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My primary interest is in unstable homotopy theory, operads and Koszul
duality of these, and Goodwillie calculus.
The fundamental approach to algebraic topology is to access topological
data from a space by computing algebraic invariants. The strongest invariant
we have are the homotopy groups π∗ , and we call two spaces X and Y weakly
equivalent if there is a map X → Y that induces an isomorphism on π∗ .
Unfortunately, the homotopy groups prove supremely dicult to compute,
and in many ways we have not been able to move much further than Toda's
amazing work, [Tod16], from 1962, wherein he computed πk (S n+k ) for all
k ≤ 19.
In [Whi41], Whitehead dened the Whitehead bracket on a space
[ , ] : πk X ⊗ πl X → πk+l−1 X

giving π∗ X the structure of a shifted Lie algebra. Quillen leveraged this
structure to give a complete description of rational homotopy theory of 1connected spaces in terms of dierential graded Lie algebras [Qui69]. A
dierent approach is applying rational cochains to the space to get a dierential graded commutative algebra. This also gives a complete description
of rational homotopy theory, as seen in [Sul77]. Given a dierential graded
algebra A, the way to move between the two models is to replace A by a
minimal model Λ(A), and then take the dual of its indecomposables. This induces an equivalence of categories between commutative dierential algebras
and dierential Lie algebras, which is refered to as Koszul duality.
For non-rational coecients, the cochains of a space do not have a model
which is a commutative algebra, rather only a commutative algebra up to
all higher homotopies. Several similar examples occur in algebraic topology,
where algebraic formulas are only satised up to some coherent homotopies.
One language for encoding this sort of structure is operads, as developed
by Boardman and Vogt [BV06], and May, see for example [May72]. The
cochains on a space forms an E∞ -algebra, encoding the fact that the multiplication on cochains are commutative up to all higher homotopies. The
weakening of the notion of commutativity allows one to construct interesting power operations, see [May70], such as the Steenrod operations in mod
p homology or Adams operations in K -theory, which in practice often help
with computations.
A less intrusive simplication of the homotopy groups than rationalizing
are the stable homotopy groups π∗S (X) = coliml π∗+l Σl X . These groups still
turn out to be far more computable than the ordinary unstable homotopy
groups. Further when n ≤ 2 · conn(X) we get πn (X) ∼
= πnS (X), according
to the Freudenthal theorem. Stable homotopy groups are more naturally
studied in the category of spectra, Sp. In the category of spectra we have
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π∗S (X) ∼
= π∗ (Σ∞ X), where Σ∞ : T op∗ → Sp is the suspension spectrum
functor, and T op∗ is the category of pointed spaces.

Similarly to rings we can localize the stable homotopy groups at any prime
ideal of the ring π0 S ∼
= Z, where S is the sphere spectrum. As a ring spectrum, S has more prime ideals, coming from the polynomial generators of
π∗ BP ∼
= Z(p) [ν1 , ν2 , . . .], allowing us to form the νh -periodic stable homotopy
groups νh−1
π S (X). If X is a nite cell complex we get a chromatic spectral
L ∗ −1 S
sequence h νh π∗ (X) ⇒ π∗S (X)(p) . This has facilitated many stable computations, despite the fact we only have some computations of νh−1 π∗S (X) for
h = 0, 1, see [MRW77].
Bouseld and Kuhn dened functors Φh : T op∗ → Sp (see [K+ 08]) with
the property that for E a spectrum,
π∗ (Φh (Ω∞ (E))) ∼
= νh−1 π∗ (E),

where Ω∞ : Sp → T op∗ takes the underlying innite loopspace of a spectrum.
For a space X this allows us to dene the unstable νh -periodic homotopy
groups νh−1 π∗ X to be π∗ Φh (X).1
A very dierent approach to general homotopical calculations is Goodwillie calculus as developed in [Goo03]. Given a nice functor F : T op∗ →
T op∗ , Goodwillie developed a tower of functors Pn (F ) : T op∗ → T op∗ , under
F:
F (X)

...

