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Background & Motivation

Classification of (closed oriented) manifolds in low dimensions
• dim = 1:    circle

• dim = 2:    surfaces ……

• dim = 3:    Thurston Geometrization Conjecture (Theorem by Perelman)

• dim = 4:    topological:  simply-connected manifolds (Freedman) 
smooth: wildly open

Construct computable invariants to distinguish (smooth) 4-manifolds.
• “classical” invariants: Euler char., signature, (co)homology, etc
• “quantum” invariants: topological quantum field theory (TQFT)

analytical approach: Seiberg-Witten/Donaldson-Floer
algebraic approach: 
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Algebraic construction of 4-manifold invariants (incomplete list)

• Turaev-Viro state-sum type

finite group
[Dijkgraaf-Witten, ’90]

2-group
[Yetter, ’93]

premodular category
[Crane-Yetter, ’93]

crossed braided fusion category      
[C-, ’16]

fusion 2-category
[Douglas-Reutter, ’18]
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universal state sum
[Walker, ’21]

⇢
<latexit sha1_base64="XLt8ixYuGWCQ8XMvKJ/3If/IMHA=">AAACJ3icbVDLSgNBEOz1bXxFBS9eBoPgRdn1ojdFLx4jmAckIc5OenXI7IOZXiGu+zPeRP/Fm+jRz9CTk8SDSSwYKKq6u4byEyUNue6HMzU9Mzs3v7BYWFpeWV0rrm9UTZxqgRURq1jXfW5QyQgrJElhPdHIQ19hze+e9/3aHWoj4+iKegm2Qn4TyUAKTlZqF7ey5uBI5qsUc9Y0qW+Q8nax5B64A7BJ4v2S0slXEFwDQLld/G52YpGGGJFQ3JiG5ybUyrgmKRTmhWZqMOGiy2+wYWnEQzStbBCds12rdFgQa/siYgP170bGQ2N6oW8nQ063Ztzri/95jZSC41YmoyQljMQwKEgVo5j1y2AdqVGQ6lnChZb2r0zccs0F2coKIzEku/f5hLIvOnnBluWNVzNJqocHnuWXXun0DIZYgG3YgT3w4AhO4QLKUAEBD/AIz/DiPDmvzpvzPhydcn53NmEEzucPd4WpbQ==</latexit><latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit><latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit><latexit sha1_base64="erZ84k+mwAGvM+fZkFpM6PH8aj0=">AAACJ3icbVC7SgNBFJ2Nr7i+ooKNzWAQbAy7NloGbSwjmAckS5id3CRDZh/M3BXiuj9jJ/ovdqKlv2HlZJPCJB4YOJxz7z3D8WMpNDrOl1VYWV1b3yhu2lvbO7t7pf2Dho4SxaHOIxmpls80SBFCHQVKaMUKWOBLaPqjm4nffAClRRTe4zgGL2CDUPQFZ2ikbuko7eRHUl8mkNGOTnwNmHVLZafi5KDLxJ2RMpmh1i39dHoRTwIIkUumddt1YvRSplBwCZndSTTEjI/YANqGhiwA7aV5dEZPjdKj/UiZFyLN1b8bKQu0Hge+mQwYDvWiNxH/89oJ9q+8VIRxghDyaVA/kRQjOimD9oQCjnJsCONKmL9SPmSKcTSV2XMxKEaP2ZJyznuZbcpyF6tZJo2Limv4nVuuXs9qK5JjckLOiEsuSZXckhqpE06eyDN5JW/Wi/VufVif09GCNds5JHOwvn8B3DCnCQ==</latexit>

• Kashaev inv based on cyclic groups
     [Kashaev, ’14 ]

• Dichromatic inv based on pivotal functors
     [Barenz-Barrett, ’17 ]

• State sums for fermionic topological order
     [Tata-Kobayashi-Bulmash-Barkeshli, ’21 ]

• Skein TQFTs from ribbon categories
     [Costantino-Geer-Haïoun-Patureau-Mirand, ’23 ]

