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1. INTRODUCTION: LINEAR OPERATORS, INVARIANT SUBSPACES, AND POLYNOMIALS

Throughout these notes V' will denote a vector space with finite dimension n over a field
F,and T : V — V will be a linear operator. In many ways, 7T is easiest to understand if
it is ‘diagonalizable’—that is, if there exists a basis for V' relative to which the matrix for
T is diagonal. Diagonalization is not always possible, however. Our main concerns in these
notes will be to find ways of presenting operators as nicely as possible and to understand
thoroughly why they cannot be presented better.

Recall that there are essentially two obstacles to diagonalization. The first is that the
characteristic polynomial for a given operator might not have sufficiently many roots (or at
least roots belonging to the scalar field). For instance, if V' is a vector space over R and
T : V — V has characteristic polynomial A\>+ 1, then T" has no real eigenvalues. The second
and more subtle obstacle to diagonalization occurs when the characteristic polynomial has a
root A that occurs with multiplicity k£ > 1, but the eigenspace associated to A has dimension
smaller than k. The standard example of this latter problem is the linear transformation
T : R? — R? whose matrix relative to the standard basis is

tel

The only eigenvalue for 7" is A = 1, which occurs twice as a root of the characteristic
polynomial. However the eigenspace for this eigenvalue is one dimensional, generated by the
vector (1,0).

1.1. Invariant subspaces. Confronted with either of these obstacles, we need something to
replace the missing eigenvectors. It turns out that it is better to think in terms of subspaces
than eigenvectors.

Definition 1.1. A subspace H C V is T-invariant of T(H) C H.

Invariant subspaces have the following basic properties, whose verification we leave as an
exercise.

Proposition 1.2. If Hi, Hy C V are T-invariant subspaces, then so are Hi+Hy and HiNH,.
If S .V — V is another linear operator and H C V' is invariant with respect to both S and

T, then H 1is also invariant with respect to S oT and with respect to any linear combination
of S and T.

If v € V is an eigenvector for T, then one has that H = span{v} is a one dimensional
T-invariant subspace. In fact, a one dimensional subspace of V is T-invariant only if it
is spanned by an eigenvector of 7. However, one can create invariant subspaces from any

vector, eigen or not.
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Definition 1.3. Given v € V|, we call the set
orbp(v) = {v,Tv,T?*v,...}

the T-orbit of v. We call
Hr := spanorbp(v)

the T-cyclic subspace generated by v.

Proposition 1.4. For any v € V, the subspace Hr is T-invariant. If, moreover, H C V
is any other T-invariant subspace containing v, then Hy, C H.

Proof. It w € Hrp, then we can write
W =cov+ -+ TFv
as a linear combination of vectors in orby,. Thus
T(w) = T (v) + -+ T"(v) € Hr,,

too. Hence Hrp, is T-invariant. Now if H C V is a T-invariant subspace containing v,
it follows inductively that T'v,T?v,--- € H, too. Since H is closed with respect to linear
combinations, it follows that Hr, C H. O

Some examples might help here. Both V' and {0} are always T-invariant. A one di-
mensional subspace H C V' is T-invariant if and only if H = Hp, for some eigenvector
vel.

We saw in class last semester that if F = R and A = a + bi € C is a non-real root of
the characteristic polynomial, then there are vectors u,v € V such T'(u) = au — bv and
T(v) = bu+ av. In this case Hry, = Hry = span(v,u) is a two dimensional 7-invariant
subspace. In this last case, one can show that in fact Hp is ‘irreducible’ in the sense that
it contains no smaller non-trivial 7T-invariant subspaces.

Finally, if 7 : R®> — R3 is the diagonal transformation T'(zy, s, x3) = (21, 2, 223), then
the vector v = (0, 1,1) generates a two dimensional cyclic subspace Hry = {(0,22,23) €
R3}. Tt is, however, ‘reducible’ in the sense that it contains the smaller T-cyclic subspace
spanned by the eigenvector (0,0, 1).

If H is a T-invariant subspace, then it turns out that 7" ‘induces’ a linear transformation
on the quotient space V/H.

Theorem 1.5. Given a T-invariant subspace H C 'V, let V= V/H and for any v € V,
let v € V denote the equivalence class of v. Then there is a well-defined linear operator
T:V —V given by

T(¥) = (Tv).
If, moreover, B = {by,...,b,} is a basis for V obtained by extending a basis B{by, ..., by}
for H, then the matrix for T relative to B has block upper triangular form

AH *

a-[o 3]
where Ag € Myyr(F) is the matriz of the restricted operator Ty H — H relative to B,
and A € My—yx(n—k) (F) is the matriz of T : V' — V relative to the basis B = {by11,...,b,}.
In particular, the characteristic polynomial of T : V' — V' is the product of those of T'|y and

T.
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Note that in what follows, we will sometimes write T/ H instead of T in order to emphasize
the role of H.

Proof. To check that T is well-defined, we suppose that vi,vs € V satisfy ¥; = v,. Then
vy —vy € H. Hence T'(vy) —T(vy) = T(v1 —vs) € H, too, because H is T-invariant. Hence
Tv, = m, so that our definition of T'(¥) does not depend on which vector v is chosen to
represent the equivalence class v.

That 7T is linear follows more or less immediately from linearity of T'; e.g.

—_—

T({/l + \72) = T(Vl + V2) = TVl + TV2 = 7/:‘;//1 + 7/:‘;//2 = T({fl) + T(\?g),

so T respects vector addition. A similar computation shows that 7" respects scalar multipli-
cation. 3

Now we turn to the assertion relating the matrices for 7', T'|y and T. Letting A denote
the matrix for 7' : V' — V relative to B, we recall that the jth column of M is equal to
[Tb;]s, the coordinates of T'b; relative to the basis B. Now if 1 < j < k, then b; € By is a
vector in H. So by invariance of H, we have Tb; € H too. Thus the last n — k coordinates
of [Tbj|p vanish and the first k£ coordinates are equal to [I'b;]z,,. In short, each of the first

k columns of A have the form
[Tb;]s = ( [Tbé]BH ) :

so that taken altogether, the first k£ columns of A comprise a matrix of block form < %H ) .

Turning to the remaining columns k + 1 < j < n of A, we note that if
Tb; = ciby +...c,by,
then because each vector in H is equivalent to 0 modulo H,
Tf)j = Cgr1br11 + - + ciby.

