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Abstract

Branch points arise from singularities along solution paths of a homotopy. This paper is the
second in a systematic study of branch points of homotopies and elucidates the number of
branch points and provides general theory regarding the set of branch points over the same
ramification point. The general approach utilized in this paper is to view homotopies as lines
in the parameter spaces of families of polynomial systems on a projective manifold. With this
approach, the number of singularities of systems parameterized by pencils is computed under
broad conditions. General conditions are also given for when the singularities have multiplicity
two with at most one singularity in the solution set of any system parameterized by the line.
Several examples are included to demonstrate the theoretical results.
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1 Introduction

The basic approach of homotopy continuation is to deform from the known solutions of system of
equations g = 0, called the start system, to compute the solutions to a related system of equations
f = 0, called the target system. To make this more concrete, consider the affine setting where
g ={g1,....,gn} and f = {f1,..., fn} with g; and f; general polynomials on CV of degree
dj € Zo. Thus, both ¢ = 0 and f = 0 have d; - --dy nonsingular isolated solutions, i.e., the
Bézout count is sharp. A linear homotopy H : CN x C — CV between g and f is

H(z,t) = tg(2) + (1 = 1) f(2)- (1)

By genericity, there are no t* € [0,1] such that H(z,t*) = 0 has a singular solution and thus
the homotopy H is said to be trackable. That is, H = 0 defines d; - - - d smooth solution paths
2(t) : [0,1] — CV so that H(z(t),t) = 0 which smoothly connect the solutions of g = 0 at t = 1 to
the solutions of f = 0 at t = 0. However, if one instead considers C rather than [0, 1], then there
is always at least one t* € C such that H(z,t*) = 0 has a singular solution whenever d; - --dy > 1.
With this formulation, it is natural to ask the following questions:
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1. For how many t* € C does H(z,t*) = 0 have a singular solution?
2. What kinds of singularities actually occur as singular solutions to H(z,t*) = 07

3. For such t* € C, what is the set of singular solutions for H(z,t*) = 07

The main results of this article show that these three questions can be answered in great generality.
For example, for H in , the answers to the above questions are:

1. The number of ¢* for which H(z,t*) = 0 has at least one singular solution is (see (15))

1 1
dl---dN<(d1+--~+dN—N—1) <dl+~-+dN>+N).

2. For such t* € C, each singular solution of H(z,t*) has multiplicity two (see Remark [24)).
3. For such t* € C, there is exactly one singular solution of H(z,t*) = 0 (see Corollary [27).

The last two are reminiscent of the classical situation for Lefschetz pencils, e.g., [18, Chap 2.1.1],
and indeed the answer to these two questions follow from the existence of Lefschetz pencils and
some standard vanishing theorems [15].

Example 1 (Cubic pencil on C). Let f(z) and g(z) be cubics in one variable. The results above
imply that for H(z,t) = tg(z) + (1 — t)f(z), there are 4 values of t* where H(z,t*) = 0 has a
singular solution, and each singularity is a double root. Figure [1| plots (R(t),3(t), R(2)), the real
and imaginary parts of ¢ and the real part of z, respectively, for the three sheets of H~1(0). The
color is based on the distance to the next nearest sheet and there is a contour plot of the minimum
distance between sheets. (Distance is computed in C, so zero distance implies equality of the real
parts but the converse is not necessarily true.) One sees that the sheets meet in pairs at four points.
The double roots are branch points and the values of ¢t* where they occur are ramification points.
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Figure 1: A visualization of the solution set of H(z,t) = tg(z)+ (1 —1t)f(z) = 0 for cubics f(z) and
g(z) as t varies. This solution set is a three-sheeted cover of C with 4 branch points.



The curve C € CN*! consisting of all solutions to H = 0 in is smooth and connected.
Smoothness is an easy consequence of Bertini’s Theorem, but connectedness requires vanishing
theorems. The genus g of the smooth projective curve C' that C' is Zariski open in, satisfies

2g—2:d1---d]v <(d1+"'+dN—N—1) <1+-~~+1> +N—2>.
dy dn
Consider the projection map 7 : CN*! — C with n(z,t) = t. The image of C' under 7 is a
ramified branch covering with d; - - - dy sheets. The ramification points are those t* € C such that
H(z,t*) = 0 has a singular solution, say (z*,t*), and (z*,t*) is a branch point of order two.

In fact, all of the aforementioned results are all true even if f is not necessarily general but still
has exactly d - - - dy nonsingular solutions. That is, the genericity of the start system g and sharp
Bézout count for f is enough. Moreover, for an arbitrary system f with the same degrees as g,
many of the qualitative results still hold true. For example, if Zy = {(2,0) | f(z) = 0}, then C'\ Zj
is still smooth with a unique branch point, which has order two, over each ramification point t* # 0.

Although H in was formulated in affine space, the generality assumption ensures that the
same statements hold over projective space, i.e., no additional structure at infinity. This paper
shows that all of the above results hold in much greater generality, namely for fairly general systems
on slightly singular algebraic subsets of products of projective spaces. Besides allowing a reduction
of the generality of the linear homotopy for the main results to hold, they also hold for weighted
projective spaces [5] and the class of normal toric varieties [10] with only slightly more care.

The rest of the paper is organized as follows. Section [2| considers general theory using the
natural representation of a polynomial system in algebraic geometry as an algebraic section of an
algebraic vector bundle. Section |3| addresses the three questions above in greater generality. Some
examples are provided in Section 4l Finally, Section [5| concludes with a question for further study.
Specific examples used in this article were computed using Bertini [2, 3]. The files used for these
runs plus two Maple worksheets are available at https://doi.org/10.7274/c.7376080.

2 Some general theory about polynomials

The following collects some general theory about polynomials.

2.1 Sections and bundles

In this article, a polynomial system is viewed an algebraic section of an algebraic vector bundle
over an irreducible and reduced projective algebraic set X. This approach to polynomial systems
matches up well with the usual notion of a polynomial system and is the approach used in [14].
For example, suppose that f = {fi,..., fx} is a system of k£ homogeneous polynomials in N + 1
variables, i.e., defined on P, of degrees di, ..., dj, respectively. On PV, f; is not a function but is
an algebraic section of the algebraic line bundle [d;]pn. Note that [0]py is the trivial bundle, and
that for all integers a, b,
[a]py @c [blpy = [a + b]pw .

Note also, that for any integer m,
[=mlpy = [m]px
where [m];y is the dual of [m]py. The system f is an algebraic section of

E:=[dilpy © -+ @ [di]pn,

which is a rank k vector bundle. Systems of multihomogeneous polynomials are handled similarly.


https://doi.org/10.7274/c.7376080

Remark 2. Tt should be noted that any algebraic vector bundle on C¥ is algebraically equivalent
to the trivial bundle on CV and that algebraic functions defined on CV are polynomials. Therefore,
an algebraic section of an algebraic vector bundle over PV reduces to a polynomial system when
restricted to CV. Though most systems that arise as start systems in homotopy continuation
(including those arising from polyhedral methods) come from direct sums of line bundles, there are
many systems that do not correspond to such direct sums yet nevertheless fit into our approach.
We work out the details of one significant example in Section [4.1

A wariety is defined as an irreducible and reduced algebraic set and a projective variety is an
irreducible and reduced projective algebraic set. Of the several different definitions of variety, we are
following the usage in [I1] and [9, Chap. 1.1]. An algebraic set M is said to be smooth if it is smooth
in the scheme-theoretic sense, i.e., M is a manifold (and in particular, reduced). Given an algebraic
set X, we denote its singular set by Sing (X) and its set of smooth points by X;e, = X \ Sing (X).
Over the complex numbers, the condition that an algebraic set X is irreducible is equivalent to
the closure of X,¢, in the usual topology (or in the Zariski topology) being equal to X. Hence, an
algebraic manifold is irreducible if and only if it is connected.

