
Nonlinear Convex Quadrature Surrogate
Hyperparameter Optimization

Kehelwala D. G. Maduranga, Jonathan D. Hauenstein
Department of Applied and Computational Mathematics and Statistics

University of Notre Dame
Notre Dame, IN 46556

{kmaduran,hauenstein}@nd.edu

Sophia J. Abraham, Jeffery Kinnison, Walter Scheirer
Department of Computer Science and Engineering

University of Notre Dame
Notre Dame, IN 46556

{sabraha2,jkinniso,walter.scheirer}@nd.edu

Abstract

Deep learning is a cornerstone of today’s renaissance in artificial intelligence and an
enabler for next-generation technologies in a variety of applications. Many of these
successes are attributed to finely tuned hyperparameters. Despite the importance of
optimizing hyperparameters for a given problem, it remains a difficult task. Many
optimization techniques are performed in a naive manner or require assumptions
regarding the smoothness and continuity of the loss function. In this work, we
introduce a new hyperparameter optimization method using a data-driven approach
based on a convex quadrature surrogate. We demonstrate the effectiveness and
practicality of our new method on continuous domain spaces against state-of-the-
art optimization techniques with higher efficiency while maintaining comparable
validation, testing and accuracy performance scores on a multitude of datasets for
the challenging scenario of open set recognition.

1 Introduction

Deep learning is the foundation of the present reawakening in artificial intelligence and an enabler
for next-generation technologies in human identification, self-driving vehicles, surveillance, and fire
control applications. Despite this progress and enrichment to the world, selecting the correct model
for a particular task persists as a complex problem. Machine learning models include two different
types of parameters knows as hyperparameters and model parameters. Hyperparameters are all the
parameters that the user can arbitrarily set before training the model. On the other hand, the model
parameters are learned during the model training. In automated machine learning, the fundamental
task is to automatically set these hyperparameters without human interference that aims to improve
performance of machine learning algorithms as well as improve the reproducibility and fairness of
scientific studies.

In this work, we focus on hyperparameter optimization. The model’s performance depends on the
architecture of the algorithm, with different models producing wildly inconsistent results on the same
dataset. Nevertheless, model selection is not entirely an algorithmic determination. The major factor
that researchers need to account for are the hyperparameters, which are defined as free parameters
correlated with a particular machine learning model that optimizes its capability to learn. These
parameters need to be set before the training takes place and differ from the elementary parameters
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that are learned from the data. Generally, the domain of a hyperparameter can be real-valued,
integer-valued, binary, or categorical. The domains are mostly bounded and defined over nonlinear,
non convex spaces with many oscillations for integer and real-valued hyperparameters, making
optimization non trivial. Determining the best model for a particular learning task requires selecting
the parameterized model that can generalize and correctly make predictions on new unseen data. This
process is known as the hyperparameter optimization problem.

Various kinds of automated hyperparameter search approaches have been proposed to solve this
optimization problem, ranging from natural methods like grid search [Duan and Keerthi, 2005] and
random search [Bergstra and Bengio, 2012], to more rigorous methods like Bayesian optimization
[Bergstra et al., 2015, 2011] , gradient-based learning [Bengio, 2000, Maclaurin et al., 2015] and
surrogate model approaches [Zhang et al., 2015].

Our key contribution is a hyperparameter optimization strategy based on local nonlinear convex
quadratic surrogates (NCQS). We mainly focus on the continuous domain while facilitating binary
and categorical search domains using random strategies. Unlike other hyperparameter methodologies,
NCQS seeks to approximate regions of interest rather than the entire hyperparameter surface to
find the global optimum, resulting in a more efficient search methodology that does not require
strong assumptions about the behavior of the underlying objective function. We also provide an
implementation of NCQS within a search framework for simple use in general search problems.