• Trisection inv based on Hopf algebras     
[Chaidez-Cotler-Cui, ’19, ’23]
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Semisimple vs non-semisimple TQFTs
• Roughly, a (d+1)-TQFT assigns to each closed d-manifold a vector space, 

and to each (d+1)-cobordism a linear operator, coherently (functorially).
• Semisimple (3+1)-TQFTs cannot distinguish smooth structures.  [Reutter, ’20]

Turaev-Viro/Barrett-Westbury TQFT
from fusion categories

dim = 2+1

⟹

Turaev-Viro type TQFT
from fusion 2-categories

dim = 3+1

⟹

????Kuperberg invariants from 
(nonsemisimple) Hopf algebras

non-semisimple generalization

Goal: Construct Kuperberg-type 4-manifold invariants.
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Algebraic Input: Hopf Triplets

H(M, i, Δ, ϵ, S)Hopf algebra                           (finite dimensional over )ℂ

M : H ⌦H ! H
<latexit sha1_base64="gajeCgVzPxeILV9fo8OJZvFQbiQ=">AAACLXicbZC7SgNBFIbPek3iLWqpxWAQbAy7NopV0CaNEMFcIAlxdjJJhszuLDNnlRjS+Ba+gZ3ou1gIYus7WDm5FCbxwMDHf87hP/P7kRQGXffDWVhcWl5ZTSRTa+sbm1vp7Z2SUbFmvMiUVLriU8OlCHkRBUpeiTSngS952e9eDvvlO66NUOEN9iJeD2g7FC3BKFqpkd6/Oid5UlMoAm6GpEW7g1RrdU/yjXTGzbqjIvPgTSCTS0ZPtwBQaKR/ak3F4oCHyCQ1puq5Edb7VKNgkg9StdjwiLIubfOqxZBa03p/9IsBObRKk7SUti9EMlL/bvRpYEwv8O1kQLFjZntD8b9eNcbWWb0vwihGHrKxUSuWBBUZRkKaQnOGsmeBMi3srYR1qKYMbXCpKRsU3YfBnHLMmoOUDcubjWYeSidZz/K1Te0CxpWAPTiAI/DgFHKQhwIUgcEjPMMrvDkvzrvz6XyNRxecyc4uTJXz/QsYEali</latexit><latexit sha1_base64="ec9+54MrVy+9nx16+t+jgFReH6A="></latexit><latexit sha1_base64="ec9+54MrVy+9nx16+t+jgFReH6A="></latexit><latexit sha1_base64="9sEQ+OQJSORACHdUNq/tpMrQOng=">AAACLXicbZC7SgNBFIZn4y3GW9RSi8Eg2Bh2bRSroE0aIYK5QLKE2dnZZMjszjJzVolLGp/GTvRdLASx9R2snE1SmMQDAx//OYf/zO/Fgmuw7Q8rt7S8srqWXy9sbG5t7xR39xpaJoqyOpVCqpZHNBM8YnXgIFgrVoyEnmBNb3Cd9Zv3TGkuozsYxswNSS/iAacEjNQtHt5c4iruSOAh0xkp3usDUUo+4Gq3WLLL9rjwIjhTKKFp1brFn44vaRKyCKggWrcdOwY3JQo4FWxU6CSaxYQOSI+1DUbEmLrp+BcjfGwUHwdSmRcBHqt/N1ISaj0MPTMZEujr+V4m/tdrJxBcuCmP4gRYRCdGQSIwSJxFgn2uGAUxNECo4uZWTPtEEQomuMKMDfDB42hBOaX+qGDCcuajWYTGWdkxfGuXKlfT2PLoAB2hE+Sgc1RBVVRDdUTRE3pGr+jNerHerU/razKas6Y7+2imrO9filCnsA==</latexit>