For convenience, we follow the usual convention that dim() = —1 and an empty subset of a
variety X has codimension dim X + 1.

Since all the bundles, manifolds, and sections we consider in this article are algebraic, outside
of theorems, corollaries, and lemmas, we will usually drop the word algebraic in referring to them.

2.2 Projectivization of a vector bundle

Let £ denote a rank k vector bundle on a projective variety X, i.e., an irreducible and reduced
projective algebraic set. Let PP (&) denote the space of lines in each fiber of £* through the origin
of the fiber. This is a P*~!-bundle over X with natural bundle projection mp(e) : P(€) — X. This
projective bundle over X may also be regarded as the quotient (£*\ X) /C*, where the nonzero
complex numbers, C*, act by the natural multiplication on each fiber of £*.

There is a natural line bundle £& on P (€) which, at each point w € P (£), is the line in wﬂ’;(g)g*

that w corresponds to in £*. The dual of £, i.e., &g, is called the tautological line bundle on P (E).
Given a vector bundle &, let Ox(€) denote the sheaf of germs of algebraic sections of £.

Remark 3. The convention of denoting this space of lines on £* by P (£) and not by (the at first
sight more natural) P (£*) is the standard convention in algebraic geometry, e.g., [I1], pg. 162]. The
original convention was to use P (£*) but this turned out to usually be inconvenient notationally.
Nonetheless, one must remain aware of this since the older convention exists in the literature,
e.g., [9], which is cited several times herein.

Let £ be a vector bundle on X and let V C H°(X, &) denote a vector subspace of the vector
space H°(X, &) consisting of all sections of & on X. We say V spans & if, for each x € X, the
evaluation of the sections of V' at x gives all points in the fiber, &,, of £ over x. When V spans &,
the evaluation map gives a surjective bundle map of X x V' — £. This case yields the exact sequence

0=>F X xV—=E—=0, (2)
with a vector bundle F* as the kernel. Taking duals, we have the exact sequence

05 & 5 X xV* > F 0. (3)



If we have a line bundle £ on a projective variety X spanned by a vector space of sections V,
then dualizing the evaluation map gives the embedding

0= L= X xV*

This yields a map ¢y : X — P (V). Note that, by construction, £ = ¢7, ([1]p(v)).

The Chern classes of € are cohomology classes ¢;(£) € H¥(X,Z) for j = 1,...,dim X. Some
references for Chern classes are [9, § 3.1-3.2] and [I7, § 11.2]. The Chern classes in [9] are more
refined and defined to act on algebraic sets. Given a rank k vector bundle £, the total Chern class is

(&) =1+ci(E)t + ()2 +---
where ¢(£) = 0 for £ > dim X.

Lemma 4. Let £ be a rank k algebraic vector bundle on a projective variety X spanned by a vector
space V' of sections. Let F be as in with rank e4+1 =dimV — k. Then, given an h-dimensional
projective variety Y C X, we have

c1 (€7) T gt

P(]:)(Y) =cp(E)NY,

where N denotes the cap-product pairing of cohomology and homology.

Proof. Let s5,(£) be the h*™® Segre class of F*, e.g., see [0, Chap. 3.1]. By definition,
e (€9)7 N sl (V) = sn(FH) Y. (4)
Denoting the total Segre class [9, Chap. 3.2] by
se(F*) =1+ s (F*) +so(F)2+ .-+,

we have

a(F¥) = st(}'*)_l.
It follows from that

st(f*)_l =q(F") = ct(E)_l yielding st(F*) = ¢ (E).
The result now follows from . O

Remark 5. Let s denote a generic section of a spanned rank N vector bundle on a projective
variety X. The number of smooth isolated zeroes of s is ¢y (€) evaluated on X. This number is
familiar to people computing (multihomogeneous) Bézout numbers of start systems made up of
(multihomogeneous) polynomials. We will for this reason often use the term Bézout number to
refer to the number of smooth isolated zeroes of a general section of a rank N spanned vector
bundle on an N-dimensional projective variety.

The other Chern classes also give useful structural information about start systems of homo-
topies. We will see both ¢;(€) and c¢y—_1(€) used in as part of Theorem The number
computed by this equation gives a useful measure of the quality of a homotopy.

Let T denote the cotangent bundle of a projective manifold X. Then, the canonical bundle is
Kx = det (T%). Though standard, we do not know a reference where the proof of the following is
provided so we include one here.



Lemma 6. Given a rank k algebraic vector bundle £ on a connected algebraic manifold X, we have
Kp(g) = mp(ey (Kx © det (£)) @ .
Proof. Since the Jacobian of the map 7p(gy : P (€) — X is surjective, we have a short exact sequence
0= Tpeyx — Tpey — W]}Z(S)TX — 0,
where Tp(g)/x is the bundle of tangents to the fibers of 7p(g). Taking determinants, we have
Kpey = e K x @ det (The)/x)- (5)

The relative version of the Euler sequence [9, App. B5.8] (which we have adjusted for the different
convention for P (€) in [9]) is

0—>C><]P’(S)—>7TH*;(5)8*®55—>TP(5)/X—>0 (6)
which yields
det (Tp(e)x) = det (wg;(g)e* ® §g> — det (ﬂ;g,(g)g*) ® €k = ey det (6) © €L,
The result now follows from . O

Remark 7. If X is a point and V = & = CN*! then P (&) = PV, & = [1]pn, and @ becomes

N+1
0= [0y = ED[]er = T — 0. (7)
j=1
From this sequence, we conclude that Kpy = [—(N + 1)]p~ and that the total Chern class of Tpn is

(1 —+ tHl)N+1

where H; is the first Chern class of [1]pn. In particular, ¢;(Tpn) = (N]H)H{

2.3 Theorem of Bertini

There are many results in algebraic geometry loosely connected under the name Bertini’s Theorem.
Some references for the results used here are [I1], § II1.10], [6, § 1.7], and [16, § A.9]. Among the
simplest Bertini’s Theorem is the algebraic version of Sard’s Theorem.

Theorem 8 (Algebraic Sard’s Theorem). Let f : X — Y be an algebraic map from a connected
algebraic manifold to an algebraic variety Y. Assume that there is at least one point y € Y such
that the irreducible component Z of the fiber f~1(y) satisfies dim Z = dim X — dim Y. Then, there
is a nonempty Zariski open set U C 'Y such that f : f~*(U) — U is onto and of mazimal rank.
In particular, all the fibers of f over points of U are smooth with all connected components of each
fiber having dimension dim Z = dim X — dim Y.

Proof. This is just [I1), Cor. 10.7] combined with the upper semi-continuity of dimension. O

Corollary 9. Given an algebraic vector bundle £ on an algebraic manifold X with £ spanned by a
finite dimensional space of algebraic sections V', there is a nonempty Zariski open set U C V' such
that, for s € U, Z = s~(0) is smooth and either Z is empty or codimyx Z = rank (£).