2 Related work

Hyperparameter Optimization. Hyperparameter optimization methods require selecting optimal
hyperparameter values to search over in order to improve the overall model and attain higher
performance scores. Non-Bayesian approaches such as manual tuning and grid search [Duan and
Keerthi, 2005] are simple to use, however, they rely upon adequate domain knowledge which may
not readily be available. Furthermore, these methods may overlook optimal values in continuous
domains and inevitably prove brittle when applied to unseen cases. Random search [Bergstra and
Bengio, 2012] mitigates this issue by removing the requirement of discretizing the search space and
provide a larger coverage of the hyperparameter space. Although random search is simple to use, it is
often inefficient sampling-wise. In order to narrow the scope of the search, multiple hyperparameter
frameworks have been proposed based off random search including [Bergstra et al., 2015, 2011,
Betrò, 1992, Wu et al., 2019, Bengio, 2000, Maclaurin et al., 2015, Ilievski et al., 2017].

Population Based Approaches Population-based algorithms take inspiration from biology and
improve upon computational efficiency over pure random search based methods [Loshchilov and
Hutter, 2016]. These methods include Evolutionary Algorithms and swarm algorithms like particle
swarm optimization (PSO) [Boeringer and Werner, 2005] which iteratively updates the generation
of hyperparameters with a stochastic velocity term. While effective for lower dimensional spaces,
methods like PSO can get stuck in a local optimum for high dimensional, complex scenarios with
low convergence rates over the iterative process.

Bayesian Optimization. In order to perform the search using statistical analysis, Bayesian opti-
mization methods have been proposed [Bergstra et al., 2015, 2011, Betrò, 1992, Wu et al., 2019]
based on Bayes’ theorem. It sets a prior over the optimization function and gathers the information
from the previous sample to update the posterior of the optimization function. A utility function
selects the next sample point to maximize or minimize the optimization function. One example of a
popular Bayesian method is the Sequential Model-Based Algorithm Configuration (SMAC) [Lindauer
et al., 2017] consisting of Bayesian optimization combined with a simple racing mechanism on the
instances to efficiently decide which of two configurations performs better.

Another Bayesian method, Tree-Structured Parzen Estimators (TPE) [Bergstra et al., 2011, 2015] is
a sequential model-based optimization (SMBO) approach. SMBO methods sequentially construct
models to approximate the performance of hyperparameters based on historical measurements, and
then subsequently choose new hyperparameters to test based on this model.

Gradient-based Approaches. Gradient-based optimization methods [Bengio, 2000, Maclaurin et al.,
2015] compute gradients of cross-validation performance with respect to all hyperparameters by
chaining derivatives backwards through the entire training procedure. This is advantageous over
other methods since information regarding the shape of the objective surface and behaviors including
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extrema in the parameter space can be acquired. Hyperparameter gradients are computed by reversing
the dynamics of stochastic gradient descent. Gradients enable the optimization of the hyperparameters,
including step-size, momentum schedules, weight initialization distributions, richly parameterized
regularization schemes, and neural network architectures. However, information about the gradients is
often unavailable, computing gradients is computationally expensive and gradient-based approaches
suffer from inefficiency when learning long-term dependencies [Bengio et al., 1994].

Surrogate-based Approaches. Surrogate-based optimization methods [Eggensperger et al., 1970,
Xie et al., 2021] are used when the objective functions are expensive to evaluate. The Surrogate
Benchmarks for Hyperparameter Optimization [Eggensperger et al., 1970] use the following strategy:
cheap-to-evaluate surrogates of real hyperparameter optimization benchmarks that yield the same
hyperparameter spaces and feature similar response surfaces. Specifically, this approach trains
regression models on data representing a machine learning algorithm’s performance under a broad
range of hyperparameter configurations and then cheaply evaluates hyperparameter optimization
methods using the model’s performance predictions instead of the actual algorithm.

3 Nonlinear Convex Quadrature Surrogate Optimization

Traditional surrogate approximations [Bouhlel et al., 2019, Chakraborty and Chowdhury, 2015]
try to approximate the entire domain over large regions and thus are unable to effectively capture
oscillations using relatively few samples. To mitigate this issue, we build a local convex multivariate
quadratics approximation building on the Morse lemma [Milnor, 1963, Lemma 2.2] within a region
of interest which has been warmed up from random sampling.

The setup is to parameterize the family of convex multivariate quadratic functions f(x) where
x = (x1, . . . , xn) using a matrix M ∈ Rn×n, a vector y ∈ Rn, and a scalar b ∈ R with

f(x) =
1

2
(x− y)TMTM(x− y) + b.