So the last n —k coordinates of T'b; relative to B are equal to the coordinates of Tf)j relative

~ *
to B. That is, [Th;|p = ( [TNB] ) . This means that taken together, the last n — k
7] <
B
columns of A comprise a matrix of the form ). So A has the block form asserted in

A
the theorem.
The assertion concerning characteristic polynomials now follows immediately from the fact
that

NI [M—A —B]

0 —C

also has block upper triangular form, and therefore det(A\ — M) = det(A] — A) det(A — C).
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1.2. Polynomials. Having seen that the notion of eigenvector of T" can be generalized to
that of an invariant subspace, we now indicate how that of an eigenvalue can by similarly
generalized by considering certain special (i.e T-singular) polynomials associated to 7.

We will use F[z] to denote the set of all polynomials p(z) = c;z* + -+ + c12 + ¢o, with
coefficients ¢y, ...,co € F. The degree of p is the largest index k for which the coefficient ¢,
is non-zero. If p = 0, then we adopt the convention that degp = —oo. We call a non-zero
p € Flz] monic if it’s leading coefficient ¢, = 1. Finally, if a,b,q € F[x] are polynomials
such that a = bq, then we will say that a is divisible by b or, more commonly, that b divides
a, signifying the relationship by writing bla. We will often take advantage of the fact that
bla implies degb < dega. Hence, for instance, the final assertion in Theorem 1.5 may be
restated in slightly weaker form by saying that the characteristic polynomials of 7|5 and
T/H both divide that of T

Given a polynomial p(z) € F[z] as above, one can replace the independent variable x by
things other than just elements of F. In our case, we will substitute the linear operator T,
defining:

p(T) = cxTF + -+ + 1T + coid
Here the power T should be understand as the j-fold composition T o T o ---oT of T with
itself. One can readily verify the basic features of this kind of substitution, which we now
summarize.

Proposition 1.6. If p,q € F[z] are polynomials, and H C V is a T-invariant subspace,
then

e H is a p(T) invariant subspace;

o p(T) o q(T) = q(T) o p(T) = (pg)(T);
o ker p(T') is a T-invariant subspace.

The second assertion in Proposition 1.6 says among other things that for any p,q € F[z],
the operators p(T') and ¢(7') commute. Typically in what follows, we will write p(T")q(T")
instead of p(T") oq(7T). Besides emphasizing the connection between composition of operators
and multiplication of polynomials, this abbreviation accords well with our tendency to write
Tv instead of T'(v) when the parentheses start to pile up.

The third assertion in Proposition 1.6 gives the connection between eigenvalues and poly-
nomials: in the case of a linear polynomial p(x) = z—\, we have that ker p(T") = ker(Aid—71)
is the eigenspace for A\, and in particular A is an eigenvalue if and only if ker p(7) is non-
trivial. Let us more generally call a polynomial (of any degree) T'-singular if ker p(T) is
non-trivial.

There is a close, albeit not perfectly complementary, connection between 7T-singular poly-
nomials and T-cyclic subspaces. Fixing v € V', we observe first that any element w € Hp
can be written

w =, TV + o T v 4 - 4 cov = p(T)v
for some polynomial p(z) = ¢;z* + -+ + ¢y € F[x]. Hence the T-cyclic subspace generated
by v may be alternatively presented

Hry ={p(T)veV:peF]}

Moreover, since dim Hp, < dimV is finite, there is a smallest non-negative integer k € N
such that {v,Tv, ..., T*v} is dependent; i.e.

0 = pT,v (T)V
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for some polynomial pr, € F[z] of minimal degree k. Dividing pry by its leading (non-
zero) coefficient ¢g, we may assume that pr, is monic. We summarize this discussion in a
definition.

Definition 1.7. The T-minimal polynomial' of v € V is the monic polynomial pry of
smallest non-negative degree such that pr(T)v = 0.

There might a priori be many linear combinations of v, ..., T*v that vanish, so we need
to know first that this definition is not ambiguous.

Proposition 1.8. The polynomial pr~ is well-defined, and Hr C kerpr(T). Moreover,
dim Hr = degprv and more precisely,

Hr, =span{v,Tv,..., T" 'v}.

Later we will use a general fact about polynomials to deduce the stronger statement that
if v € kerq(T), then ¢ is actually a multiple of p. Note that it is not true in general that
Hry = kerpr(T). If for instance, v € V is an eigenvector for the eigenvalue A, then Hry is
always one dimensional, generated by v, whereas pr, = x — A, and therefore the eigenspace
ker pr(T') is the full (and possibly higher dimensional) eigenspace for A.

Proof. To see that pry is well-defined, suppose that p € F[z] is a second monic polynomial
of degree k such that p(T')v = 0, then deg(p — prv) < k since leading terms cancel, and

(p— pT,V)(T)V =0.

Because pr, was chosen to have minimal non-negative degree, it follows that p — pr, = 0.

Since ker pr(7T") is a T-invariant subspace containing v, Proposition 1.4 tells us that
Hry C kerpr(T).

Finally, we have by definition of k = deg pr, that {v,..., 7% v} is an independent set.
Hence dim Hry > k. Suppose (in order to get a contradiction) that the inequality is actually
strict. That is, there is an element w = p(T')v € H that is not a linear combination of the
vectors v,...,T* 'v. We can assume that ¢ := degp > k is as small as possible, and after
dividing through by the leading coefficient, that p is monic. Then

w=w-0=w—pr (1T v =(p—2"pr,)(T)v.

However, deg(p — 2z *pry) < degp, contradicting the fact that p was supposed to have
minimal degree. Hence {v,...,T* v} is actually a basis for Hr. U

1.3. The Cayley-Hamilton Theorem. As a first application of the ideas we have been
discussing, we now prove a very important fact about linear operators. Recall that the
characteristic polynomial of T is

Dehar(x) := det(zid — T') € Flx].

In particular pepq,(x) is a monic polynomial with degree equal to the dimension of V.
As it turns out, ker pepq,-(T') is all of V. To prove this we need a preliminary result.

Lemma 1.9. If v € V is a non-zero vector, then the T-minimal polynomial pr of v is also
the characteristic polynomial of the restricted operator T : Hyy — Hrpy.