There are many generalizations dealing with the situations when there are singularities. Letting
Sing (X ) denote the singular set of a algebraic set X, we will use the following result.

Theorem 10. Let X denote a reduced algebraic set with all components of X of the same dimen-
ston, say N, and let £ denote an algebraic line bundle on X spanned by a finite dimensional vector
space of algebraic sections V. Then, there exists a nonempty Zariski open set U C V such that, for
s€ U, D=s"1(0) is either empty or

1. D is reduced and with all components of D having dimension N — 1;
2. Sing (D) C Sing (X) and D N Xyeg is smooth; and

3. each irreducible component Z of Sing (D) is a proper algebraic subset of any irreducible com-
ponent of Sing (X)) that Z belongs to. Hence, dim Sing (D) < dim Sing (X)) if Sing (D) # 0.

Proof. This follows from the stronger result stated in [0, Thm. 1.7.1]. O

In Theorem [I0] since the restriction of V' to D spans the restriction {p of £ to D, we can repeat
the above result to obtain a sequence of algebraic sets

DicDycCc---CcDy_1CDy=X (8)

such that, if D; # (), then the following hold:

1. all components of D; have dimension j;

2. Sing (D;) C Sing (Dj41); and

3. dim Sing (D;) < dim Sing (D;41) if Sing (D;) # 0.
Thus, if Sing (D;) # 0, then

dim Sing (D) < dim Sing (X) — (N — 7).

This gives the important fact that we state explicitly.

Corollary 11. If dim Sing (X) < k, then Dj is smooth for j < N — k. In particular, if Sing (X)
has codimension at least two, then D1 is smooth.

Homotopies are typically constructed with enough conditions for vanishing theorems to guaran-
tee that the D; are irreducible. The following provides sufficient conditions to ensure irreducibility.

Theorem 12. Let X be a projective variety and let & be an algebraic line bundle on X spanned
by a vector space V of algebraic sections. If c1(€)N # 0, then, for a general s € V, each Dj is
wrreducible for j > 1.

Proof. First, assume that X is smooth and let D = s~!(0) be a smooth zero set for a general s € V.
If D =0, then £ would be the trivial bundle and ¢;(£) = 0. Hence, D # () with exact sequence

O%OX(—D)—)O)(—)OD—)O. (9)

By the Kawamata-Viehweg vanishing theorem [I5, Cor 7.50], we know H°(X,Ox(—D)) = 0 and
HY(X,0x(—D)) = 0. Therefore, using the long exact cohomology sequence associated to (9],
dim H°(D,Op) = 1. Since D is smooth, this implies it is connected. For manifolds, irreducibility
is equivalent to being connected.



If X is not smooth, then let 7 : X = X bea desingularization. Here, X is a connected
projective manifold and 7 gives a one-to-one and onto map from X \ 771 (Sing (X)) — Xyeg. Since
c1(m*€)N # 0 and 7*V spans 7*¢, a general choice of s € V' gives rise to the set

D={zeX|s(zx)=0}CX
which 7 maps to D such that
1. D is connected and smooth; and
2. 7 maps D \ 7' (Sing (D)) one-to-one and onto Dyeg.

Since the image of an irreducible set is irreducible, this shows that D is irreducible.
Noting that ¢ (€p)V =1 = ¢1 (€)Y # 0, the argument may be repeated until we reach D;. O

When studying the number of branch points in a fiber in Section we will need the following
when k = N —1. Recall that a line bundle £ on a projective variety is called ample if some power L"
of £ is spanned and the map of X to projective space associated to H°(£") is an embedding. A
vector bundle € is said to be ample if £¢ on P (£) is ample. On projective space, the line bundles [d]pn
that are ample are those associated to homogeneous polynomials of positive degrees d.

Lemma 13. Let X be an N-dimensional projective variety with dim Sing (X) < k—1. Let G denote
an algebraic vector bundle on X of rank k < N. Assume that G is a direct sum of algebraic line
bundles L; with each L; spanned by a vector space V; of algebraic sections. Let Hx be an ample
line bundle on X. Assume that, for each j > k,

-1
(H Cl(ﬁi)) c1(Ly) er(Hx)V 771 £ 0. (10)

i=1

Then, a general section of G from V1 & --- @ Vi has a smooth, nonempty, connected solution set of
dimension N — k.

Proof. From the methods used earlier, we may reduce to the situation where X is smooth. Let
Dy = X. For each j = N —k,...,N — 1, let D; denote the solution set of a general element
of Viy_;j restricted to Djy1. We have

X=Dny2Dn_12- -2 Dn_p.

The condition ¢1(£1)% - H é(v =2 £ 0 implies the solution set Dy _1 is nonempty and thus is smooth
of dimension N — 1 by Bertini’s Theorem.
By [15, Cor 7.50], H"(L7) = 0 for r» < 1. Thus, from the exact sequence

0— O(L]) = Opy = Op,_, =0,

the long cohomology sequence yields H°(Op, ) = H°(Op,_,). Hence, Dy_1 is connected.
Denote the restriction of Hx and L, to D; by Hp; and L; p,, respectively. Noting that

j—1
dim Dy _j41—2 Ne—i—
1(Ljpy_y)? Hpy 777 = <H q(&)) (L) er(Hx)N 71 £ 0,
i=1
we may continually repeat the above argument to prove the result by downward induction. O



The key to Lemma is . Consider what it means for to fail. To that end, assume for
simplicity that X in Lemma |13| has no singularities and fails for j =1, i.e.,

Cl(£1)2 . Cl(Hx)N72 =0.

Failing at other values of j is similar but the mass of indices obscures a conceptual understanding.

Using Bertini’s Theorem, this implies that the solution sets of two general elements a1, as € Vi
have empty intersection. Let A denote the span of a; and as. Thus, the two dimensional vector
subspace A of V; spans £1 under the evaluation map giving

XXA—>£1—>0.

The map ¢ associated to this surjection maps X to P! with £; = ¢*[1]p1. The solution sets of
elements of A are fibers of the map. Depending on the situation, the fibers may be connected
or disconnected. For example, if X = P! x P! and £; was the line bundle corresponding to a
bihomogeneous polynomial of bidegree (1,0), the condition would fail and the map ¢ would be a
product projection. Here the fibers and hence the solution sets of elements of V; are connected.
However, if £ was the line bundle associated to bihomogeneous polynomials of bidegree (2,0),
then ¢ would be a product projection composed with a degree two map of P! to P!. In this case,
the solution sets of general elements of V; would be disconnected (with two components). The
condition given by does not see which powers of the £; are used and the condition is nonzero
if the connectedness is true for all the powers of the £;.

2.4 Spaces of systems and spaces of solutions

Fix a projective variety X and an algebraic vector bundle £ on X spanned by a vector space of
algebraic sections V. Let P (V') be the projective space of lines through the origin in V*. From ,
we have an embedding

P(F)—= X xP(V*).

Let p and ¢ denote the projections from X x P(V*) to X and P (V*) respectively. Let pp(r)
and gp(F) denote their restrictions to P (F ). Note that pp(F) 1s simply 7mp(F). Each v € V is a
section of € which, for us, is a polynomial system. Thus, P (V*) is the space of polynomial systems
associated to V. For v € V, let Z(v) C X denote the solution set of v. This yields the following.

Theorem 14. Given v € P(V*),

mo5) (4o (1) = Z(0).

