefore provides a mechanism by which
to actually design controllers that achieve tight norm bounded performance measures [56]. The weakness of
this approach, unfortunately, is that it pays relatively little attention to the switching logic and how that logic
might be used to enhance system stability and performance.

The preceding approaches to controller synthesis reduced the hybrid synthesis problem to a well understood
set of continuous or discrete system synthesis problems. In contrast to these efforts, there has been some work
attempting to define an integrated framework which directly addresses synthesis issues for both continuous
and discrete parts of the system. In this case, the optimal controller is viewed as a saddle point in a non-
cooperative game played between the supervisor and the controller [86] [87]. The nondeterministic nature
of the supervisor means that continuous-state controllers must be optimized over the worst case decisions
adopted by the supervisor and we need, at the same time, to ensure that the supervisor is as permissive as
possible. Both of these objectives are usually conflicting and this conflict leads to the non-cooperative nature
of the game. This viewpoint of hybrid controller synthesis is very elegant from a theoretical standpoint, but
computing the saddle-pointis non-trivial. Applications [71] where this method have been applied have relied
on computationally intensive approaches for determining the saddle point. For this approach to succeed, a
computationally efficient method [72] of determining saddle points will need to be found.
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7 Future Directions

The paper provided an introduction to many of the concepts and trends in hybrid system science. As can be
seen from the paper, hybrid system science it an interdisciplinary field requiring a familiarity with methods
and concepts from computer science and traditional system science. Due to the introductory nature of this
paper, it was impossible to itemize all of the important work being performed. Much of the work outlined
here will be found in a series of workshop proceedings published by Springer-Verlag, [63] [64] [65] [66] [67]
[68] [69] as well as numerous other workshops not mentioned here and various special issues of technical
journals (Theoretical Computer Science, IEEE Transactions on Automatic Control, Discrete Event Dynamic
Systems, International Journal of Control, System and Control Letters, Automatica). The field is still in an
early stage of development, but already some important results and discoveries have been made. Principle
milestones in hybrid system science include the early work on verification using hybrid automata, extension
of Lyapunov methods to hybrid systems, and the growing body of recent work dealing with hybrid system
synthesis. There have recently been significant applications of these methods in traffic control, automotive
systems, and chemical process control [71] [75] [76] [77] [32] [78] [79]. All of these accomplishments point

to a science which shows excellent potential for having a profound impact on the way in which we design
and develop the engineering applications of the future.
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