� : H ! H ⌦H
<latexit sha1_base64="L0dR929IuR5lStQeZCFjS95fPfk=">AAACNnicbZDLTgIxFIY7XhFvoy7dNAKJG8kMG40roi5YYiKXhCGkUwo0dKaT9owGJzyBT+PO6JO4cWfcunZlB1gIeJImX/9zTv729yPBNTjOu7Wyura+sZnZym7v7O7t2weHdS1jRVmNSiFV0yeaCR6yGnAQrBkpRgJfsIY/vE77jXumNJfhHYwi1g5IP+Q9TgkYqWMX8ti7YQLIJa5gT/H+AIhS8iG9SeAB04byHTvnFJ1J4WVwZ5BDs6p27B+vK2kcsBCoIFq3XCeCdkIUcCrYOOvFmkWEDkmftQyGxBi1k8l3xrhglC7uSWVOCHii/t1ISKD1KPDNZEBgoBd7qfhfrxVD76Kd8DCKgYV0atSLBQaJ02xwlytGQYwMEKq4eSumA6IIBZNgds4G+PBxvKSc0e44a8JyF6NZhnqp6Bq+LeXKV7PYMugYnaBT5KJzVEYVVEU1RNETekav6M16sT6sT+trOrpizXaO0FxZ379qQaqN</latexit><latexit sha1_base64="L0dR929IuR5lStQeZCFjS95fPfk=">AAACNnicbZDLTgIxFIY7XhFvoy7dNAKJG8kMG40roi5YYiKXhCGkUwo0dKaT9owGJzyBT+PO6JO4cWfcunZlB1gIeJImX/9zTv729yPBNTjOu7Wyura+sZnZym7v7O7t2weHdS1jRVmNSiFV0yeaCR6yGnAQrBkpRgJfsIY/vE77jXumNJfhHYwi1g5IP+Q9TgkYqWMX8ti7YQLIJa5gT/H+AIhS8iG9SeAB04byHTvnFJ1J4WVwZ5BDs6p27B+vK2kcsBCoIFq3XCeCdkIUcCrYOOvFmkWEDkmftQyGxBi1k8l3xrhglC7uSWVOCHii/t1ISKD1KPDNZEBgoBd7qfhfrxVD76Kd8DCKgYV0atSLBQaJ02xwlytGQYwMEKq4eSumA6IIBZNgds4G+PBxvKSc0e44a8JyF6NZhnqp6Bq+LeXKV7PYMugYnaBT5KJzVEYVVEU1RNETekav6M16sT6sT+trOrpizXaO0FxZ379qQaqN</latexit><latexit sha1_base64="L0dR929IuR5lStQeZCFjS95fPfk=">AAACNnicbZDLTgIxFIY7XhFvoy7dNAKJG8kMG40roi5YYiKXhCGkUwo0dKaT9owGJzyBT+PO6JO4cWfcunZlB1gIeJImX/9zTv729yPBNTjOu7Wyura+sZnZym7v7O7t2weHdS1jRVmNSiFV0yeaCR6yGnAQrBkpRgJfsIY/vE77jXumNJfhHYwi1g5IP+Q9TgkYqWMX8ti7YQLIJa5gT/H+AIhS8iG9SeAB04byHTvnFJ1J4WVwZ5BDs6p27B+vK2kcsBCoIFq3XCeCdkIUcCrYOOvFmkWEDkmftQyGxBi1k8l3xrhglC7uSWVOCHii/t1ISKD1KPDNZEBgoBd7qfhfrxVD76Kd8DCKgYV0atSLBQaJ02xwlytGQYwMEKq4eSumA6IIBZNgds4G+PBxvKSc0e44a8JyF6NZhnqp6Bq+LeXKV7PYMugYnaBT5KJzVEYVVEU1RNETekav6M16sT6sT+trOrpizXaO0FxZ379qQaqN</latexit><latexit sha1_base64="L0dR929IuR5lStQeZCFjS95fPfk=">AAACNnicbZDLTgIxFIY7XhFvoy7dNAKJG8kMG40roi5YYiKXhCGkUwo0dKaT9owGJzyBT+PO6JO4cWfcunZlB1gIeJImX/9zTv729yPBNTjOu7Wyura+sZnZym7v7O7t2weHdS1jRVmNSiFV0yeaCR6yGnAQrBkpRgJfsIY/vE77jXumNJfhHYwi1g5IP+Q9TgkYqWMX8ti7YQLIJa5gT/H+AIhS8iG9SeAB04byHTvnFJ1J4WVwZ5BDs6p27B+vK2kcsBCoIFq3XCeCdkIUcCrYOOvFmkWEDkmftQyGxBi1k8l3xrhglC7uSWVOCHii/t1ISKD1KPDNZEBgoBd7qfhfrxVD76Kd8DCKgYV0atSLBQaJ02xwlytGQYwMEKq4eSumA6IIBZNgds4G+PBxvKSc0e44a8JyF6NZhnqp6Bq+LeXKV7PYMugYnaBT5KJzVEYVVEU1RNETekav6M16sT6sT+trOrpizXaO0FxZ379qQaqN</latexit>