In particular, this identifies the projective variety P (F) with the total space of all solutions corre-
sponding to the nonzero elements of the vector space of sections V.

Proof. Fix a point v € P(V*). Choose a v in V over v € P(V*). Note that the evaluation map
takes {z} x v to v(x), which is 0 if and only if z € Z(v). Thus, over each of the points z € X,
{z} x © comes from a point w; in the fiber F; of F* over z if and only if 9(z) = 0. O

Note that V* spanning J implies that V* yields a space of sections, namely 7p - V*, which span
7TfE>( ]_-)]-" . By the surjection WE;( f)]-" —¢F, 7ng,( ]_-)V* spans {r. This is summarized in the following.

Lemma 15. The map qp(r) : P(F) — P (V™) is the map associated to W]}‘,(f)V* spanning £x and
therefore Ex = qf,(ﬂ[l]p(v*).



Given these identifications, we have the strong conclusion involving a monodromy action.

Theorem 16. Let X be a N-dimensional projective variety with dim Sing (X) < N — 2. Let £ be
a rank N algebraic vector bundle spanned by a vector space V' of algebraic sections. Assume that
at least one section s € V' has at least one isolated solution on X. Then, the map

qe(F) P (F) = P(V7)

is generically finite to one. Moreover, given a line ¢ C P (V*), C = qﬂj(lj_.) (¢) is a smooth, connected

algebraic curve. In fact, there is a dense Zariski open set U C P (V*) with qﬂj(lf) (u) being finite
and smooth for v € U. Given a solution 4 over any uw € U N £ having smooth isolated zeroes,
continuation using loops in U N L starting and ending at u will give all solutions over u.

Proof. By Theorem E there is a nonempty Zariski open set U C P (V*) such that dim qHJT(lf) (u)=0
for smooth for v € U. Hence,

dim P(V*) )dim P(V*

c1(Ep) PP = ¢ (qﬂi(f)[llp(vﬂ) = apryer (e ' #o.

Theorem [10] yields smoothness of C' and Theorem [12] yields connectedness of C. The monodromy
statement is an immediate consequence of connectedness. ]

3 Singular points of the systems in a general pencil

The setting under consideration is the space of systems on a projective manifold X such that at
least one of the systems in the space has isolated solutions. There are three questions to ask about
the singular points of systems parameterized by a general line in such a space of systems. We shall
refer to the set of systems parameterized by a line in the space of systems as a pencil of systems.
Moreover, those parameterized by a general line with be called a general pencil of systems. With
this setup, this section considers the following questions:

1. How many singular points are there?
2. What are their multiplicities?
3. How many can there be in a fiber?

The answers to these questions constitute the main results of this paper. The first is primarily
topological and answered in Section [3.1] counting with respect to ramification index. The second
question is answered in Section under very general hypotheses covering practically all cases of
interest for systems arising by restriction from products of projective spaces. The last question is
considered in Section [3.3

3.1 How many singular points are there?

Let ¢ : P(F) — P (V*) be the generically finite-to-one map in Theorem Let A C P(V*) denote
the union of Sing (P (F)) and the algebraic set of points y € P(V*) with dimg~*(y) > 0. Let B
denote ¢ 1(A), V=P (V*)\ A, and U = P (F) \ B. This gives rise to the following.

Lemma 17. With this setup, U is smooth and the map qu : U — V is finite-to-one. Since
dim A < dimP (V*) — 2, a general linear ¢ C P(V*) lies in V. Moreover, given an arbitrary point
y € P(V*) and general point x € P (V*), the line containing x and y meets A in at most y.

10



Proof. The statements about smoothness and ¢ being finite-to-one are true by the construction
of ¥V and U. The fact that a general line containing y meets V in at most y follows by dimension
counting. Consider the closure @ of the union of all lines on P (V*) containing y meeting V in at
least one point distinct from y. Thus, one has dim@Q < dimV + 1 < dim X — 1. O

Let £ be a general line in P (V*), which lies in V. By Bertini’s Theorem, C' = ¢~*(¢) is smooth
and, by Theorem C' is connected.

The line bundle associated to the ramification locus R of ¢y is identified [9, Ex. 3.2.20] with
Ky ®q*Ky,. Note that RN/ are the ramification points of go. A straightforward check shows that,
for x € C'N R, the multiplicity of the component of R at z is the ramification index of go at . In
particular, over U, R is the zero set of a section of the line bundle

R := Ke(r) © tp(7) (KE;(V*)) :

It immediately follows that degci(R)c = C' N R. Note that the singular points of a system y € ¢
are the points in ¢;'(y) N R. Additionally, since Kpy+y = [ dim V]pr+) and {7 = qﬂ’;(]__)[l]ﬁn(v)*,
we conclude from Lemma [6] that

R = mpr) (Kx ® det (F)) @ 7. (11)

The following counts singular points with respect to the ramification index. Thus, for example, a
multiplicity two singular point of a system contributes one to the count.

Theorem 18. Let X be an N-dimensional projective variety with singular set of codimension at
least two. Let £ be a rank N wvector bundle spanned by a vector space V' of sections. Assume that
at least one section s € V has at least one isolated solution on X. Then, the number of singular
points of solutions of the systems parameterized by a general line ¢ C P (V*) is

(c1(Kx) + c1(€)) en—1(€) + Nen (). (12)
In particular, when & is a direct sum of line bundles L1 @ --- ® Ly, this number equals
N N N
a(Kx)+ Y el | Yo [Teags) | + N er(sy). (13)
j=1 i=1 \j#i j=1
Proof. Letting C' = ¢~1(£), the number of singular points is
ROC = (mir) (e(Kx) +a(det(F)) + Nealer)) - er (€)1
Using Lemma 4] we have

ROC = () (1(Kx) + ea(det(F)))) - en-1(E) + New (E).

This immediately implies with trivially following from . O

The following specializes Theorem [18| to a product of projective spaces.
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Corollary 19. Let X =P x --- x P% be a product of projective spaces and N = aj + --- + ay.
Forj=1,...,N, let L; be a line bundle of multidegrees d;1,...,dj and & = L1 B---DLy. Let V
be a vector space of sections of £ that spans £ and assume that at least one section s € V' has at
least one isolated solution on X. For j =1,..., N, let §; be the linear function Zle d;;H; in the
variables H;. Then, the number of singular points of solutions of the systems parameterized by a
general line £ C P (V*) is the coefficient of HY* --- Hi* in the polynomial

k

1 1
25—2a1+1)Hi 010N (5 + -+ = | + Noy--- 0. (14)
1=1 51

ON

In particular, when X = PN and € = [di]pn © -+ ® [dn]pv, then this number equals

(i +---+dyv—N-1)d;- dN<1+ +1)+Nd1--'d]v (15)

dy dn
Proof. Let m; : X — P% be the projection of X onto its j'! factor and let H; = c1(m*([1]pe;)).
Note that for a vector of nonnegative integers (by,...,bg) such that by +---+bp = N, Hfl e sz
evaluated on X equals 1 if b; = a; for all j = 1,...,k and equals zero otherwise. With this, the
result immediately follows from Theorem O

Remark 20. One can easily use to count the number of singular points for product of pro-
jective spaces using a computer algebra system. As mentioned at the end of the Introduction, we
have developed a Maple worksheet for this. The following summarizes the steps used to perform
this calculation following the notation in Corollary [19 and its proof. First, the total Chern class is

computed via
N
H 1 + tCl

To compute the Bézout number, compute the coefficient of tV in ¢t(€), which is a polynomial
in the Hj’s. For this polynomial, the coefficient of H{"---H* is the Bézout number since this
coefficient multiplied by Hy* --- HyF is precisely ¢y (€). In the Maple worksheet, this is performed
in stages by first computing the coefficient, say A; of H{", and then taking the coefficient, say As,
of H3* in A;, and so on.