Clearly, the Hessian matrix of f(x) is MTM which is always positive-semidefinite showing that
f(x) is convex with global minimum b which is attained at y, i.e., f(x) ≥ b for all x ∈ Rn and
f(y) = b. Therefore, given sample points x∗1, . . . , x

∗
N ∈ Rn with corresponding function values

o∗1, . . . , o
∗
N ∈ R and weights d∗1, . . . , d

∗
N ∈ R≥0, one can compute the weighted least squares fit of

the data by solving

(M∗, y∗, b∗) = argmin
M,y,b

N∑
i=1

d∗i · (f(x∗i )− o∗i )2.

This unconstrained optimization problem is easily solved using local methods.

A high-level description of the nonlinear convex quadrature surrogate (NCQS) optimization method
is provided in Algorithm 1. In particular, the method starts with a warm-up period that collects
data by using randomly sampled points. Then, a surrogate approximation function is constructed
in the neighborhood of the optimal of the samples, say x∗o. The weights d∗i are used to keep the
approximation local. For example, a simple approach to selecting weights is to only consider points
inside a ball centered at the current optimal sample point of a D. Hence, d∗i = 1 if x∗i ∈ B(x∗o, D)
and d∗i = 0 otherwise. The size of D can decay to shrink the region of interest to provide more
accurate local approximations. To avoid too small of a region, Algorithm 1 uses a minimum distance
threshold of M which was set to 0.1 in the experiments. An alternative approach is to select the
weights following a continuous function that is inversely proportional to the distance to x∗o.

After the weights are selected, the next step is to solve the weighted least square fit yielding y∗
for which the actual objective function value is determined and added to the list of data points and
corresponding function values. This process repeats iteratively between collecting more random
sample points, which avoids being stuck in the region of the initial local minimum, and computing
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minimum of surrogates. Algorithm 1 terminates based on when either a time bound or a trial bound
are exceeded.

Algorithm 1: Algorithm for nonlinear convex quadrature optimization.
Input:
T = Time used for optimization
NT = Number of trials used for the optimization
W = Number of random samples used for surrogate approximation
D = Distance threshold for controlling localization of surrogate
M = Minimum distance threshold for controlling localization of surrogate
Output:
Hyperparameter set that is optimal amongst the selected values
while TIME ≤ T or COMPLETED TRIALS ≤ NT do

if COMPLETED TRIALS ≤W then
Sample random hyperparameters and compute corresponding functions evaluations

else
Fit/update nonlinear local surrogate approximation f(x)
Find optimal hyperparameter set from the surrogate
Evaluate model at the surrogate optimal sample hyperparameter set

D ← max

(
D

1 + 0.01 · COMPLETED TRIALS
,M

)
Collect some more random hyperparameters and compute corresponding functions

evaluations
end

end
Select best hyperparameter set and return.

3.1 One dimensional example

As an illustration of the NCQS method, consider optimizing the following function from [Gramacy
and Lee, 2012] on the domain [0.5, 2.5]:

g(x) =
sin(10πx)

2x
+ (x− 1)4

which is plotted in Figure 1(a). The main idea behind NCQS is to treat the oscillatory behavior as
noise and compute a best fit convex quadratic surrogate. This is demonstrated in Figure 1(b) where
the surrogate function models the general trend of the data without oscillations. Using more randomly
sampled data points, the surrogate becomes increasingly local so that the minimum of the surrogate
converges to the global minimum as shown in Figure 1(c).
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Figure 1: (a) Plot of Gramacy and Lee function on the domain [0.5, 2.5]. (b) Surrogate approximation
(green curve) avoids modeling oscillatory behavior but provides general trend of data. (c) Local
surrogate approximation (green curve) whose minimum is converging to the global minimum.

3.2 Two dimensional example

A standard example in the plane is the Griewank function [Surjanovic and Bingham, 2013]. To avoid
having the global minimum attained at the origin, we consider the following modified function over
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the domain [−20, 20]2:

g(x, y) =
(x− 5)2 + (y + 3)2

40
− cos(x− 5) · cos

(
y + 3√

2

)
+ 1

which is plotted in Figure 2(a) with a global surrogate approximation from 200 random sample points
that models the general trend ignoring the oscillatory behavior in Figure 2(b). Increasingly more
local approximations are shown in the plots in Figure 3 with the surrogate minimum converging to
the global minimum.
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Figure 2: (a) Plot of modified Griewank function on the domain [−20, 20]2. (b) Surrogate approxi-
mation (green surface) using 200 randomly sampled points that avoids modeling oscillatory behavior
but provides general trend of data.
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Figure 3: Three surrogate approximations (green surface) of the modified Griewank function using
increasingly more local surrogates with the surrogate minimum converging to the global minimum.

