
Kripkenstein



The “rule-following paradox” is a paradox about how it is possible for us to mean anything by the words of our 
language. More precisely, it is an argument which seems to show that it is impossible for us to mean anything 
by the words we use - which seems absurd.

To understand this paradox, a first step is to grasp clearly the distinction between an expression and what 
that expression refers to - the thing in the world that it is used to talk about. 

This distinction is clear enough as applied to the names of ordinary objects. We can distinguish between the 
name, “Fido,” and the flesh-and-blood animal it stands for. To make a clear distinction even clearer, we might 
point out that a single dog can have more than one name without being more than one dog.

Now consider a verb - like “is pretty.” Does this also stand for something?

But this distinction might seem less clear in the case of mathematical language; it is important to see that we 
have the same distinction here as elsewhere, since the example we will be discussing is an example which 
involves the use of mathematical language. 

It seems that it does - it stands for a certain way that something can be, the property of being pretty. And this, 
no less than Fido, is a non-linguistic thing. Being pretty would be exactly the property that it is if English had 
never come into being, and “pretty” had never been a word - just like Fido could have existed, and been the dog 
he is, even if “Fido” had never been given to him as a name. And just like Fido could have had several names, 
we know that in different languages there are different ways of talking about the property of being pretty - “est 
jolie” is a different collection of words than “is pretty”, but in French the former words stand for just the same 
thing that the latter words stand in English.



But this distinction might seem less clear in the case of mathematical language; it is important to see that we 
have the same distinction here as elsewhere, since the example we will be discussing is an example which 
involves the use of mathematical language. 

One way to bring this out is by thinking about different mathematical symbol systems. Consider, for example, 
the following three expressions:

23

XXIII

10111

These all stand for the same number: the first in the system of Arabic numerals, the second in the system of 
Roman numerals, and the last in base-2 notation. Hence the number - what these all stand for, and are used to 
talk about - must be something distinct from each of these expressions (just as in the case of Fido).

The paradox which we’ll be discussing today is a paradox about how we 
can use symbols to talk about things. The paradox is due to Saul Kripke, a 
contemporary American philosopher.

Kripke develops the paradox in terms of our use of the “+” symbol. Just as 
we can distinguish between numerals in various systems of representation 
and the numbers they are used to talk about, so we can distinguish 
between this symbol and the thing it is used to talk about - namely, the 
addition function.
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we can distinguish between numerals in various systems of representation 
and the numbers they are used to talk about, so we can distinguish 
between this symbol and the thing it is used to talk about - namely, the 
addition function.

For our purposes, we can think of a function as a rule which takes you from arguments to values. The addition 
function is a rule which, given a pair of numbers as argument, gives you their sum as value. A function can thus 
be thought of as a kind of machine, into which you give some input and receive some output. It is important that 
functions, so conceived, are machines which, for any specific input, always give you the same output.

There is no mystery about what the addition function is. And it also seems obvious that the addition function is 
the thing that we use the symbol “+” to talk about - it is what that symbol stands for. However, Kripke gives us 
an argument which seems to show that this is not the case; that it is, in fact, not true that “+” stands for the 
addition function.

The argument that he gives, as he emphasizes, is not one of his own making. 
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The argument that he gives, as he emphasizes, is not one of his own making. 

Rather, it derives from a general paradox about meaning developed by 
the 20th century Austrian philosopher Ludwig Wittgenstein.

Wittgenstein summed up his paradox in the following words:

“this was our paradox: no course of action could be 
determined by a rule, because every course of action can 
be made out to accord with the rule.” (Philosophical 
Investigations §201) 

This is the paradox that Kripke tries to explicate using the example of 
addition. Because, as Kripke says, the paradox which results is neither 
original to him nor to be found in that form in Wittgenstein’s work, it 
is sometimes called the Kripkensteinian paradox.
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function: the quaddition, or quus, function. As addition is symbolized by “+”, we can follow Kripke by symbolizing 
the quus function as “⊕.”

The quaddition function can be defined as follows:

Definition of quaddition

x ⊕ y = x + y if x, y < 57
x ⊕ y = 5  otherwise



Kripke develops his argument using the example of a mathematical function which is closely related to the addition 
function: the quaddition, or quus, function. As addition is symbolized by “+”, we can follow Kripke by symbolizing 
the quus function as “⊕.”
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It is important to see that quaddition is a perfectly well-defined function; it is no more and no less well-defined than 
addition itself.

One way to bring out the Kripkensteinian paradox is to ask yourself: yesterday, did you mean addition or quaddition 
by your use of the “+” sign?