Next, cy—1(€) is equal to the coefficient of ¥~ in the polynomial ¢;(£). Moreover, from (14)),

N
(a;j + 1)H.
7j=1

Thus, the Maple worksheet computes the product
(c1(Kx) + e1(€))en-1(€)

and extracts the coefficient of H fl e HX[N .

Finally, the two coefficients are combined via to yield the number of singular points.

The following defines the ratio of the number of singularities in a general pencil with the Bézout
number, which is one measure of the quality of a homotopy.

Definition 21. Let B be the Bézout number and o be the number of singularities in a general
pencil. Then, the ratio r = o/B is called the singularity ratio.

12



Hence, for a homotopy, the singularity ratio is equal to the number of singular points per
solution path that needs to be tracked. A high singularity ratio means that there are many branch
points in relation to the number of solution paths to track. Similarly, a low singularity ratio means
that there are few branch points in relation to the number of solution paths to track.

We close this subsection with two examples.

3.1.1 Cyclic example

Let & = (Pl)N be a product of N copies of P's with N > 2. Fix multidegrees di,...,dy with
dj = (dju,...,djN) such that

{1 ifk=jork=j5+1 mod N
dji =

0 otherwise

Consider the general pencil \f + ug where f = (f1,...,fn) and ¢ = (g1,...,9n) are general
systems of multihomogeneous polynomials on X such that both f; and g; have multidegree d;. The
corresponding line bundles £; and the vector bundle £ are clear. Moreover, it is straightforward
to check that the coefficient of Hy--- Hy in

(Hy+ Hq)---(Hx + H)

is 2. So the Bézout number of systems in this pencil is B = 2.

Since det £ is the line bundle of multidegrees (2,...,2) and Kx is a line bundle of multidegrees
(=2,...,-2), Kx ®det & has multidegrees all 0. Hence, ¢1 (Kx)+¢1 (det £) = 0 and so the number
of singular points of solutions of the systems parameterized by the general pencil is o = 2/N. Thus,
the singularity ratio is r = 0/B = N and the genus g of the smooth curve of all the singularities of
the pencil satisfies 29 —2 = —4 +2N,ie.,g=N — 1.

3.1.2 Polynomials with the same multidegrees

A special case of this situation occurs in the companion paper [12] shown using multihomogeneous
counts. The following considers a generalization with all polynomials having the same multidegree
on the product of projective spaces

X =P" x .- x P%,
Let N =a; +---+a; and £ be a direct sum L1 @ --- @ Ly where all of the line bundles £; have

the same multidegree (dy,...,d). Then, the number of singularities in a general pencil is
k
N aj(a; +1)
dit--diF [ N(N+1)— )y 22— 16
(o, 0 ) (N >y (16
where ( ) is the usual multinomial coefficient, namely
at,...,ag

( N ) N!
ai,...,ag arl-ag!

To see this, let H; be as in Corollary[19] i.e., the first Chern class of the line bundle of multidegrees 0
in all places but the j® where it is degree 1. Then, we have
N-1 N

k k 7
cl(KX®det(5)) = Z(Ndj—aj—l)Hj CN_1(5> =N Zdej , CN(5> = Zdej
j=1 j=1 j=1

13



As in the proof of Corollary if (b1,...,by) are nonnegative integers summing to N, then

1 (al,...,ak):(bl,...,bk),

bl o bk =
H Hk { 0 otherwise.

As always, we identify the generator of H?"(X,Z) = Z corresponding to X with 1. Then, we have

(N —1)! ai—1 o
d;’ d}i
(aj — 1)!Hi;£j ag! g '

k
c1(Kx @ det(&))en_1( NZ -1)

.
—_

and

Thus, becomes

k
(N flfl a N a
N> | (Ndj—a;—1) T+ N d§r - d
jzl (a _1)‘H7fjal' J 175‘] ""7ak

k

— N ai ag . aj
_N<a1,m’ak>d1 ds Z((Nd] a; — )Nd>+1 . (17)

=1

which is equivalent to since N =a; + -+ a.
The case with k& = 2 was considered in [I2, Thm. 4]. With N = a; + a2, the multinomial
coefficient becomes the binomial coefficient so that becomes

ai dl d2

which is equal to the formula reported in [I2, Thm. 4], namely

1 1 1
2(04 —|—a2> g1 g (<a1 + a2 + >d1d2 _ (al + )dg _ (CLQ + >d1> ‘ (19)
aj 2 2 2

Consider the case when a1 = -+ = a = a and dy = --- = di = d, i.e., polynomials of
multidegree (d,...,d) on X = (P%)* with N = k- a. Then, and become

N(C]LV!)!de (k(Nd —a— 1)m + 1) (iV!)!de <N(N +1)— N(“dH)> .

The case with k =1, i.e., N = a, was consider in [I2, Thm. 2], which yields

vav (FEE ) - vy e =oY@ pes

as reported in [I12, Thm. 2]. Since d" is the Bézout number, the singularity ratio is

r=n (MR ) aveven (1),

Thus, the singularity ratio grows quadratically in N when d > 2.
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3.2 What are the multiplicities of the singular points?
The short answer is that singularities almost always have multiplicity two.

Theorem 22. Let X be a projective variety with singularities of codimension at least two. Let
E =GBL where G is a rank N —1 vector bundle on X and L is a line bundle on X. Let V = Vg@ V.
where Vg spans G, Vy spans L, and the associated map of X to P (V) is an embedding. Assume
that at least one section of £ coming from V' has isolated solutions. Let £ be a general line on P (V™).
Then, the following hold:

1. the curve C of systems parameterized by £ is smooth and connected; and

2. the singularities of the systems parameterized by ¢ (which are the branch points of the projec-
tion C'— £) are of multiplicity two (and ramification index one).

Proof. The first statement was shown in Theorem

Since the multiplicity two condition is an open condition, it suffices to show that this is true for
one system. Choose a general element g of V5. By the fact that V; spans G and Bertini’s Theorem,
the solution set C of g is either smooth of dimension one or empty. It cannot be empty since a
general element of V' has isolated solutions. Thus, C is a union of a finite number of smooth curves
Ci,...,C. By the existence of Lefschetz pencils, e.g., [I8, Chap. 2.1.1], it follows that, for almost
every choice of two sections £, 3 of V,, the singularities of the systems on C parameterized by

{Mo+ pls | [N\ p] € P}

are multiplicity two. Therefore, the linear P! on P (V*) of systems

g
Ao + 11l

has the property that all systems parameterized by the P! have multiplicity two solutions. O

Corollary 23. Under the hypotheses of Theorem[23, the multiplicities of the components of R are
all one. Therefore, by Lemma given an arbitrary point y € P (V*) and a general x € P (V*), the
singularities of the systems parameterized by the line containing x and y on P (V*) are multiplicity
two with the possible exception of the singular points of the system y.