S : H ! H
<latexit sha1_base64="iOY42MtMtxCDH7PyM+Ix2B6rJ5c=">AAACJ3icbZDLTgIxFIY7XnG8oSZu3DSCiRvJDBuNK6IblhjlksCEdEqBhs500p7R4MjLuDP6Lu6MLn0NVxaYhYB/0uTrf87JOfn9SHANjvNlLS2vrK6tZzbsza3tnd3s3n5Ny1hRVqVSSNXwiWaCh6wKHARrRIqRwBes7g+ux/X6PVOay/AOhhHzAtILeZdTAsZqZw/z+PYSl3FL8V4fiFLywfzy7WzOKTgT4UVwU8ihVJV29qfVkTQOWAhUEK2brhOBlxAFnAo2sluxZhGhA9JjTYMhCZj2ksn9I3xinA7uSmVeCHji/p1ISKD1MPBNZ0Cgr+drY/O/WjOG7oWX8DCKgYV0uqgbCwwSj8PAHa4YBTE0QKji5lZM+0QRCiYye2YN8MHjaME5o52RbcJy56NZhFqx4Bq+KeZKV2lsGXSEjtEpctE5KqEyqqAqougJPaNX9Ga9WO/Wh/U5bV2y0pkDNCPr+xeZEaSP</latexit><latexit sha1_base64="iOY42MtMtxCDH7PyM+Ix2B6rJ5c=">AAACJ3icbZDLTgIxFIY7XnG8oSZu3DSCiRvJDBuNK6IblhjlksCEdEqBhs500p7R4MjLuDP6Lu6MLn0NVxaYhYB/0uTrf87JOfn9SHANjvNlLS2vrK6tZzbsza3tnd3s3n5Ny1hRVqVSSNXwiWaCh6wKHARrRIqRwBes7g+ux/X6PVOay/AOhhHzAtILeZdTAsZqZw/z+PYSl3FL8V4fiFLywfzy7WzOKTgT4UVwU8ihVJV29qfVkTQOWAhUEK2brhOBlxAFnAo2sluxZhGhA9JjTYMhCZj2ksn9I3xinA7uSmVeCHji/p1ISKD1MPBNZ0Cgr+drY/O/WjOG7oWX8DCKgYV0uqgbCwwSj8PAHa4YBTE0QKji5lZM+0QRCiYye2YN8MHjaME5o52RbcJy56NZhFqx4Bq+KeZKV2lsGXSEjtEpctE5KqEyqqAqougJPaNX9Ga9WO/Wh/U5bV2y0pkDNCPr+xeZEaSP</latexit><latexit sha1_base64="iOY42MtMtxCDH7PyM+Ix2B6rJ5c=">AAACJ3icbZDLTgIxFIY7XnG8oSZu3DSCiRvJDBuNK6IblhjlksCEdEqBhs500p7R4MjLuDP6Lu6MLn0NVxaYhYB/0uTrf87JOfn9SHANjvNlLS2vrK6tZzbsza3tnd3s3n5Ny1hRVqVSSNXwiWaCh6wKHARrRIqRwBes7g+ux/X6PVOay/AOhhHzAtILeZdTAsZqZw/z+PYSl3FL8V4fiFLywfzy7WzOKTgT4UVwU8ihVJV29qfVkTQOWAhUEK2brhOBlxAFnAo2sluxZhGhA9JjTYMhCZj2ksn9I3xinA7uSmVeCHji/p1ISKD1MPBNZ0Cgr+drY/O/WjOG7oWX8DCKgYV0uqgbCwwSj8PAHa4YBTE0QKji5lZM+0QRCiYye2YN8MHjaME5o52RbcJy56NZhFqx4Bq+KeZKV2lsGXSEjtEpctE5KqEyqqAqougJPaNX9Ga9WO/Wh/U5bV2y0pkDNCPr+xeZEaSP</latexit><latexit sha1_base64="iOY42MtMtxCDH7PyM+Ix2B6rJ5c=">AAACJ3icbZDLTgIxFIY7XnG8oSZu3DSCiRvJDBuNK6IblhjlksCEdEqBhs500p7R4MjLuDP6Lu6MLn0NVxaYhYB/0uTrf87JOfn9SHANjvNlLS2vrK6tZzbsza3tnd3s3n5Ny1hRVqVSSNXwiWaCh6wKHARrRIqRwBes7g+ux/X6PVOay/AOhhHzAtILeZdTAsZqZw/z+PYSl3FL8V4fiFLywfzy7WzOKTgT4UVwU8ihVJV29qfVkTQOWAhUEK2brhOBlxAFnAo2sluxZhGhA9JjTYMhCZj2ksn9I3xinA7uSmVeCHji/p1ISKD1MPBNZ0Cgr+drY/O/WjOG7oWX8DCKgYV0uqgbCwwSj8PAHa4YBTE0QKji5lZM+0QRCiYye2YN8MHjaME5o52RbcJy56NZhFqx4Bq+KeZKV2lsGXSEjtEpctE5KqEyqqAqougJPaNX9Ga9WO/Wh/U5bV2y0pkDNCPr+xeZEaSP</latexit>