'In Hoffman and Kunze’s book prv is called the T-annihilating polynomial of v
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Proof. The degree k of pr is chosen so that B := {v,...,T* v} is a basis for Hr,, and

the coefficients of pr(z) = 2* + ¢;_12% 71 4 - - + ¢y are chosen so that T*v = —¢;,_ T* v —
-+ —¢ov. Thus relative to B, the restricted operator T': Hy — Hr, has matrix
0 0 O 0 —co ]
1 00 0 —a
010 0 —oc
M= 10 0 1 0 —cs
0 0 0 ... 1 —cp1]

Using cofactor expansion about the last column and working from the bottom entry up, we
obtain the characteristic polynomial for T'| g, ,:

det(A] — M) = (A + cp_y det My — cp_odet My_y 4 + - - - + (—=1)F o det My

where M;;, are the jk minors of M. On closer inspection, one finds that these have block
diagonal form

_ |4 0
M = {0 BJ}
where A; isa (j —1) x (j — 1) lower triangular matrix with all entries on the main diagonal
equal to A and B; is a (k — j) x (k — j) upper triangular matrix with all entries on the

main diagonal equal to —1. Hence we may finish computing the characteristic polynomial
for T\ g,

det(M — M) = (\+ cp_1)det Aydet By, — cj_pdet Ap_ydet By, + - -- + (—1)* ¢y det A, det By
= NN +e) e i+ 4 g
Prv-
O

Theorem 1.10 (Cayley-Hamilton). IfV is a finite dimensional vector space, andT : V — V
is a linear operator, then pepq,(T) = 0.

Proof. Given v € V| we may apply Theorem 1.5 to Hr, and then Lemma 1.9 to deduce
that penar = prvq for some ¢ € F[z]. Thus

Pehar(T)V = q(T)pro(T)v = q(T)0 = 0.

This proves for any non-zero v € V that pepe-(T)v = 0. We conclude that pepe-(T) is the
zero operator. O

2. DIRECT SUM DECOMPOSITIONS AND LINEAR TRANSFORMATIONS

Here we return to a topic that we touched on at the beginning of last semester. As above,
we let V' be a finite dimensional vector space over a field F. Recall that the sum of subspaces
Hy, ..., H, CV is the subspace

Hy+-+Hy:={vi+- - +vyeV:v; € H}
6



Definition 2.1. We say that Hy,...,H, C V are independent if the only vectors v €
Hy, ... ,vi € Hy satisfying
Vit +vp=0
are vi=---=v, = 0.
When Hy, ..., H; are independent, we say that their sum is direct and denote it by H; &

<o+ @® Hyp. It will be useful to us below to be able to verify independence of a collection of
subspaces inductively. To this end we prove

Proposition 2.2. Suppose that Hy,...,H,_1 C V are independent subspaces and that
Hy, C V is another subspace that intersects Hy @ --- ® Hy_1 trivially. Then Hy,..., Hy
are independent subspaces.

Proof. Suppose that v; € H;, 1 < j <k are given and
Vi4 v =0.
Then
Vi+-+ Vi1 = —Vg

is a vector in (Hy @ -+ @ Hy_1) N Hy. But this intersection is trivial by hypothesis, so both
sides of the last equation must be zero. In particular, independence of Hy, ..., H,_; and the
vanishing of the left side imply that vi{ = --- = v;_; = 0. Hence Hq, ..., H; are independent
subspaces. 0

As the next proposition indicates, a collection of subspaces whose direct sum is V is
analogous to a basis for V.

Proposition 2.3. Suppose that V = Hy & --- & Hy. Then for any v € V, there are unique
vectors vy € Hy,...v, € Hy such that

V=V{+- "+ Vg

The vectors v; in the statement of this proposition are in a sense the ‘coordinates’ of v
relative to the decomposition V = H; & --- P H,.

Proof. Given v € V| we have (since V' is the sum of Hy,..., Hy) vi € Hy,..., vy € Hy such
that v=vy + -4+ vg.

In order to establish uniqueness, suppose that we have some other vectors v| € Hy, ..., v} €
Hj, satistying v = v{ +...v}. Then

O0=v—v=_(vi—V))+ -+ (Vi — V).

Since v; — v’ € H; it follows from independence of Hy, ..., H that v; = v’ for each j. That
is, the vectors v; are unique. 0

To amplify the analogy between direct sums and bases, we offer

Proposition 2.4. Suppose that V = Hy @ --- & Hy and that for each 1 < 57 < k, we are
given a basis B; for H;. Then B := By U---U By, is a basis for V.

Let us say that a basis B := B; U --- U By as in the statement of this proposition is

compatible with the decomposition V = H; @ - -- P Hy.
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Proof. Clearly B spans each of the subspaces H;, and since any vector in V' can be written
as a sum of vectors in Hy, ..., Hy, it follows that B spans V.

To see that B is independent, suppose that some linear combination of vectors in B van-
ishes. Taking advantage of the fact that B = |JB;, we may express this assumption as

follows: .
Z Z Cbb =0.

j=1 beB;
Since Zbij cpb €V}, it follows from independence of the subspaces V; that Zbij cpb =0
for each j separately. Since B; is independent, it then follows further that ¢, = 0 for each

b € B;. Thus all coefficients in the linear combination vanish, and we conclude that B is
independent. O

Corollary 2.5. IfV =H, ®---® Hy, then dimV =dim H; + - - - + dim Hy.

Proof. For each j € {1,...,k}, let B; be a basis for H;. Because the H; are independent,
we have B; N B; = () for i # j. Thus by the previous proposition, we have

dimV =#UB; =) #B; =) dimH;.
[

Fixing a decomposition V = Hy @ --- & Hj, and a compatible basis B =By U---U By, we
return to the linear transformation 7' : V' — V introduced at the beginning of these notes.
We will say that the decomposition V' = H&- - - @ Hy is T-invariant if each of the subspaces
H; involved is T-invariant.

Theorem 2.6 (Block diagonalization). Let V = H ®- - -@ Hj, be a T-invariant decomposition
of V, and let B= By U---UBj be a compatible basis for V. For each j, let A;; be the matrix
relative to B; of the restricted transformation T': H; — H;, and let p; be its characteristic
polynomial. Then the matriz of T relative to B has block diagonal form

AH 0 0
0 Ay ... 0
0 0 ... A

In particular the characteristic polynomial of T :V — V ispy...pg.

Proof. This is most easily done by induction on the number £ of subspaces in the decom-
position. If & = 1 there is nothing to prove. We treat the case k = 2 separately because
the induction step relies on it implicitly. In this case we have B = {vy,...,v,} where
By = {vi,...,vi} and By = {vji1,...,v,}. Since H; = spanB; and H, = span B, are
T-invariant, it follows as in the proof of Theorem 1.5 that the jth column of [Tz is given by

A7 . . 0 . .
Tv;lp = ([ (;]B ) if 1 <j <k, and [Tv,|g = ( [ij]&) itk+1<j<n.