Remark 24. These assumptions in Theorem [22]are actually quite mild. For example, the hypothe-
ses hold on PV when the degrees d,...,dy satisfy di ---dy > 0. More generally, the conditions
of the theorem hold on P x ... x P** with N = a; + --- + a; equations having corresponding
multidegrees di = (d1,1,...,d1%),...,dN = (dNn1,...,dN ) satisfying:

1. there exists i € {1,..., N} such that d; ; > 0 for every j =1,...,k; and

2. a general system with these multidegrees has isolated solutions.

3.3 What is the maximum number of singularities in a fiber?

Consider the hypotheses of Theorem 22 and the curve C arising in its proof. If we knew that C was
connected, then it would immediately follow that there was at most one singular solution in a fiber
of a general pencil of systems. For instance, if besides being spanned, suppose that X was smooth
and G was ample of rank IV — 1, then this would follow from a generalization of the first Lefschetz
Theorem, e.g., [I3, Thm. 7.1.1]. For direct sums of line bundles, a much stronger statement may
be made.
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Theorem 25. Let X be an N-dimensional projective variety with singular set of codimension at
least two and let Hx be an ample line bundle on X. Let £ = L1 ®---® Ly where each L; is a line
bundles on X with V; spanning L;. Assume that the map of X to P(Vy) associated to Ly is an
embedding off the singular set of X. Let V. =V1 @ ---® Vn and assume that, for j=1,...,N —1,

-1
(H Cl(ﬁz‘)> c1(L;) e (Hx)N 771 £0 (20)
=1

Then, there is at most one singularity for every system parameterized by a general line on P (V*).

Proof. A Lefschetz pencil [I8, Chap. 2.1.1] has at most one singularity in a fiber. As noted above,
if the curve C in the proof of Theorem [22] was connected, we would have the requisite conclusion.
For this, one can take G = L1 ® --- & Ly_1 and utilize Lemma O

In terms of R, the ramification locus of the map ¢4 : Y — V, Theorem [25]says that two distinct
components of R cannot have the same image under ¢. This yields the following.

Corollary 26. Under the hypotheses of Theorem given an arbitrary point y € P(V*) and a
general x € P (V*), there is at most one singularity for any of the systems parameterized by the line
containing x and y on P (V*) with the possible exception of the singular points of the system y.

The following is an immediate consequence when applied to PV,

Corollary 27. Let & = [d1]py @ -+ - @ [dn]py and V = H°(E). Then, the conditions of Theorem
and Corollary[2¢ hold if (and only if) d; >0 for j=1,...,N.

As the discussion after Lemma, |13| noted, the failure of the condition imposed by does not
preclude the result from still being true. Thus, this is a sufficient condition.

When considering a product of projective spaces, is very natural. Just as with counting
summarized in Remark it is easy to use a computer algebra system to check the condition.
Similar with Remark we have created a Maple worksheet for this as well.

Although holds for many common situations, e.g., Corollary it is interesting to consider
cases for which it does not hold. Even when using all the sections of the line bundles, the Chern
class condition for connectedness can fail and/or £y can fail to be ample.

Example 28. Consider two cases of general pencils with X = P! x P!:
1. bihomogeneous polynomials of bidegrees (d,0) and (0, d); and
2. bihomogeneous polynomials of bidegrees (3,0) and (2, 2).

In the first case, Theorem [18|yields that the total number of singularities of the solution set (all of
order two) is o4 = 4d(d — 1) with Bézout number being d?. The case d = 1 has a Bézout number
of one (as can easily be seen directly) and o1 = 0, i.e., no singularities, and thus is not interesting.
Using Bertini [2, 3], we obtain the following:

1. for d = 2: 09 = 8 = 4 -2 as predicted by our formula but the singularities arise from four
pairs, i.e., fibers with singularities have two singular points; and

2. for d = 3, 03 = 24 = 8 - 3 as predicted by our formula but the singularities arise from eight
triplets, i.e., fibers with singularities have three singular points.
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In the second case, L2 is ample and Theorem [I§] yields the total number of singularities of
the solution set (all of order two) is o = 18 with Bézout number of the system being 6. Using
Bertini [2 3], we find 10 singularities which arise from a unique fiber and eight appearing in pairs
(four fibers with two per fiber) with 18 =10+ 4 - 2.

Remark 29. The second case in Example 28] shows that the assumption of connectedness in the
existence theorem for Lefschetz pencils cannot be dropped.

4 Examples

The following collects some interesting and examples. The first, in Section[4.I] considers the sections
of the tangent bundle of PV twisted by [d]pn, i.e., Tpn(d) = Tpn ®c [d]pn, for d > —1. This is a
example of a bundle that is not a direct sum of line bundles. It leads to systems with lower Bézout
numbers than one would expect using multihomogeneous counts.

The second, in Section [£.2] considers Alt’s nine-point path synthesis problem for four-bar link-
ages [1,[19]. This problem has had a major influence on our view of continuation and branch points.
The realization in [4], §3.3] that 0.83% of the paths of the homotopy to solve it passed near enough
to singularities of the pencil to require precision higher than double was one of the inspirations of
this article and the companion article [12]. Therefore, the numbers of singularities for systems like
this are of particular interest to us. In particular, Table [1| compares four different formulations.

Finally, Section [4.3] considers a closely related family, namely the Alt-Burmester synthesis prob-
lems for four-bar linkages [7]. Table |2| compares two different formulations on the collection of
Alt-Burmester problems.

4.1 Twists of the tangent bundle of projective space

The tangent bundle of PY, Tpy, is not a direct sum of line bundles as can be checked from the
Chern classes of the bundle computed in Remark [7] Nonetheless, it gives rise to a very interesting
class of polynomial systems.

Theorem 30. Let (21,...,zy) be coordinates on CN and let d > —1 be an integer. Consider
systems of the form

p1(z) — z1q(x)
: (21)

pn(z) — zNg(x)
where q(x) is a homogeneous polynomial of degree d + 1 in x1,...,xn and each pj(x) is a poly-
nomial (not necessarily homogeneous) of degree d + 1. Fach such system extends to an algebraic
section of Tpn (d), the tangent bundle of PV twisted by a integer, i.e., Tpn ®c [d]pn. Moreover, the
correspondence between these systems and the sections of Tpn (d) is one-to-one and onto.

Proof. To see this, fix coordinates (2o, ..., zy) on C¥*1. Consider the usual map
7 CNTIN\ {(0,...,0)} = PV given by (20,...,2N8) = [20, 215, 2N]
where we regard the [z0, 21, ..., zn] as homogeneous coordinates. The vector fields on CN+1 that

are mapped to vector fields on PV are precisely those of the form
N
0
> L) 9% (22)
=0 !
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with L;(z) homogeneous linear in the z variables. The only one of these vector fields that goes to
zero on PV is

ZO@"‘"""ZN@

which is tangent to the fibers of the map 7 and goes to 0.

Consider the long exact cohomology sequence associated to tensored with [d]py. On PV,
HI(PN | [k]pn) = 0 for all k with 0 < j < N. Thus we have

N
0= H'PN, [dpn) = @ H(PY, [d+ 1pn) — HO PN, Tpn (d)) — 0.
j=0
The first term is exactly the vector space of homogeneous polynomials of degree d. The second

term is the vector space of (N + 1)-tuples of homogeneous polynomials of degree d + 1, with the
map from the first to the second term given by

9(2) = (209(2), - .., 2ng(2)).