✏ : H ! C
<latexit sha1_base64="QJN96/Ta9+Pq9P3zJTwYSwU+8Wc=">AAACN3icbZC7TsMwFIYdriXcAowsFgXEAkpYQEyILh2LRC9SU1WO67ZWHTuyT0AlyhvwNGwIXoSJDbGyMuFeBqD8kqVP/zlH5/iPEsEN+P6rMze/sLi0XFhxV9fWNza9re2aUammrEqVULoREcMEl6wKHARrJJqROBKsHg1Ko3r9lmnDlbyBYcJaMelJ3uWUgLXa3uE+DlliuFDyApdxqHmvD0RrdYfDmEA/irJSjvfbXtE/8cfCsxBMoYimqrS9r7CjaBozCVQQY5qBn0ArIxo4FSx3w9SwhNAB6bGmRUliZlrZ+D85PrBOB3eVtk8CHrs/JzISGzOMI9s5utH8rY3M/2rNFLrnrYzLJAUm6WRRNxUYFB6FgztcMwpiaIFQze2tmPaJJhRshO6vNcAH9/mMc0w7uWvDCv5GMwu105PA8vVp8fJqGlsB7aI9dIQCdIYuURlVUBVR9IAe0TN6cZ6cN+fd+Zi0zjnTmR30S87nN+stq+8=</latexit><latexit sha1_base64="QJN96/Ta9+Pq9P3zJTwYSwU+8Wc=">AAACN3icbZC7TsMwFIYdriXcAowsFgXEAkpYQEyILh2LRC9SU1WO67ZWHTuyT0AlyhvwNGwIXoSJDbGyMuFeBqD8kqVP/zlH5/iPEsEN+P6rMze/sLi0XFhxV9fWNza9re2aUammrEqVULoREcMEl6wKHARrJJqROBKsHg1Ko3r9lmnDlbyBYcJaMelJ3uWUgLXa3uE+DlliuFDyApdxqHmvD0RrdYfDmEA/irJSjvfbXtE/8cfCsxBMoYimqrS9r7CjaBozCVQQY5qBn0ArIxo4FSx3w9SwhNAB6bGmRUliZlrZ+D85PrBOB3eVtk8CHrs/JzISGzOMI9s5utH8rY3M/2rNFLrnrYzLJAUm6WRRNxUYFB6FgztcMwpiaIFQze2tmPaJJhRshO6vNcAH9/mMc0w7uWvDCv5GMwu105PA8vVp8fJqGlsB7aI9dIQCdIYuURlVUBVR9IAe0TN6cZ6cN+fd+Zi0zjnTmR30S87nN+stq+8=</latexit><latexit sha1_base64="QJN96/Ta9+Pq9P3zJTwYSwU+8Wc=">AAACN3icbZC7TsMwFIYdriXcAowsFgXEAkpYQEyILh2LRC9SU1WO67ZWHTuyT0AlyhvwNGwIXoSJDbGyMuFeBqD8kqVP/zlH5/iPEsEN+P6rMze/sLi0XFhxV9fWNza9re2aUammrEqVULoREcMEl6wKHARrJJqROBKsHg1Ko3r9lmnDlbyBYcJaMelJ3uWUgLXa3uE+DlliuFDyApdxqHmvD0RrdYfDmEA/irJSjvfbXtE/8cfCsxBMoYimqrS9r7CjaBozCVQQY5qBn0