Putting all the columns together gives
A1 O
Tle = {0 AQ] !
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so the assertion is proved when k = 2.
Supposing now that the assertion is proved when £ = K — 1, I consider the case k = K. |
have V = H; @& H' where H' = Hy & - - - @ Hp is also an invariant subspace. So by the case

k=2,
A 0O
[T]B = |i 01 A/:| )
where A’ is the matrix for T': H' — H’ relative to the basis B’ = By U---U Bg. And by the
induction hypothesis we further have

A22 0 R 0
W 0 Az ... 0
0 0 ... A
so the assertion for k = K follows immediately. O

With this theorem we can now better state the goal of these notes: find a T-invariant
direct sum decomposition V' = H; & --- & Hj in which the dimensions of the subspaces
H; are as small as possible. As the theorem indicates, this will allow us to find a matrix
representing 71" that is as ‘diagonal’ as possible. Our goal requires us to take a closer look at
the characteristic polynomial of 7', and indeed at polynomials generally.

3. BACKGROUND CONCERNING POLYNOMIALS

In this section, we present and discuss some useful facts concerning the set F[z]| of poly-
nomials with coefficients in the field F. Polynomials in F[z]| can be added, subtracted and
multiplied in the usual way, and all the relevant axioms for arithmetic hold. In contrast with
F itself, however, there is no operation of division? on F[x]. There is, however, ‘division with
remainder’ and this is arguably the most fundamental fact concerning polynomials with field
coefficients.

Theorem 3.1 (Division algorithm). For any polynomials a(z),b(x) € F|x], there are unique
q(z),r(z) € F[z] such that degr < degb and

a=bq+r.

Proof. Let S C F[z] be the set of all polynomials of the form a — bp for some p € Flz|. L
r =a—bg € S be a polynomial (possibly zero) of minimal degree. Suppose degr(z) =
with leading coefficient ¢, # 0 and that degb(z) = ¢ with leading coefficient ¢,. If k >
then c c
r(z) — —]f:ck_gb —a—(qg+ " Npes

Cy Cy
is a polynomial with degree strictly smaller than k, because the leading terms in the difference
on the left cancel each other. This contradicts the minimality of degr, so it must be instead
that k < . We conclude that a = bg + r where degr < degb, as the theorem asserts.

To prove that r,¢q € F[z] are unique, suppose that 7, ¢ € F[z] also satisfy the conclusion

of the theorem. Then bq 4+ r = bg + 7. Rearranging, we find that
blg—q)=r—r.
2in mathematical parlance, this state of affairs is summarized by saying that F[z] is not a field, but rather

a commutative ring.
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Comparing degrees then gives
degb + deg(q — ¢) = deg(r — 7) < degb,

which implies that deg(¢ — ¢) < 0; i.e. ¢ = ¢, and therefore r = 7. So the polynomials
q,r € F[z] are unique. B

All the other results in this section, whether we prove them or not, depend ultimately
on the division algorithm. The reader might note in all this that there is a very compelling
analogy between polynomials and integers, with the notion of ‘degree’ for polynomials playing
the role of ‘absolute value’ for integers. In particular, the notion of ‘prime number’ is replaced
by that of ‘irreducible polynomial’.

Definition 3.2. A non-constant polynomial p € F[z] is called irreducible if the only the
polynomials in Flx] that divide p are constants and constant multiples of p.

Any polynomial of degree one is irreducible. The fundamental theorem of algebra (‘every
complex polynomial of degree at least one has a complex root’) implies that when F = C,
the converse statement holds: any irreducible polynomial in C[z] has degree one.

For arbitrary fields, it is a tricky thing to determine whether a given polynomial of degree
two or higher is irreducible. For instance z* + 1 is irreducible as a polynomial in R[z] but
not as a polynomial in C[z]. Likewise 2* — 2 is irreducible as a polynomial in Q[z] but not
as a polynomial in R[z]. Keeping this in mind might make the next two theorems seem a
little less ‘obvious’. The hard part of each theorem is the uniqueness.

Theorem 3.3. Given any two polynomials a,b € F[z], not both equal to zero, there is a
unique monic d € F|z] such that d|a, d|b and degd > degd for every other d € Flz] that
divides both a and b. In fact if d € Flz] divides both a and b, then d|d, too.

The polynomial d is called the greatest common divisor of a and b and denoted ged(a, b).
If ged(a,b) = 1, then a and b are said to be relatively prime. It turns out, for reasons we
discuss below, that ged(a, b) is not very sensitive to the underlying field. For instance

ged(z? —1,32% 4+ 32) = 2% + 1
regardless of whether #* — 1 and 2% + x are though of as polynomials in Q[z], in R[z], or

in Clz]. This makes the concept of ‘relatively prime polynomials’ more straightforward in
many cases than that of ‘irreducible polynomial’.

Theorem 3.4. Every non-constant polynomial p(z) € Flx] can be factored

P=q ... 4k
into irreducible polynomials q; € Flx]. The factorization is unique except for the order and
leading coefficients of the polynomials g;.

The decomposition of p into irreducible polynomials is called the prime factorization of p.
Often the ambiguity concerning leading coefficients in prime factorizations is addressed by
requiring p and all the factors ¢; to be monic. Moreover, it is common to acknowledge re-
peated factors explicitly in prime factorizations by writing the factorization in the alternative
form

p=q" 4",
and implicitly assuming that all the ¢; are distinct (i.e. ¢ # j implies ¢; # cq; for any ¢ € F).
Here is the concept that links the division algorithm to the previous two results.
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Definition 3.5. A non-empty set of polynomials S C F[x] is called an ideal if for any
a,b €S and p € Flz], we have that a+b € S and ap € S.

The resemblance between the notion of an ‘ideal’ of Flx] and that of a ‘subspace’ of a
vector space is not a coincidence. The main fact concerning ideals of F[xz] is that they are
all ‘one dimensional.’

Theorem 3.6. Suppose that S C Flx] is an ideal containing at least one non-zero polyno-
mial. Then S contains a unique (up to constant multiple) non-zero polynomial of smallest
possible degree, and in fact

S =pFlz] :=={pq: q € Flz]}
1s the set of all polynomial multiples of p.

The polynomial p in the statement of this theorem is called the generator of S. We can
(and usually do) assume with no loss of generality that p is monic.