The third term is the sections of the algebraic bundle 7p~(d). The map from the second term to
the third term is given by

0

(0(2),- -, px(2)) %po(z)(;i() o py(E)

Exactness comes down to 205970 4+ 4 zNa‘Z—N being the only vector field of those in that is

zero on PV,
We map CV — PV by sending (z1,...,2x5) — [1,21,...,2y]. We will now proceed to see what
the sections poaa—zo 4+ 4 pNa‘Z—N give rise to when restricted to this CV. Given

pO(Z)i 4. _|_pN(Z)87

029 OzN ’
we can subtract
(2) | 2 9 +-tz 9

g 0 970 N ozn )
where g(z) is of degree d without changing the vector field on PV. In this way, we can assume that
po(2) is homogeneous of degree d+ 1 in the variables 21, ..., 2x and each p;(z) for j =1,..., N are
arbitrary homogeneous polynomials of degree d + 1. Using

0 0 0

Zopo(z)afz0 = —leo(z)ale T ZNPO(Z)%,

we see that the algebraic sections of Tpn (d) are precisely of the form

(1(3) = 2100(2) 5 + -+ (ow(z) = 2vpofz))
On the CV with the x coordinates, these are exactly the systems in . O
The Bézout number for Tpn (d) is
N N
N+1\ y: (@+DNH -1 ;
BT]P:N(d) = < . )dN J = —d = Z(d + 1)] (23)
=0~ 7 i=0
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which is precisely the number of isolated smooth solutions of a generic algebraic section of Tpn (d).
In , the first equality follows from combining the formulae for the Chern classes of Tpn, e.g.,
Remark [7] and the formula for the Chern classes of a bundle twisted by a line bundle. The solution
count of is lower than the count of

(d+2)V = ((d+1) _fj( )

J=

for N general degree d + 2 polynomials. In [I4, pg. 145], a different, but incorrect, system of two
degree d 4+ 2 polynomials is stated to have the properties of the above system when N = 2.
Further,

N—-1
N+1 Nd—1D(d+ 1N +1
| (Ten (d Z ( ;‘ >dN =5 | gt = <( d+1)™ + >H{V_1,

d2
Jj=

where Hy = ¢1([1]p~). This follows from the same sort of algebra as the computation of the Bézout
number above. An easier computation shows that

Cl(KpN) + (T]P)N(d)) = NdHl.

Thus, Theorem [18] shows that a general pencil of systems has

o7 () = Nd <(Nd_ 1)<32+ DY+ 1) +N(d+1€“—1 NN+ DA+ DY (24)

singularities. In particular, the singularity ratio is

0T NN+ 1)d(d+ 1)V d < 1 )
= =NN+1)—4+0 | ——---—=
Brvw  @rnia-1 NN O g

d
) is the usual Hardy’s O, i.e., the remainder to the approximation N(N +1)——

where O ( 11

1
(d+1)N
1
bounded by a constant independent of d (depending on N) times W
Consider comparing this to the more general case of systems of N polynomials of degree d + 2.

The bundle is N
G =Pld+2p
7j=1

The Bézout number is Bg = (d+2)"V and number of singularities is og = (d+2)V !N (N+1)(d+1).
We already saw that Bg is larger than BT[pN (@)- Similarly, og is always larger than 0T, (d) since

og <d—|—2)N_1
O'T]PN(d) d+1

In particular,

gg 1 (d+11)N T
¢ =1 > 1
i@ -t T (A4 2)d
D1y (@



4.2 Alt’s nine-point path synthesis problem

To keep notation simple, we use a compact description of the systems and leave details regarding
the actual systems to [19]. The first formulation of Alt’s problem consists of solving sixteen cubics
and eight quartics on P24, which will be represented by

(3H)'S(4H)® on P?'

The Freudenstein and Roth formulation, which was the starting point in [19], yields a system of
eight septics on P®, which will be represented by

(TH)® on P

In [19], four new variables were added to the Freudenstein and Roth formulation along with four
new polynomials which reduced the system to four quadrics and eight quartics on P'2. We represent
this by

(2H)*(4H)® on P2,

Finally, one can view this system naturally on P% x PS consisting of
e two bihomogeneous polynomials of multidegree (2,0);
e two bihomogeneous polynomials of multidegree (0,2); and
e cight bihomogeneous polynomials of multidegree (2,2).
This will be represented by
(2H,)?(2H2)*(2H, + 2H3)® on PS x PS.

With these four formulations of Alt’s problem, Table[l]summarizes the Bézout numbers (B), number
of singularities (o), and the singularity ratio (r = B/0o).

The only nontrivial one of these is the bihomogeneous formulation. Letting [a,b] be the line
bundle of bidegree (a,b) on P x PS, we have

£=[2,0%a[0,2*e[2,2*
The total Chern class is
cr(€) = (14 2H1t)*(1 + 2Hot)?(1 + (2Hy + 2H))t)®.

Thus, ci(det(€)) = c1(€) is equal to the coefficient of ¢ in ¢;(€), namely 20(H; + Hz). Similarly,
c11(€) is equal to the coefficient of #!''. Remembering that H} H,” 7 equals 1 if j = 6 and 0
otherwise, we have

c11(€) = 1,089,536 HY Hy (Hy + Hy).

‘ Version H Degree Structure ‘ B ‘ o ‘ r=DB/o ‘
Original (3H)Y(4H)® on P 11,019,960,576 | 4,275,744,703,488 388
Freudenstein-Roth (7TH)® on P® 5,764,801 355,770,576 | =~ 61.7
Total Degree (2H)*(4H)® on P*? 1,048,576 125,829,120 120
Bihomogeneous || (2H7)?(2Hs)*(2H; + 2H2)® on P% x PS 286,720 31,768,576 | 110.8

Table 1: Summary of different formulations of Alt’s nine-point path synthesis problem
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Similarly, the Bézout number is ¢12(€) which is equal to 286,720 under the usual identification
for connected compact manifolds M of HU™=M (X 7) with Z. The canonical bundle Ky equals
[—7,—7] and therefore ¢1(Kx) = —7H; —7H>. Putting everything together with Theorem yields

(c1(Kx)+c1(8))c11(€) +12¢12(E) = 13(Hy + Hy) - 1,089,536 HY H3 (Hy + Ha) + 12 - 286,720
= 14,163,968 - HY H3(H; + H2)? + 3,440,640
= 14,163,968 - 2 + 3,440,640 = 31,768,576.

For all four formulations summarized in Table [I, using all sections of € in each case, the
conditions of Theorem [25| and Corollary [26| are satisfied.

4.3 Alt-Burmester systems

Alt’s nine-point path synthesis problem [I] in Section and Burmester’s five-pose path synthesis
problem [8] can be considered as part of a family of four-bar synthesis problems called Alt-Burmester
problems [7]. This family of zero-dimensional problems is parameterized by nonnegative integer
pairs (m,n) such that 2m+n = 10 with m > 1. The (m, n) synthesis problem aims to compute four-
bar linkages satisfying m poses (position and orientation) and n precision points (position only).
The reason for m > 1 is that one can always trivially match any orientation at one point simply by
setting the frame of reference. In particular, the two extremes of the Alt-Burmester problems are
Burmester’s problem corresponding with (5,0) and Alt’s problem corresponding to (1,8), where an
orientation is added to one of the nine points to trivially set the frame of reference.