The answer seems pretty straightforward: you mean addition, rather than quaddition. Why do we think this? Well, 
one reason has to do with our views about truth and falsehood.

More specifically, it seems clear that yesterday, had you written the sentence 
68 +57 = 125

this sentence would have been true, whereas if you had written the sentence
68 + 57 = 5

that sentence would have been false.
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One way to bring out the Kripkensteinian paradox is to ask yourself: yesterday, 
did you mean addition or quaddition by your use of the “+” sign?

The answer seems pretty straightforward: you mean addition, rather than quaddition. Why do we think this? Well, 
one reason has to do with our views about truth and falsehood.

More specifically, it seems clear that yesterday, had you written the sentence 
68 +57 = 125

this sentence would have been true, whereas if you had written the sentence
68 + 57 = 5

that sentence would have been false.

What does it take for a sentence to be true? If you think about it, you will see that for a sentence to be true, two 
things have to be the case: (1) the sentence must mean something; it must say that the world is a certain way; (2) 
the world must be that way. Consider, for example, the following two sentences:

10111 + 1 = 11000

10111 + 1 = 10112 

Which is true, and which is false? It depends who is using the sentences. If we are using the sentences - people who 
by default speak a base-10 mathematical language - then the second is true, and the first false. But if a base-2 
speaker is using these sentences, then the first is true, and the second nonsensical. Does this mean that the 
mathematical facts are relative to speakers? Obviously not; this is just a case in which two speakers are using a 
single sentence to express different mathematical claims.

In general, the truth or falsity of sentences is dependent on both the meaning of those sentences, and the relevant 
state of the world. 
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One way to bring out the Kripkensteinian paradox is to ask yourself: yesterday, 
did you mean addition or quaddition by your use of the “+” sign?

More specifically, it seems clear that yesterday, had you written the sentence 
68 +57 = 125

this sentence would have been true, whereas if you had written the sentence
68 + 57 = 5

that sentence would have been false.

In general, the truth or falsity of sentences is dependent on both the meaning of those sentences, and the relevant 
state of the world. 

In the case of the sentences above, we know the relevant state of the world; we know that the addition function gives 
125 as value for 68, 57 as arguments, and that the quaddition function gives 5 as value for these arguments. Hence if 
we think that the first sentence out of your mouth was true yesterday and the second sentence false, we must think 
that yesterday you meant plus rather than quus by the “+” symbol.

This is, perhaps, unsurprising. What is surprising is the argument of Kripke’s 
skeptic against this seemingly obvious truth. 
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The skeptic’s challenge



Definition of quaddition

x ⊕ y = x + y if x, y < 57
x ⊕ y = 5  otherwise

What, exactly, is the skeptic’s argument? The skeptic’s main contention is that 
if, in the past, I meant plus rather than quus by the “+” sign, there must be 
some fact about me in the past which explains this - some fact which makes it 
the case that I meant plus rather than quus.

But, the skeptic will argue, there is no such fact; hence in the past I did not 
mean plus rather than quus by the “+” sign.

One might therefore think of the argument as follows:

The skeptical argumentThe skeptical argument
1 If in the past I meant plus rather than quus by “+”, 

there must be some fact about me which determines 
that I meant plus rather than quus.

2 There is no such fact.

C In the past I did not mean plus rather than quus by “+.”

Is this really a paradox? Is the conclusion of this argument really surprising?

To bring out the surprising nature of the conclusion, one might focus on practical uses of mathematical language. 
Imagine that you were in Notre Dame’s bookstore yesterday, and bought two textbooks, one of which cost $68 and 
the other of which cost $57. Suppose that you had then said to yourself: “OK, 57 + 68 = 5, so I owe a total of $5.” 
Isn’t it very clear that that you would have spoken falsely? But if you did, then you must have mean addition rather 
than quaddition by the “+” sign since, if you had meant quaddition, you would have spoken truly. not falsely.



Definition of quaddition
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The skeptical argumentThe skeptical argument
1 If in the past I meant plus rather than quus by “+”, 

there must be some fact about me which determines 
that I meant plus rather than quus.

2 There is no such fact.

C In the past I did not mean plus rather than quus by “+.”

The first premise of the skeptic’s argument seems hard to disagree with. After all, it is surely possible that 
there be people who use “+” to mean quaddition - intuitively, it seems clear that we could have decided to do 
this. This seems just as obvious as that we could have decided to use a numeric system other than base-10.

So attention naturally focuses on the second premise: the claim that there is no fact about me in the past 
which determines that I meant plus rather than quus. Surely, one thinks, there must be such a fact!