Proof. Given p as in the theorem, we have by definition of ideal that S contains every poly-
nomial multiple pq, ¢ € F[z] of p; i.e. that pF[z] C S. Suppose now (to get a contradiction)
that S contains something that is not a multiple of p. That is, suppose there exists p € S
such that p does not divide p. Then by the division algorithm, we have r, ¢ € F[z] such that
degr < degp and p = pg + r. Since p does not divide p, it follows that r # 0. Moreover,
since r = pq — p we have from the definition of ideal that r» € S. That is, there is a non-zero
element of S whose degree is smaller than that of p—a contradiction. We conclude that p
does not exist and that S is precisely equal to pF[z].

To see that p is unique, suppose that p € S is another non-zero polynomial of smallest
degree. Then, as we have just shown, p = pq for some ¢ € F[z]. Since degp = degp =
deg p + deg ¢, it follows that degq = 0. That is, ¢ = ¢y € F is a constant. O

We illustrate the power of the ‘ideal” concept as follows.
Proof of Theorem 3.3. Given a,b € F[z] as in the theorem, we let

S ={ap+bq:p,q e Flz]}

be the set of all polynomial combinations of a and b. The reader will (on pain of lightening
strike for failing to comply) verify that S is an ideal of F[z] and that S contains a non-zero
element. Hence S = dF[z], where d € S is the unique non-zero and monic element of smallest
degree.

Then on the one hand, we have d|a and d|b, since a,b € S. And on the other hand d
belongs to S, so we have by definition of S that

d = ap + bq

for some p,q € F[z]. From this, one may (i.e. you will now pull out pencil and paper in
order to) deduce that any other common factor d of a and b also divides d. In particular, if
deg d< degd, and if degcz = degd, then d and d are just constant multiples of one another.
Hence d = ged(a, b) is unique. O

Incidentally, the same idea leads to a very efficient method for actually computing greatest
common divisors called the Fuclidean algorithm. T’ll be happy to provide further details in
person. Beyond showing the usefulness of ideals, our discussion contains some facts that we

will need later. These I summarize as follows.
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Theorem 3.7. For any non-zero polynomials a,b € F[z|, there are p,q € F|x] such that
ap + bqg = ged(a, b).
In particular, if a and b are relatively prime, then there are p,q € F|x] such that ap+bq = 1.
Returning to larger context of these notes, we define two more relevant ideals. Recall that

V' is a finite dimensional vector space over F and T : V' — V is a linear operator. Then one
may consider the set

Ar ={p € Flz] : p(T) = 0}
of polynomials that ‘annihilate’ T, and given v € V the set
={p € Flz]: p(T)v =0}

of polynomials p such that p(7T") annihilates v. Clearly, Az C Ar,. The reader will verify
(or suffer greatly premature and total hair loss) that Ar and Az, are both ideals of F[z].

In terms of this new notation, the generator p,,;, of Ar is called the minimal polynomial
of T', and in light of Theorem 3.7 the Cayley-Hamilton Theorem may be restated by saying
that ‘the minimal polynomial of T" divides the characteristic polynomial of 7.

The minimal degree, non-zero element of Ay, is (by definition) pr,. Hence Theorem 3.6
implies that pr. divides ppin € Ar C Ary.

4. PRIMARY DECOMPOSITION OF LINEAR OPERATORS

A first application of our results concerning polynomials will be a kind of ‘course’ decom-
position of the vector space V into T-invariant subspaces based on the primary factorization
of the characteristic polynomial p,,;, for T

Lemma 4.1. Suppose that p,q € Flz| are relatively prime polynomials. Then
ker p(T)q(T') = ker p(T') @ ker q(T).

Proof. The hypothesis implies that there exist a,b € F[z] such that ap + bg = 1. Hence if
v € ker p(T") Nker ¢(T), then

v = id(v) = (@(T)p(T) + b(T)q(T))v = a(T)p(T)v + b(T)q(T)v = a(T)0 + b(T)0 = 0.

This proves that ker p(T') Nker ¢(T") = 0, i.e. that kerp(7T") and ker ¢(7) are independent
subspaces.
If, moreover, v.=u+ w where u € ker p(T') and w € ker ¢(T'), then

p(T)g(T)v = q(T)p(T)v + p(T)q(T)u= q(T)0 + p(T)0 = 0.

(
Hence ker p(T") & ker q(T") C ker p(T)q(T).
Finally, suppose v € ker p(T")q(T"). From the first paragraph, we have

v =1id(v) = (a(T)p(T) + b(T)q(T))v = w +u
where w = a(T)p(T)v and u = b(T)q(T)v. Thus
o(T)yw = q(T)a(T)p(T)v = a(T)p(T)g(T)v = a(T)0 = 0,

so w € kerq(T"). Similarly, u € kerp(T"). Hence v = w 4+ u € kerp(T) @ kerq(T"). We
conclude that ker p(T)q(T') = ker p(T') @ ker ¢(T'), as desired. O
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If ¢ € Flz] is any irreducible polynomial, then we will call the set
{veV:q(T)"v =0 for some m € N}
the primary subspace associated to q (and T).

Proposition 4.2. For any irreducible polynomial q € F|x], the associated primary subspace
1s a T-invariant subspace of V. It is non-trivial only if q divides the minimal polynomial P,
of T. More specifically, if the multiplicity of q as a factor of pmn s my, then the primary
subspace associated to q is just ker q(T")™s.

The last assertion amounts to noting that in the definition of primary subspace for ¢, one
need not consider ker ¢(7')™ for arbitrary m but instead only m = m,,.

Proof. We leave this as a homework exercise, pointing out only that it is similar to the proof
of Lemma 4.1 above. O

Theorem 4.3 (Primary decomposition theorem—version I). Suppose that T is a non-zero
operator whose minimal polynomial P, has distinct prime factors q,...,q € Flz] and
associated primary subspaces Hy, ..., Hy C V. Then

V=H&® - ®H,.
In addition, for each factor q;, the minimal polynomial of the restriciton T : H; — H; is q]mj
where m; is multiplicity of q; as a factor of Duin.
Proof. We claim that for each 7 =1,...,¢ that
ker g (7)™ ...q;(T)™ =H, & --- @ Hj.