%
/ P2 (F )(X)
*

/ P1 (F )(X)

Under certain conditions on both F and X , one gets an equivalence F (X) '
limn Pn (F )(X). Further the layers of the tower
←−


Dn (F )(X) := Fib Pn (F )(X) → Pn−1 (F )(X)

have the form Ω∞ (∂n (F ) ∧hΣn X ∧n ), for some Borel-Σn -equivariant spectrum ∂n . This implies that when the tower converges, i.e., when F (X) '
limn Pn (F )(X), then we get a spectral sequence computing π∗ F (X) with
←−
input only dependent on stable information.
When F = id, we repress it from our notation, and write Pn := Pn (id),
and ∂n := ∂n (id). Then P1 (X) = Ω∞ Σ∞ X , and π∗ P2 (X) are the metastable
homotopy groups, see [Mah67]. The tower thus lters the homotopy groups,
starting with some classical notions. Further it was shown in [Chi05] that
∂∗ := {∂n }n forms an operad. This was shown using the fact that all spaces
are commutative comonads, coming from the diagonal, and then using the
Koszul duality for operads identifying ∂∗ as the shifted Lie operad in spectra.
If F = Φh as above, it was proven in [BR17] that Pn (Φh ) ' Φh ◦ Pn . This
implies that when the Goodwillie tower converges, we can calculate unstable
νh -periodic homotopy groups from stable νh -periodic homotopy groups.
1Note that there are several variants of ν -periodic homotopy groups and the Bouseldh
Kuhn functor. We are considering the K(h)-local version discussed on p. 19 of [BR17]
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My Work

Lie Power operations for mod p-homology. In [Beh11] Behrens dened
power operations for the shifted Lie operad on mod 2 homology. This was
done in an eort to provide a new proof of the Kuhn's theorem, [Kuh82].
These power operations also allowed for a restatement of the main computation of [AM99], where the homology of the layers of the Goodwillie tower for
the identity evaluated on a sphere were computed. The mod 2 homology of a
free algebra over the shifted Lie algebra was computed by Antolín Camarena
in his thesis [AC15].
In my paper, [Kja16], the analogous computation was carried out for odd
primary homology.

If L is a ∂∗ -algebra, and H∗ ( ) is mod p homology for an odd
prime, then there are power operations:
• β  Qi : Hk (L) → Hk+2(p−1)i−−1 (L),
• [ , ] : Hi (L) ⊗ Hj (L) → Hi+j−1 (L).
Further if L is a free ∂∗ -algebra on a nite spectrum X , then H∗ (L) can be
given an explicit basis in terms of these operations, and a basis for H∗ (X).

Theorem 1.

The construction of these power operations relies almost exclusively on the
cellular model for the spaces of ∂∗ as the bar construction on the commutative
operad given in [Chi05], some knowledge from [Beh12] on how the Goodwillie
tower interacts with the EHP-sequence, as well as knowledge of how power
operations were classically constructed from cellular ltrations of BΣp as in
[May70].
ν1 -periodic homotopy groups from calculus. In [Beh12]
Behrens is able to recompute the Toda range, [Tod16], of unstable homotopy groups using Goodwillie calculus. In his thesis, [Bra17], Brantner calculates the K(h)-completed Eh Lie power operations, where K(h) is Morava
K -theory at height h and Eh is the Lubin-Tate theory at the same height.
These power operations are given by being Koszul dual to the Dyer-Lashof
operations for Eh . At height h = 1, these Dyer-Lashof operations are classically well understood, [M+ 83], in terms of Adams operations.
In work to appear I recover the odd primary case of ν1−1 π∗ SU (d), for
all d. These were rst computed by Davis, [Dav91], using the unstable
Adams-Novikov-spectral sequence, and independently computed by Bouseld, [Bou99]. More generally I prove an analogous result to Bouseld's.

Unstable

Let p be an odd prime, and X be a space such that E1∗ (X) is
nitely generated as a E1∗ -module, and free as a E1∗ -algebra. Assume further
that for all k, the Adams operations ψ k : E1∗ (X) → E1∗ (X) are injective.
Lastly, assume that the Goodwillie tower for the Bouseld- Kuhn fuctor converges for X (see [BR17] for the known cases). Let M = Q(E1∗ (X))/ψ p ,
where Q( ) denotes the indecomposables of the algebra, and let ( )# be the
Pontryagin dual. Then
Theorem 2.