While the formulation in Section was highly specialized to Alt’s problem, here we follow the
“standard” formulation from [7]. In this “standard” formulation, an (m,n) Alt-Burmester problem
(with 2m 4+ n = 10) corresponds with a system with degree structure denoted as

n
H (Hoj—1 + Hoj + Hopt1 + Hopyo)(Hoj—1 + Haj + Hopys + Hopga)(Haj—1 + Haj))
i1

(Hant1 + Hony2)™ (Hopys + Hoprg)™ ' on (P12 x (P?).

Note that 2n+8 = 3n+2(m—1). In this formulation, rotations of the coupler link at each precision
point are variables of the system, cast onto P! x P! for each of the n precision points via isotropic
coordinates. When n > 1, the corresponding rotation variables can easily be eliminated to produce
an “alternate” formulation with degree structure

(2Hy + 2Ho + 2H3 + 2Hy)"(Hy + Ho)™ ' (Hz + H))™ ' on (P?)%.

In particular, the (1,8) “standard” and “alternate” systems provide two more presentations of
Alt’s nine-point problem. The Bézout number for both of these formulations is 645,120 which falls
between the last two entries in Table [11

For concreteness, consider the (4,2) problem. The “standard” formulation degree structure is

(Hi+ Hy+ Hs + Hg)(H, + Hy + H7 + Hg)(H1 + Ha)
. (Hg + Hy + Hs + H6)(H3 + Hy + H7 + Hg)(Hg + H4)
- (Hs + Hg)*(H7 + Hs)® on  (P')* x (P*)*. (25)

with providing explicit polynomials in affine coordinates for simplicity. Meanwhile, the “alter-
nate” formulation degree structure is

(2H, + 2Ho + 2H3 + 2H,)?(Hy + Hy)*(Hs + Hy)® on  (P?)%.
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(m,n) ‘ Formulation H B o ‘ r=o/B ‘

(5,0) Standard 36 576 16
(4,2) Standard 288 15,840 55
’ Alternate 288 13,824 48
(3,4) Standard 3,456 345,600 100
’ Alternate 3,456 237,312 | =~ 68.7
(2,6) Standard 46,080 6,958,080 151
: Alternate | 46,080 | 3,363,840 73
(1,8) Standard 645,120 | 134,184,960 208
’ Alternate 645,120 | 38,707,200 60

Table 2: Comparison of “standard” and “alternate” formulations of the zero-dimensional Alt-
Burmester problems

Table [2| provides the Bézout number (B), number of singularities (o), and the singularity
ratio (r = o/B) for each of the zero-dimensional Alt-Burmester systems. Note that the Bézout
number is the same for both the “standard” and “alternate” formulations, but the “alternate”
formulation has fewer singularities in a smaller dimensional ambient space.

5 A final question

The standard setting used in this article was that X is an N-dimensional projective variety with
dim Sing (X) < N — 2 and £ is a rank N vector bundle spanned by a vector space V of sections
such there is at least one section s € V with at least one isolated solution on X. Then, the total
number, og, of singularities of the solution sets of systems parameterized by a general line in P (V*),
was computed in Theorem In particular, under modest conditions, g can be computed with
a straight-forward formula. Thus, one can compare the Bézout number, Be, with the number of
singularities, og, by way of the singularity ratio r¢ = og/Bsg.

Rather than considering a general pencil, suppose that one takes a pencil H = (g, f) such that
g € P(V*)is general and f € P (V") is arbitrary. Let o¢ 7 ¢ denote the number of such singularities
away from f. Clearly, o¢ 3 s < og, but it would be nice to have a reasonable lower bound for o¢ 7 ¢
to understand how the singularities at f impact the singularities away from f. In practice, these
two numbers are relatively close, which, combined with the study in [12], justifies using o¢ as a
measure of quality of the homotopy .

Question: Is there a good upper bound (independent of the choice of f) for the defi-

ciency ratio
0g —OEH,f
2Tt 9
Be

Thinking (loosely), it might be reasonable to expect that you could lose at most the Bézout
number of singularities at f. However, this is false as shown in the following two simple examples
of three quadrics on P3. Here,

€ = [2]ps @ [2]ps @ [2lps

with Bg = 8 and o¢ = 48. First, when f is the system (zy, xz,yz) giving the coordinate lines and g
general, og 3t = 33. Hence, og — 0g 3,y = 48 — 33 = 15 > 8 = Bg with

A

> 1.
Bg 8
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Similarly, when f is the system (22 — y,zy — 2,22 — y?) giving a twisted cubic and g general,
og,r = 34. Hence, og — 0g 31,7 = 48 — 34 = 14 > 8 = B¢ with

og —0gnyf T

1.
Be i

Finally, let us give one substantial example. In we gave to counts for general lines with the
same multihomogeneous structure as the Alt-Burmester problems. Let g be a general system of the
type specified in and f be a general Alt-Burmester system of type (4,2) in (P1)* x (P?)4, i.e.,
synthesizing a four-bar linkage with four given poses and two precision points selected generically.
In particular, for simplicity, the following shows f in affine coordinates:

[ (pjz1r+qi—x1) P2+ G —x1) — (mz1+q—21) (s + @ — 1) for j=2,3,47
(pjze +qj — x2) (D522 + @ — T2) — (a2 + @1 —x2) (P12 + @1 —T2) for j=2,3,4

—

(121 4+ —21) (1A + G —71) — (mar + @ — 1) (A + @ —71) for j=5,6

~ o ) (26)
(O2z2 + q; — x2) (0222 + Gj — 22 ) — (P122 + q1 — x2) (D122 + @1 — 22) for j=5,6
016, — 1
L 0205 — 1

where
e affine variables on the four C’s are given by {6}, {é\l}, {62}, {GAQ} defining rotations;

e the affine variables on the four C?’s are given by {z1, 21}, {71, 21}, {2, 22}, {72, 23} defining
the four-bar linkage with pivots (x;,Z;) and legs (z;, Z;);

e eight parameters {p;,p;} for j = 1,...,4 with p; - p; = 1 defining the orientations of the four

poses; and
e twelve parameters {g;,q;} for j = 1,...,6 defining the points (poses correspond with j =
1,...,4 and precision points correspond with j = 5,6).

For a general linear homotopy (as computed in Table , we have Bg = 288 and o¢ = 15,840.
Letting H = (g, f), Bertini [2 3] computed o¢ 7, = 15,064, i.e, that there are 15,064 singularities
for the systems (excluding those of f) parameterized by H. Therefore

of —ogay 15840 —15064 776 97

=_— = — > 2.69%4.
B¢ 288 288 36 ~

Hence, it would be interesting to know how large this deficiency ratio can be.
We note that the solution set of f for the “standard” formulation of the general Alt-Burmester
problem of type (4,2) as specified above consists of the following:

e four irreducible components of dimension two
— all at “infinity” and isomorphic to the vanishing of the last two polynomials in (P')%;
e five irreducible components of dimension one

— one corresponds with the four-bar linkage degenerating to a 2R linkage, i.e., x1 = 2,
T = T2, 21 = 22, 21 = %2,

— four arising from having one of the pivots (x;, ;) or legs (z;,%;) at “infinity”; and
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e 64 nonsingular isolated solutions

— 60 “finite” (which solve the (4,2) Alt-Burmester problem as in [7]) and 4 at “infinity.”

The solution set decomposition is the same for a nonempty Zariski open set of the parameter space.
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