When j = 1, there is nothing to show. Assuming inductively that the claim is valid for all

j < J, we consider the case j = J. Since ¢ is relatively prime to ¢{" ...q7”", we may

apply Lemma 4.1 to get
ker g1 (7)™ ... q;(T)™ = ker(q:(T)™ ...q;_1(T)™ ) @ ker q;(T)™
= (kerqi(I)™ & - @ ker g1 (1)) & ker ¢;(T")"™
= kerqi(T)™ & - @ ker q;1(T)™ " & ker ¢;(T)"

where the second inequality follows from the induction hypothesis. This verifies our claim.
Applying it when j = ¢, we find that
V =ker ppin(T)=H & --- & H,.
Turning to the final assertion in the theorem, we let p; be the minimal polynomial for the
restriction T : H; — H;. Then pj|q;nj by Proposition 4.2, so p; = qu for some k; < m;. On

the other hand, any vector v € V' can be decomposed v = v 4 --- 4+ v, where v; € H;. In
particular

pi(T)...p(T)...p(T)v=10
simply because p,;(T)v = 0 and all the factors on the left commute with each other. Hence
v € ker(py...p)(T) for any v € V, and it follows that pm;, = ¢ ...q¢," must divide
Pr...-De = qfl . .qf‘. Since the ¢; are distinct irreducible polynomials and k; < m;, we
conclude that m; = k; for each j. That is, p; = q;nj as asserted. U
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We will next sharpen the conclusions of the Primary Decomposition Theorem by comput-
ing the dimensions of the subspaces H;. We do this by relating H; to the primary factors
of the characteristic polynomial p.., of T. As noted at the end of the last section, Cayley-
Hamilton may be restated by saying that p,in|Penar- In particular, every irreducible factor of
Pmin 1S also a factor of pepe,. Though p,.in need not equal Pepqr, this last statement remains
true with p,i, and pene, reversed.

Theorem 4.4. p,i, and peper have the same irreducible factors (albeit with different multi-
plicities).

Proof. Let pehar = p1 - - - pr be the prime factorization of the characteristic polynomial. Our
goal is to show that each factor p; is also a prime factor of p,;,. We will prove this by
induction on the total number k of irreducible factors counted with multiplicity.

If £ =0, then p.re = 1 has no prime factors and the assertion is true vacuously.

For the induction step suppose that the assertion remains true for all k < K. If k = K, we
choose any non-zero vector v € V' and let H = Hy, be the cyclic subspace associated to v.
The characteristic and minimal polynomials of T'| are both equal to prv. Let Depar and P,
denote the characteristic and minimal polynomials of the induced operator T : V/H — V/H.
Then from Theorem 1.5 I have pehar = PrvPehar-

There is no such simple formula relating the corresponding minimal polynomials py,in, Pr.v,
and P,. However, I claim that the last two of these each divide the first. To see this, note
that since ppin(T') = 0, I have in particular that p,:,(7)v = 0. Hence pr.y|pmin. Moreover

pmm(T) = Prmin(T) = 0 =0, SO Pyin|Pmin, t00. My claim is proved.

Now let p; be any prime factor of pener = PrvPehar- Then either p;|pry or p;|perar. If
p;|prv, then p;|pm, by the previous paragraph. Suppose on the other hand that p;|penar-
Since degpry = dim Hr, > 1, I infer that pr has at least one prime factor. Hence pepar
has less than K prime factors, and I may apply the induction hypothesis to see that p;|Dmin-
Hence again p;|pym» by the previous paragraph. This completes the induction step and the

proof. O

Theorem 4.5 (Primary decomposition-version II). Let pener = ¢i'...q," be the primary
factorization of the characteristic polynomial of T', and let H; = ker q;nj (T') as in Theorem
4.8. Then qi' is the characteristic polynomial of the restriction T : H; — H,;, and in
particular, the dimension of H; is n; degg;.

Proof. Let p; be the characteristic polynomial of 7' : H; — H;. Then p; = qu for some
R; > m; by Cayley-Hamilton and Theorem 4.4. Moreover, by Theorem 2.6, we have pepqr =

D1 ... pe. Since the g; are distinct irreducible polynomials, it follows that R; = r; for each j.
O

It is instructive to consider the implications of Theorems 4.3 and 4.5 in the case where the
underlying field F is C. Then the primary decomposition of the characteristic polynomial is
given by

Pehar(T) = (= A)™ ... (m — Np)™.
Hence

V =ker(T — \id)™ @ - - - @ ker(T — Agid)™.
14



Now suppose that B = B;U---UBy is a basis for V obtained by concatenating bases for each
the T-invariant subspaces ker(7" — A;id)™ . Then by Corollary 2.6, we see that the matrix
for T relative to B has block diagonal form

A0 ... 0
0 A, ... 0
0 0 ... A

where A; is the matrix for Tye(r—y,iam relative to B;. In particular (A; — A\;I)™ = 0.
That is, A; = X\;I + N;, where N; is nilpotent (of order m;). Reassembling we see that

MO 0 N, 0 ... 0

0 X ... 0 0 Ny, ... 0
A= , + . ,

0 0 ... NI 0 0 ... N,

where corresponding blocks in the two matrices each have the same sizes. Hence A = S+ N
where S is diagonal, NV is nilpotent and S and N commute. If we also use S and N to denote
the linear operators on V' given by these matrices, we arrive at

Theorem 4.6 (SN Decomposition). IfT : V' — V is a linear operator on a finite dimensional
complex vector space, the T'= S + N, where S is diagonalizable, N is nilpotent, and S and
N commute.

This theorem is very useful for computing e? where A is a matrix with complex entries.
The theorem tells us that e? = ¢5P(NN) where e is easily computed for diagonal S and P is
the Taylor polynomial for e with degree one less than the order of the nilpotent matrix N.

5. CYCLIC DECOMPOSITION AND JORDAN CANONICAL FORM

If the operator T is diagonalizable, then the primary subspaces of V' are just the various
eigenspaces for T. Of course in this case, one can further decompose an eigenspace into
smaller T-invariant subspaces simply by choosing a basis. Since each element v of the basis
is an eigenvector, it spans a one dimensional invariant subspace Hry, and the (direct) sum
of the subspaces Hr. is the entire eigenspace.

The next theorem, whose statement and proof are the main goals of this section, says that
the general situation is somewhat analogous to the diagonalizable one.

Theorem 5.1 (Cyclic decomposition theorem). Let T' : V' — V be a linear operator on a
finite dimensional vector space over a field F. Then there are non-zero vectors vy, ..., vy €
V', positive integers my, ..., my and (not necessarily distint) monic irreducible polynomials
Q- -, qr € Flz]| such that

® prv, =q™ for each 1 < j <k.

o V=Hpy,, & ®...Hpy,.