#
1−ψ l
1−ψ l
ν1−1 π∗ X ∼
= ker(M → M ) ⊕ coker(M → M ) ,

where l is a topological generator of Z×
p.
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Theorem 2 is proven from a stronger result, which describes π∗ Φ1 (X),
under the conditions on the space X above. In retrospect the case of X an
odd sphere was carried out by Mahowald, [Mah82], and Thompson, [Tho90].
This thus represents the only computation of the ν1 -periodic Goodwillie
tower of a space which is not the sphere.
I will now give a brief account of the work that goes into proving Theorem 2
above. Let Φ := Φ1 , and recall that we dened ν1−1 π∗ X := π∗ Φ(X). Behrens
and Rezk showed that there is an equivalence
X
)[≤ k]∨
Pk (Φ) → B(1, F, SK(1)
∧i , and [≤ k] refers to the ltration of the bar conwhere F(X) = i XhΣ
i
struction coming from the ltration of F , given by

W

F(X)[≤ k] =

k
_

∧i
XhΣ
.
i

i

The Goodwillie spectral sequence for Φ thus takes the form
X
E1k,∗ = π∗ B(1, F, SK(1)
)[= k]∨ ⇒ ν1−1 π∗ X.

The E1 -page of this spectral sequence should, by Koszul duality, be the "free
spectral Lie algebra on π∗S X ," but unfortunately we do not have a description
of what this is. We therefore apply E1 -homology to the spectral sequence.
Using Brantner's result [Bra17] we get a spectral sequence

LieH (E1 )∗ X ⇒ (E1 )∗ (Φ(X))

where LieH ( ) is the free Hecke Lie algebra. For A a free (E1 )∗ -module we
have
LieH (A) = Lie(A) ⊕ θ · Lie(A),

where Lie( ) is the free shifted Lie algebra, and θ is the Koszul dual to the
power operation θ on K -theory.
To study dierentials in this spectral sequence we recall the work of Rezk
in [R+ 09]. There Rezk dened a monad T : (E1 )∗ -mod → (E1 )∗ -mod, such
that if X is a E1 -algebra, with π∗ X free and nitely generated as a E1∗ module, then π∗ F(X) ∼
= Tπ∗ X . Now ltering B(1, F, E1X )∨ by the bar
ltration we get a square of spectral sequences:
LieH (E1 )∗ (X)
KS

L

k



H ∗ B(1, T, E1∗ (X))[= k]

+3 (E1 )∗ Φ(X)
KS
+3 H ∗ B(1, T, E ∗ (X))
1

Here the lower horizontal spectral sequence is completely algebraic, and thus
the dierentials are computable. We can then use the vertical spectral sequences to obtain dierentials in the upper spectral sequence. Under the
hypotheses, there is no room for non-algebraic dierentials in the upper horizontal spectral sequence. This allows us to compute (E1 )∗ Φ(X) ∼
= M , with
M as in the theorem above.
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Future Vistas

Koszul Duality of Operads.