The skeptic’s argument consists in a series of arguments designed to show that whatever sort of fact one comes 
up with is in fact not suited to do the job.

What would it take for some fact about me to satisfy the skeptic, and show premise 2 to be false?
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The skeptical argumentThe skeptical argument
1 If in the past I meant plus rather than quus by “+”, 

there must be some fact about me which determines 
that I meant plus rather than quus.

2 There is no such fact.

C In the past I did not mean plus rather than quus by “+.”

What would it take for some fact about me to satisfy the skeptic, and show premise 2 to be false?

The first condition is that the fact must rule out the skeptical hypothesis that I meant quus rather than plus. 
The second condition is a bit trickier. Consider this: it is not just the case that it is true that, had I said “57 + 
68 = 125” yesterday, I would have spoken truly; it is also the case that I knew this to be true. But that means 
that I must have known yesterday that I meant plus rather than quus; after all, had I not known this, I would 
have had no reason to be confident that this sentence was true. Hence an answer to the skeptic’s challenge must 
not only rule out the skeptical hypothesis; it must also be the sort of thing that can explain my being so sure 
that “125” was the right answer.
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The skeptical argumentThe skeptical argument
1 If in the past I meant plus rather than quus by “+”, 

there must be some fact about me which determines 
that I meant plus rather than quus.

2 There is no such fact.

C In the past I did not mean plus rather than quus by “+.”

Let’s now consider some attempts to answer the skeptical challenge. 

A natural first thought is that the skeptical hypothesis is ruled out by my past usage of the “+” sign. After all, 
in the past I always responded to questions of the form “What is x + y?” by giving the sum of x and y, rather 
than their quum. And, furthermore, I know this about myself; so isn’t my past usage of this sign just the fact 
we were looking for?

No. After all, we are supposing that I have never computed an addition problem involving any numbers greater 
than 56; so my past usage of the “+” sign is equally consistent with my having meant quus and plus, since the 
quus and plus functions agree perfectly for all numbers < 56.

But one might reasonably protest at this point: look, everyone in this room has computed addition problems 
involving numbers much higher than this. So doesn’t our past usage discriminate between quus and plus?

How might the skeptic respond to this objection?
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The skeptical argumentThe skeptical argument
1 If in the past I meant plus rather than quus by “+”, 

there must be some fact about me which determines 
that I meant plus rather than quus.

2 There is no such fact.

C In the past I did not mean plus rather than quus by “+.”

A different attempt to answer the skeptical challenge focuses not on past usage of the “+” sign, but rather on the 
rules which I used in the past to govern my usage of this sign - the instructions, or algorithms, that I mastered. On 
this view, it is the rule that I mastered which rules out quus, not the list of past applications of that rule.

Candidates for the fact that I 
meant plus rather than quus

What rule did I master? Here is one suggestion:

past usage of “+”
rules for use of “+”
dispositions to use “+”
an experience of meaning plus

Perhaps it was my adoption of this rule that rules out the skeptical hypothesis. 

Despite its initial appeal, as Kripke says, this response to the skeptic is open to an immediate objection.
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Despite its initial appeal, as Kripke says, this response to the skeptic is open to an immediate objection.

Of course, one might give more sophisticated rules for 
defining addition than the one given in terms of 
counting; one might give something more like an 
algorithm for addition one gets in math classes.

But this would not help, for two reasons.

First, it would be open to the “count”/“quount” 
problem. Any algorithm will be given in terms of 
other symbols, which raise just the same problems as 
“+”. (For example, the symbol for the successor 
function.) Hence we are again delaying the skeptical 
problem rather than solving it.

Second, it is not the sort of answer that could work; 
after all, many people mean addition by the “+” sign 
without being in a position to produce anything like 
an algorithm for addition.
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The skeptical argumentThe skeptical argument
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So, as Kripke says, one cannot explain the fact that I followed the rule of using “+” to mean addition in terms of 
other rules. So let’s turn to a different sort of response.

One might think that the “past usage” response to the skeptic can be modified in a way which solves the problems 
we found with that response. After all, even if I never considered any addition problem involving a number higher 
than 57, there are surely facts about how I would have responded, were I given such an addition problem. It is likely 
that you have never considered the addition problem “57+68” - but it was true of you yesterday that, had you been 
given this addition problem, you would have answered “125.” So even if the skeptical hypothesis is not ruled out by 
my past usage of “+”, perhaps it is ruled out by my past dispositions for the use of this symbol. This is what Kripke 
calls the “dispositional solution” to the skeptical problem.