We will call any decomposition V' = Hpy, @ --- @ ... Hy,, satisfying the conclusions
of this theorem a cyclic decomposition of V' relative to T. Note that each subspace Hry,
in the decomposition is contained in the primary subspace associated to the polynomial q.
Since, as we learned in the previous section, the primary subspaces already give an invariant

decomposition of T, it suffices to prove the theorem in the case where the minimal polynomial
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for T" has the form p,.;,, = ¢ for some r > 1—i.e under the assumption that V is equal to
the primary subspace associated to ¢. So until the proof of Theorem 5.1 is complete, we will
operate under this assumption. The proof of this theorem is somewhat long and requires
some preliminary lemmas.

Lemma 5.2. Let w € ker ¢(T") be any non-zero vector. Then prw = q, and in particular,
dim Hyw = degq. Moreover, Hrvw = Hrpyw for any non-zero vector w' € Hr .

Proof. Since w # 0 and ¢(T)w = 0, we have that pr. is a monic polynomial with degree
at least 1 that divides ¢. Since ¢ is irreducible, prw = ¢. If w' € Hry, is another non-zero
vector, then Hpv C Hry. But dim Hrw = degq, too, so Hy v = Hr . O

Lemma 5.3. Let v € V be any non-zero vector and let W = HpyNker ¢(T). Then W = Hry,
for any non-zero w € W. If v.¢ W, then for any vector w € W there is a vector u € Hry
such that q(T)u = w.

Proof. Since ¢(T')™v = 0, it follows that pr divides ¢" and is therefore equal to ¢" for some
r < m. Since v # 0, we have r > 1. Thus w = ¢(7)"~'v is a non-zero vector in Hr, such
that ¢(T)w = 0, so W is non-trivial.

Clearly, Hrvw C W. To see that the reverse inclusion holds, let w' € W be any other vector.
Then w' = p(T")v for some polynomial p € Flz]. Moreover, ¢(T)p(T)v = ¢(T)w' = 0, so
that ¢" divides pg. Hence p = ¢"'a for some a € F[z], and

w =p(T)v =a(T)q(T)"'v=a(T)w € Hy,.

We conclude that W C Hrp.,, as desired.
Lemma 5.2 now tells us that W = Hry, for any non-zero w € W. And if v ¢ W, then

r > 1 and we further obtain that w = ¢(T")u where u = a(T)q(T) " ?v. O
Lemma 5.4. Let W C ker ¢(T') be a T-invariant subspace. Then there are vectors wy, ..., Wy
such that

kerq(T) =W @ Hrw, ® - ® Hrw,.

The number of vectors w; is uniquely determined by the formula s =

dim ker ¢(T")—dim W

degq ’
Proof. Suppose W’ C ker ¢(T') is any invariant subspace and w € ker ¢(7') a non-zero vector.
If there exists a non-zero vector w' € HpNW’, then by invariance of W', we have Hypy C W
and by Lemma 5.2 that w € W’. Hence we arrive at a dichotomy: either w € W', or
W' N Hry, is trivial. Based on this, we now construct our list of vectors w;.

Suppose in fact that wy, ..., wy € ker ¢(T) is any list of non-zero vectors such that the sub-
spaces W, Hr w,, ..., Hrw, are independent. Then using Lemma 5.2 we compare dimensions
and find that

dim W + sdeg g < dim ker ¢(T")

with equality if and only if ker (7)) = W & Hyw, @ - - ® Hrw,. In particular, the number
s of vectors in the list is bounded above, and we may choose the list so that s is as large
as possible. If kerq(T') # W' := W @ Hyw, @ - -+ ® Hr,, then we can choose a non-zero
w1 € kerq(T) — W’'. But according to the dichotomy established in the first paragraph,
Hrpw, , NW"is trivial. And therefore Proposition 2.2 tells us that W, Hyw,, ..., Hyw,,, are
independent subspaces, contradicting the assumption that our list of subspaces was as long
as possible. We conclude that ker ¢(T") = W' after all. O
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Having laid some groundwork, we can now proceed to the proof of our main result.
Proof of Theorem 5.1. Recall that we are assuming with no loss of generality that p,, =
q™, where ¢ € Flz] is irreducible. We will proceed by induction on m. If m = 1, then
V =kerq(T), and the theorem follows from applying Lemma 5.4 with W = {0}.

_ Supposing that the theorem is true for all m < M, we consider the case m = M. Let
V = V/kerq(T). Since ker ¢(7T') is invariant, we have an induced operator 7' : V' — V. Given

any v € V, we have ¢(T)™v = 0, so v € ker¢(T)"~". Hence ¢ TYM-1y = ¢(T)M-1y = 0.
Thus the minimal polynomial for T': V' — V' is ¢" for some r < M. It follows from our
induction hypothesis that there are non-zero vectors vy,...,v, € V such that

V= HT,\71 ®--- @HT,OP'

Working back in V', we let W = (Hry, +- - -+ Hpy,) Nker ¢(T'), which is invariant. Lemma
5.4 gives us vectors vy, 1,...,V} such that kerq(T) =W @ Hry,,, © --- ® Hry,. We claim
that

V= HT,V1 DD HT,Vk7

which completes the induction step.
To prove the claim, let us first show that Hrp.,,..., Hpy, are independent. That is,
suppose we have w; € Hry, such that

W14+ wp=0.
Then since W41, ..., Wy € ker ¢(T"), we may pass to the quotient V and obtain

Wi+ +w, =0

Since Hjg ..., Hpg are independent, it follows that wy,...,w, = 0. That is, w; €
kerq(T) N Hry, C W for 1 < j < p. From independence of W, Hry,,.,,... Hry,, we then
obtain that 0 = w + -+ W, =W, = -+ = Wy.

By Lemma 5.3 moreover, there are vectors u; € Hry, such that ¢(7)u; = w;. Hence
oY +---+uw,) =w; +---+w,=0.
In other words, moving to the quotient again, we get
W +--+a,=0

Using independence of the subspaces HT,@ again, we infer that u; € ker ¢(7") and therefore
w; = q¢(T)u; = 0, for 1 < j < p. This proves that Hry,,...,Hry, are independent
subspaces.