Is the En operad in spectra Koszul dual to an operadic desuspension of it self?
This is known to be true for n = 1. This can be seen from the construction
in [Chi05], and for operads in the algebraic world, see [Fre11]. One way one
could give further evidence would be to calculate the power operations for
algebras over the Koszul dual operad of En in mod p-homology, as this should
be the Koszul dual of the ordinary algebra of power operations for algebras
over En , which is known to be Koszul self dual.
A further reason for attempting to study this is related to Theorem 1
above. I was unable to prove the analogs of the Adem relations (conjecturely
they would satisfy the mixed Adem relations). The ltration of E∞ by En
gives a coltration of ∂∗ by the Koszul duals of En , and maybe this will allow
a better understanding of the Lie power operations.
Question 2. For which other operads of spectra can we nd its Koszul dual?
There exist many operads, encoding dierent interesting algebraic structures, and it would be interesting to see for which of the operads in spaces
or spectra one would be able to compute the Koszul dual of them.
For example Robinson introduced a ltration of E∞ in the context of his
obstruction theory, [Rob13]. Here E∞ is ltered not only by how homotopy
commutative the operations are, but also by the highest arity of operations.
One could hope that the latter allows for a good description of the Koszul
duals.
Question 3. What is the realtionship between the point set and ∞-categorical
cooperad structure on the bar construction of an operad?
In [Lur16], section 5.2, Lurie shows that in the world of quasi-categories
the bar construction on a augmented monoid is a comonoid. Since we can
view operads as monoids with respect to a certain monoidal product on the
category symmetric sequences, this shows that the bar construction on an
operad is a something like a cooperad up to all higher homotopies, [FG12].
An obvious question is how does this compares to Ching's cooperadic model
of the bar construction of an operad in spectra, [Chi05]?
Recall that for an augmented monad M , Lurie shows that M → BM is
an algebra in the quasi-category of twisted arrows, and that it has a certain universal property as such. So if we want to compare that to Ching's
m
m−1
α1
construction we need, for any m-simplex [km ] α← [km−1 ] α← . . . ←
[1] of
N (∆op ), coherent homotopies lling out the diagram from Figure 1. Here αO
and αBO are the structure maps for O an operad, respectively BO a cooperad. This is something I in fact can do. Unfortunately this does not show
what was needed due to technicalities pertaining to how Lurie constructs
a monoidal structure on the quasi-category of twisted arrows, and the fact
that a cooperad is not an algebra with respect to any monoidal product in
ordinary categories.
One could hope to construct an explicit monoidal quasi-category, where
the data above denes an algebra, and then compare this category with
Question 1.
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Figure 1.

Lurie's monoidal structure on the quasi-category of twisted arrows to get
a positive answer to the question. This is something I plan to continue to
pursue.
Further computations.

Can we get similar results to Theorem 2 at other heights?
The results need for the computation from [Bra17] and [BR17] holds at all
heights. The Dyer-Lashof algebra at higher heights gets more complicated,
and therefore, so does the Koszul dual Lie Hecke algebra. We therefore
would get a spectral sequence with a more complicated algebraic input, and
thus more dierentials. But it is likely that we would still be able to carry
through the computations needed.
In Theorem 2 we can see that X = SU (d) satises the hypotheses, and we
can thus use it to compute its unstable ν1 -periodic homotopy groups. If we
are able to get an analogue for Theorem 2 at height 2, can we nd a space
that would satisfy those hypotheses, whatever they might be? The primary
issue would presumably be nding a space whose E2 Dyer-Lashof algebra
action is known, and nice enough.
Question 5. Can we get results similar to Theorem 2 for other classes of
spaces?
Theorem 2 above has some fairly strong restrictions on the space X .
Behrens' and Rezk's work, [BR17], as well as Brantner's, [Bra17], require
(Eh )∗ (X) to be free both as a module and an algebra for their Koszul duality arguments to work. It would be very interesting to see if we can get
similar results for spaces like SO(d), which are very well behaved, but whose
E1 -cohomology has 2-torsion. The main obstacle would be to work out how
the Koszul duality interacts with the presence of torsion elements.
Question 6. What can we say about the Goodwillie tower for the identity
based on Theorem 2?
Question 4.
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In [Beh12] Behrens used the Goodwillie tower for the identity to recover
the Toda range, [Tod16], of computation of the unstable homotopy groups
of the spheres. This was done by analysing the Goodwillie tower of the EHP
sequence. One could hope to get a better understanding of the Goodwillie
tower for the identity evaluated on spheres by studying it for SU (d), and
using the ber sequence SU (d − 1) → SU (d) → S 2d+1 . Theorem 2 could
hopefully give us access to periodic of families of dierentials in the Goodwillie spectral sequence for the identity for spheres.
Question 7.

Lie algebras?

Is the Goodwillie spectral sequence a spectral sequence of shifted

The E1 -page of the Goodwillie spectral sequence for the identity has a
shifted Lie algebra action coming from the action on the dierentials by
∂∗ . The E∞ -page receives a shifted Lie algebra action coming from the
Whitehead bracket. The obvious conjecture is that the Goodwillie spectral
sequence is a spectral sequence of Lie algebras. We would hope to be able
to prove this by comparing with the spectral sequence arising from the more
algebraic fake Taylor tower as dened in [AC11].
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