4 Experiments

In open set recognition, models have incomplete knowledge of the world they must operate in and
unknown classes are queried during testing [Scheirer et al., 2012]. Open set recognition is notoriously
sensitive to hyperparameters and provides a complex scenario where the loss landscape is arbitrary,
polluted by noise, and may consist of steep gradients resulting in the absence of regularity. This
provides fertile ground for comparing hyperparameter optimization using Bayesian, non-Bayesian,
and NCQS methods. We utilized tree-structured parzen estimators (TPE) as the Bayesian approach
and random search as the non-Bayesian methodology. Both methods are not only very popular
approaches for performing hyperparameter optimization in the field, but are also included as baseline
strategies in hyperparameter optimization frameworks like HyperOpt [Bergstra et al., 2013].

5



Optimization Framework The baseline search framework utilized the massively Scalable Hardware-
Aware Distributed Hyperparameter Optimization (SHADHO) [Kinnison et al., 2018]. In addition
to serving as a hyperparameter optimization tool, SHADHO has the added utility of considering
hardware specifications when conducting a search. This framework calculates the relative complexity
of each search space and monitors performance on the learning task over all trials. These metrics are
then used as heuristics to assign hyperparameters to distributed workers based on their hardware. We
extended SHADHO’s framework by integrating NCQS which is publicly available for general search
problems.1

Open Set Recognition Algorithm Open set classification on a variety of datasets utilized the Extreme
Value Machine (EVM) [Rudd et al., 2017]. EVM is a scalable nonlinear classifier which supports
open set classification in which the models are assumed to have incomplete knowledge of their
operating context and can reject inputs that are beyond the support of the training set. EVM relies on
a strong feature representation and every represented sample in the feature representation becomes a
point. It utilizes bins which groups all the points in their feature representation by their correspondent
label. These bins are utilized to create a “1 vs. rest” EVM classifier for each known class. It generates
a classifier where a Weibull distribution is fit on the data for each known class and is made to avoid the
negative data points (unknown classes). This is repeated for all the known classes. When a coordinate
point which is a sample encoded by its feature representation as a vector is provided to the EVM, the
points are mapped to the feature space as a probability of belonging to a representative class. The
hyperparameters involved in training the EVM on which the search was performed include:

• Threshold: Probability threshold used to determine if an input coordinate point should be
classified as ‘unknown’ if the point falls below this probability of inclusion.

• Tailsize: Defines how many negative samples are used to estimate the model parameters.
• Cover threshold: The probability threshold used to eliminate extreme vectors if they are

covered by other extreme vectors with that probability.
• Distance multiplier: The multiplier to compute margin distances.
• Distance function : The distance function used to compute the distance between two samples

(cosine or euclidean).

Threshold, cover threshold, and distance multiplier are sampled from a uniform distribution of
range [0, 1]. The fitting algorithm for the EVM requires that the tailsize not exceed greater than
half the number of training samples. For this reason, the tailsize hyperparameter was sampled from
a uniform distribution between the range [0, 0.5] and used as a multiplier to determine how many
negative samples were included in estimating the model parameters.

Datasets For validating the proposed method and comparing against existing hyperparameter opti-
mization methods, we consider four datasets of varied complexity. Table 1 summarizes the dataset
experiments in terms of number of search trials, number of known and unknown classes, and number
of training, validation, negatives, and testing samples. Negatives are samples from the unknown class
without labels used to better inform the “1 vs. rest” classifiers when training the EVM. The number
of trials for each experiment was determined and adjusted according to the time required to train a
single model for the given dataset. If the dataset contained many images per class, fitting the EVM to
the feature vectors for large samples required longer compute time and thus the number of search
trials was reduced.

For the handwritten digits dataset MNIST [Deng, 2012], we designate handwritten digits 0 to 5 as the
known classes and digits 6 to 9 as the unknown. Each image is represented as a flattened vector of
the image pixels (784 features).