According to the dispositional solution, the fact that I meant addition by “+” consists in the fact that I was 
disposed, for any numbers x and y, to respond to “x+y” by giving their sum, rather than their quum.
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According to the dispositional solution, the fact that I meant addition by “+” consists in the fact that I was 
disposed, for any numbers x and y, to respond to “x+y” by giving their sum, rather than their quum.

This simple dispositional solution is open to three objections, Kripke thinks.

Error. Typically we are not disposed to respond to every instance of ‘x + y’ with the sum of x and y: everyone is 
disposed, in at least some cases, to make mistakes. But then it follows that if the function attached to ‘+’ is 
determined by the equations involving ‘+’ which we are disposed to accept, we do not mean addition by ‘+.’ 

Finitude. We are finite creatures capable only of understanding numbers of limited size; so “not only my actual 
performance, but also the totality of my dispositions, is finite” (26). But the addition function is defined over 
numbers of arbitrary size. So, once again, the dispositional theory delivers the wrong result: if our dispositions for 
using ‘+’ really did determine the function attached to it, then the function expressed by ‘+’ would apply to only 
numbers small enough for us to grasp. But addition is not like this.
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This simple dispositional solution is open to three objections, Kripke thinks.

Error. Typically we are not disposed to respond to every instance of ‘x + y’ with the sum of x and y: everyone is 
disposed, in at least some cases, to make mistakes. But then it follows that if the function attached to ‘+’ is 
determined by the equations involving ‘+’ which we are disposed to accept, we do not mean addition by ‘+.’ 

Finitude. We are finite creatures capable only of understanding numbers of limited size; so “not only my actual 
performance, but also the totality of my dispositions, is finite” (26). But the addition function is defined over 
numbers of arbitrary size. So, once again, the dispositional theory delivers the wrong result: if our dispositions for 
using ‘+’ really did determine the function attached to it, then the function expressed by ‘+’ would apply to only 
numbers small enough for us to grasp. But addition is not like this.

Normativity. The dispositionalist tries to explain the nature of meaning in terms of what we are disposed to do. 
But, Kripke says, this is the wrong sort of answer. He says: “Suppose I do mean addition by ‘+’. What is the 
relation of this supposition to the question how I will respond to the problem ‘68 + 57’? The dispositionalist gives a 
descriptive account of this relation: if ‘+’ meant addition, then I will answer ‘125.’ But this is not the proper account 
of the relation, which is normative, not descriptive. The point is not that, if I meant addition by ‘+’, I will answer 
‘125’, but that, if I intend to accord with my past meaning of ‘+’, I should answer ‘125.’ . . . The relation of meaning 
and intention to future action is normative, not descriptive” (37).
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One might respond to these problems by giving a more sophisticated dispositional solution to the problem. One 
might appeal not to what my dispositions for using “+” actually are, but what they would be if my brain were 
radically expanded, or my cognitive abilities radically increased, or ...

One might think that this can help with the objections to the simple dispositional theory. But Kripke thinks not:

This indeterminacy, Kripke thinks, is inconsistent with the fact that we are quite sure that “125” is the correct 
response to “57 + 68” (the second condition on responses to the skeptic above). Surely, to know that this is the right 
answer, one need not know how one would be disposed to respond after undergoing a brain-expanding experiment of 
some sort.
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It is extremely natural to think that we can answer the skeptic by looking to facts related to my past use, or dispositions 
to use, the “+” sign. But at this point, it might seem that we have exhausted all such avenues.

So let’s look in another direction. Consider a mental event other than meaning addition by the “+” sign: having a 
headache. Surely we have headaches, and we know that we have headaches. How does this work? How can one tell that 
one is having a headache? A plausible answer is: it just feels a certain way, and one knows that one is having a headache 
by simply recognizing that feeling.

Maybe meaning is more like this than we have supposing. Maybe meaning addition by “+” is simply an irreducible 
mental event, with a certain “feel” to it - one which we can recognize (and use to justify our answers to addition 
problems) just as surely as we can recognize headaches.

There are two problems here. The first is that it is somewhat mysterious how an inner “feel” of this sort could tell us how 
to answer indefinitely many addition problems; how does this inner feeling tell us what the answer to “57+68” is?

But there is another, more obvious problem as well.
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But there is another, more obvious problem as well.

Kripke (along with Wittgenstein) thinks that, if we 
simply examine our inner lives, we will find that 
there is no “qualitative feel” analogous to the feeling 
of a headache which could be the mental state of 
meaning addition by “+.” It might “feel just the 
same” to mean quaddition and addition by “+.”
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One thing you might want to think about is whether there are any promising candidates for the fact that I 
meant addition by “+” that Kripke fails to consider. 