To complete the proof of the claim, we must show V = Hpy, +---+ Hpy,. Given v eV,
we have v =1, + ... 1, for some u; € Hry;, 1 <j <p. Hence

V=u +---+u+w

for some w € ker ¢(T'). Additionally, w = wy +...w;, for some w; € Hr, Nker ¢(T). Hence
ve Hpy, +---+ Hry,, as desired, and the claim is proved. O

Unlike the subspaces in the Primary Decomposition Theorem, those in the Cyclic Decom-
position Theorem are not uniquely determined. They depend on the choices of vectors v;

made along the way. However, some aspects of the subspaces do not depend on these choices.
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Theorem 5.5. Let
V= HT,vl b---D HT,Vk - HT,W1 b D HT,W[

be two cyclic decompositions of V' relative to T. Then in fact k = ¢ and by reindexing the
vectors in one of the decompositions, one may arrange that for each 1 < j < k, the minimal
polynomial for the restriction T': Hry, — Hry, is the same as that of T : Hrw, — Hrw,.
In particular, dim Hr,y, = dim Hr .

As observed after the statement of Theorem 5.1, any cyclic decomposition of V' relative
to T refines the primary decomposition of V. Hence we may again assume that p,.., = ¢,
where ¢ € F[z] is monic and irreducible. Under this assumption it suffices to show only that
we can reindex the vectors in the two decompositions so that dim Hry, = dim Hr, for all
1 < j < min{k, ¢}. Everything else follows from the facts that dim V' = Z?Zl dim Hry, =
Z§=1 dim Hry,; and that the minimal polynomial of the restriction T': Hr, — Hry to a
cyclic subspace is ¢" where rdeg ¢ = dim Hr .

We will need some more auxiliary results. Let V = V/kerq(T) and T be as in the proof
of Theorem 5.1.

Lemma 5.6. The minimal polynomial of T is ¢™ .

Proof. Given any v € V, we have ¢(T)"v = 0. Hence ¢(T)™ 'v € ker ¢(T). Hence ¢(T)v =
0. From this, we conclude that the minimal polynomial of T is ¢" for some r < m — 1.

On the other hand, the logic reverses: since ¢(T)'v = 0 for all v € V, we have ¢(T)"v €
ker ¢(T). Thus ¢(T)""'v = 0 for all v € V, and from this we see that Hence p;, = ¢™
where m < r + 1. Reconciling the two paragraphs, we obtain » = m — 1 as asserted. O

Lemma 5.7. Suppose that Hy, ..., H, CV are independent subspaces, each invariant by T
For each1 <5<k, set

Hj={veV:.veHy}
Then Hy,...,Hx CV are independent subspaces.
Proof. Given w; € flj, we may suppose w; € Hr . If
W14+ Wy =0,
then wy + - -+ +wy, € ker ¢(7"). That is,
q(T)wi + -+ +q(T)wy, = 0.

By invariance of H; we have ¢(T)w; € H;, and hence by independence of the H;, we have
q(T)w; = 0 for each j. So w; = 0 for each j, which proves that the subspaces HTS/J- are
independent. O

Proof of Theorem 5.5. Again we proceed by induction on m, the case m = 1 being an
immediate consequence of Lemmas 5.2 and 5.4.

Assume the corollary has been established for all m < M and consider the case m = M.
Suppose the subspaces Hry,, ..., Hry, are reordered, and p < k chosen so that Hr, C
ker ¢(7T') if and only if 7 > p. Then HT,{,J, is trivial if and only if j > p. So by Lemma
5.7, Hy gy, Hy g furnishes a cyclic decomposition of V. Likewise, we may reorder the

18



subspaces Hpw,, ..., Hrw, and choose s < ( so that Hrw,,,,..., Hrw, C kerq(T) and
Hi g5 Hf & furnish a cyclic decomposition of V.

Now from Lemma 5.6 and our induction hypothesis, we have that p = s and after reorder-
ing subspaces again, dim HTS/J- = dim HT,WJ_ for all 1 < 5 < p. The remaining subspaces on
each list all have dimension equal to deg ¢, so the induction step is complete and the theorem
is proved. 0

As a final remark about general linear operators, we should point out that a cyclic de-
composition of V relative to T is the finest possible decomposition of V' into T-invariant
subspaces.

Theorem 5.8. Suppose V = H, @ ... Hy, where H; C V are T-invariant subspaces. Then
there is a cyclic decomposition

V=Hpy, ®...Hry,
of V' relative to T' such that for each j, we have Hr, C H; for some i (depending on j).

Proof. Since Hj is T-invariant, we can apply Theorem 5.1 to the restriction 7' : H; — H;
and obtain a cyclic decomposition

}J‘7 e HT,Vl,j @ . @ HT,ij,j'

Then the subspaces {HT,VZ.J. 1 <i</land 1< j <k} form a cyclic decomposition of V'
relative to T'. O

As with the primary decomposition theorem, we would like to see what the cyclic decom-
position theorem says in the particular case when the vector space V' is complex. In this
case, we have that ¢(z) = (x — \) for some root A € C of peper. So if v = v; is one of the
vectors in the conclusion of Theorem 5.1 and pry = ¢", then {v,..., 7" 'v} is a basis for
Hrp,.

Proposition 5.9. An alternative basis for Hy. is
B={v,(T—Nv,...,(T—=X\"'v}.

The matriz for T : Hry — Hr relative to B is

A 1 0 ... 0]
0A1 ...0
00 A ... 0
000 ...1
00 0 ... A

Proof. To prove the first assertion, it suffice to show that B’ is merely independent, because
#B' = dim Hr. So suppose that

0=cov+---+c 1 (T—N"1v=pT)v,

where p(x) = Z;;é ¢j(x — A)? is a polynomial of degree at most r — 1. On the other hand,

by definition of pr, = (I"— A)", we have that (z — \)" must divide p. The only way this can

happen is if p = 0. Since {1,z — \,...,(z — A\)""'} are independent polynomials, we infer

that all the coefficients ¢; vanish. This proves that B’ is independent and therefore a basis.
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Turning to the matrix for T': Hp, — Hrp, relative to B’, we note that
T(T = \)v = (T =\ v+ XNT = \)v.

Hence the jth column in [Tz is (presented horizontally) [T(T—\)'v]|g = (0,...,1,),...,0),
where the A falls in the jth entry of the column. U

Applying Proposition 5.9 to each subspace in the cyclic decomposition of each non-trivial
primary subspace associated to T': V' — V', we arrive at the famous

Corollary 5.10 (Jordan canonical form). Suppose that T : V — V is a linear operator on
a finite dimensional complex vector space V. Then there is a basis B for V such that the
matriz T relative to B has block diagonal form

A 0 ... 0
0 Ay ... 0
0 0 ... A
where each matriz A; is a k;j X k; matriz of the form
A, 1 0 ... 0]
0 A 1 ... 0
0 0 XA ... O
0 0 0 ... 1
10 0 0 ... Al

for some root \; of the characteristic polynomial of T'.
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