For Labeled Faces in the Wild (LFW) [Huang et al., 2007], we use classes with 30 or more face
image samples to designate the known classes (34) and assign the remaining classes (5715) as the
unknown set. The network used to extract features is an ArcFace [Deng et al., 2018] based feature
extractor [Albiero et al., 2020] trained on the MS-Celeb-1M dataset [Guo et al., 2016] resulting in a
512 dimensional feature vector.

The IARPA Janus Surveillance Video Benchmark (IJBS) dataset [Kalka et al., 2018] consists of
images and surveillance video collected from 202 subjects at a Department of Defense training

1Specifications regarding compute hardware and computational times are included in supplemental material.
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Experiment # Search Trials # Known Classes # Unknown Classes Training Validation Negatives Testing
MNIST 200 6 4 28824 12000 19176 10000

LFW 1000 34 5715 1333 2481 6110 3309
IJBS P2 900 101 101 530 354 530 58138
IJBS P3 200 90 78 14023 8440 11297 51971
IJBS P4 1500 101 101 530 354 530 72261

ImageNet 200 40 51 10960 19428 45345 48750

Table 1: Summary of dataset characteristics for experimental sets.

facility. To convert the dataset for classification purposes, the faces of the captured subjects were
cropped from the video samples using the ground truth annotations. IJBS contains multiple 1:N
open-set face detection protocols with two disjoint galleries, G1 and G2, and probe data for each
corresponding protocol. For our experiments, the training and validation data was derived from the
galleries and testing was performed on the probe data. The subject identities in G1 were taken as
the known classes and identities in G2 were the unknown classes. Features are extracted using the
same methodology that was applied to LFW. We use three of the provided protocols from IJBS for
our experimentation:

• Surveillance-to-Booking (IJBS P2): Gallery includes high resolution frontal and multi-pose
stills and videos used for probe data.

• Surveillance-to-Surveillance (IJBS P3): Videos are used for both gallery and probe data.
Gallery data is extracted from single surveillance scenario and probe data consists of the
remaining scenarios.

• UAV Surveillance-to-Booking (IJBS P4): Gallery includes high resolution frontal and multi-
pose stills and UAV videos while high resolution stills are used for probe data.

For ImageNet, we used an open set benchmark subset of ImageNet provided by Abhinav Shrivastava
[Shrivastava et al., 2016] from the DARPA SAIL-ON research program [Senator]. To lessen the
memory and training time constraints, we reduce the training set size by selecting at random 40 out of
the 413 known classes provided and keep the same unknown class partition. We use a 512-dimensional
deep feature space representation of the images derived from the penultimate layer of ResNet-34 [He
et al., 2016] and apply principal component analysis to reduce the size to 250 components.

Method Specifications For all experiments with TPE, we used 20% of the results for the top-k
mixture model, seed with 20 random search iterations and generate 10 candidate samples. With
NCQS, we seed with 50 random iterations (W = 50) for all experiments. For MNIST, ImageNet, and
IJBS P3 experiments, the reduced number of trials results in fewer sample points for approximating the
surrogate model adds complexity in finding the optimal region of interest over the objective function.
For these experiments, we set the distance threshold to D = 0.5 as the initial distance threshold and
proceed with the the distance decay introduced in Algorithm 1. For all other experiments, we set
D = 1 and allow the distance decay to control the localization of the region of interest.

Evaluation Measures For our experiments, the trained EVM is optimized to minimize the loss on a
validation set of data containing samples from both known and unknown classes within the number of
search trials listed in Table 1. This loss is defined as the negative f-measure with weighted averaging:

F1 =
2 · Precision · Recall
Precision + Recall

=
2 · TP

2 · TP + FP + FN
where TP, FP, and FN are the number of true positives, false positives, and false negatives, respectively.

The best set of hyperparameters found through the search is evaluated on a separate test set and
the resulting loss and accuracy of the EVM on this test set is reported. For the sake of clarity, the
performance loss is reported as the positive F1 score for validation and testing.2

Search Efficiency In order to analyze run-time efficiency of each method, we perform k-fold testing
with 3 folds on the LFW dataset. Each search was conducted on a single GPU (NVIDIA GeForce RTX
2080 Ti) for 200 trials. We report the average time (hours:minutes:seconds), required to complete
200 search trials for each method in Figure 5.

2All data used for experimentation, splits, and scripts for training, validation, and testing are included in the
supplemental material.
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5 Results

Figure 4 depicts the validation F1 score, testing F1 score, and the accuracy score for all our
experiments. In general, we can see the results for NCQS are comparable against both random search
and TPE. In the MNIST experiment, NCQS finds better hyperparameters for both validation and
testing measures as seen in Figure 4a. In the LFW experiment, NCQS attains the highest validation
score and performs on par for testing against random and TPE. Additionally, NCQS achieves an
equivalent accuracy to TPE which surpassed random search performance.

For IJBS P2, NCQS falls just below random search on validation performance, however, attains
the top scores for both test and accuracy scores. In the IJBS P3 experiment, a similar pattern can
be seen where NCQS performs slightly below random search in validation and attains the highest
performance in testing and accuracy scores. In IJBS P4, NCQS attains the highest accuracy score and
TPE holds higher validation and testing scores.

In the ImageNet experiment, NCQS successfully surpasses both TPE and random search and falls
slightly below TPE for test score and accuracy.
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Figure 4: Experimental performance scores for each method. Across all experiments, NCQS performs
comparably to both TPE and random search.

Although performance scores are comparable between all the methods, we can see a large variation
in the run-time efficiency among the methods. As we see in Figure 5, NCQS on average takes less
time to perform a given search task when compared to TPE and random search. It is important to
note when training the EVM, different sets of hyperparameters will result in varying train times of
the model. The run-time shown in Figure 5 suggests that NCQS was potentially consistently finding
hyperparameters which both performed well and were efficient to train.
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Figure 5: Time analysis for search method random, NCQS, and TPE. The average run time computed
for 200 trials using k-fold testing with k = 3. NCQS takes on average less run-time to complete the
search.
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5.1 Limitations

(a) TPE (b) NCQS

Figure 6: Convergence plot comparison for IJBS P4 experiment using (a) TPE and (b) NCQS methods.

The experiments show that NCQS is an efficient hyperparameter optimization method while attaining
comparable scores to popular methods like random search and TPE. However, if we consider the
performance results in Figure 4, the experiment using IJBS P4 is the only case in which NCQS
achieves both lower validation scores against TPE. Convergence plots for this experiment are shown
in Figure 6 indicates that NCQS never converged throughout the search unlike TPE. This indicates
that some more samples would be needed to improve the results using NCQS.

As illustrated in Figure 1, NCQS utilizes sample points in a neighborhood of the global mininum to
converge. Without this, the method’s behavior is similar to random search. This may be due to not
only an insufficient number of samples for the model to approximate on, but also the methodology
used for selecting which hyperparameters are sampled. Currently, random sampling was used to avoid
getting stuck in the region of a non-global local minimum. However, it is clear that more intelligent
methods for sampling the space could result in a stronger approximation and improved results. A
future direction to take regarding this is to use a weighted sampling methodology where points are
weighted based on their performance scores and then returned to the surrogate model approximation.

6 Conclusion

This paper proposes a nonlinear convex quadratic surrogate (NCQS) approach for hyperparameter
optimization. Over continuous domain spaces, standard optimization examples in one and two
dimensions are provided to demonstrate the efficacy of our approach on converging to an optimal
point. NCQS complements existing approaches like random search and TPE by improving on
run-time efficiency while maintaining comparable performance scores on the difficult task of open
set recognition. Future directions for improving NCQS include exploring intelligent sampling
methodologies of the hyperparameter space to build the approximation from.

Broader Impact

Our approach using nonlinear convex surrogates can be broadly applied to other nonlinear optimiza-
tion problems where the objective function and gradient are difficult to evaluate. By using a warm-up
period with random sampling, one obtains an unbiased initial set of samples. This aims to provide
more robustness to overcome shortcomings in previous approaches that can be brittle when applied
to unseen cases further expanding and automating model selection without human interference. With
respect to societal impact, this paper introduces a general hyperparameter search strategy for many
different algorithms, and itself does not lead to any potential ethical lapses or other potential problems.
Any such problems would be tied to a specific application making use of the proposed search strategy.
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