ArIxo4FSx3w9SwhNAB6bGmRUliZlrZ+D85PrBOB3eVtk8CHrs/JzISGzOMI9s5utH8rY3M/2rNFLrnrYzLJAUm6WRRNxUYFB6FgztcMwpiaIFQze2tmPaJJhRshO6vNcAH9/mMc0w7uWvDCv5GMwu105PA8vVp8fJqGlsB7aI9dIQCdIYuURlVUBVR9IAe0TN6cZ6cN+fd+Zi0zjnTmR30S87nN+stq+8=</latexit><latexit sha1_base64="QJN96/Ta9+Pq9P3zJTwYSwU+8Wc=">AAACN3icbZC7TsMwFIYdriXcAowsFgXEAkpYQEyILh2LRC9SU1WO67ZWHTuyT0AlyhvwNGwIXoSJDbGyMuFeBqD8kqVP/zlH5/iPEsEN+P6rMze/sLi0XFhxV9fWNza9re2aUammrEqVULoREcMEl6wKHARrJJqROBKsHg1Ko3r9lmnDlbyBYcJaMelJ3uWUgLXa3uE+DlliuFDyApdxqHmvD0RrdYfDmEA/irJSjvfbXtE/8cfCsxBMoYimqrS9r7CjaBozCVQQY5qBn0ArIxo4FSx3w9SwhNAB6bGmRUliZlrZ+D85PrBOB3eVtk8CHrs/JzISGzOMI9s5utH8rY3M/2rNFLrnrYzLJAUm6WRRNxUYFB6FgztcMwpiaIFQze2tmPaJJhRshO6vNcAH9/mMc0w7uWvDCv5GMwu105PA8vVp8fJqGlsB7aI9dIQCdIYuURlVUBVR9IAe0TN6cZ6cN+fd+Zi0zjnTmR30S87nN+stq+8=</latexit>

i : C ! H
<latexit sha1_base64="TeCtNlLeIUzhdSlEAWBrjBrWEXc="></latexit>

Tensor diagram representationsHopf Algebras H(M, i ,�, ✏, S)

i ✏ x y

SM �

Tensors can be composed (contracted):

General �, M tensors:

(�⌦ id⌦(n�2)) � · · · � (�⌦ id) �� M � (M ⌦ id) � · · · � (M ⌦ id⌦(n�2))

6

Hopf Algebras H(M, i ,�, ✏, S)

i ✏ x y

SM �

Tensors can be composed (contracted):

General �, M tensors:

(�⌦ id⌦(n�2)) � · · · � (�⌦ id) �� M � (M ⌦ id) � · · · � (M ⌦ id⌦(n�2))

6

Hopf Algebras H(M, i ,�, ✏, S)

i ✏ x y

SM �

Tensors can be composed (contracted):

General �, M tensors:

(�⌦ id⌦(n�2)) � · · · � (�⌦ id) �� M � (M ⌦ id) � · · · � (M ⌦ id⌦(n�2))

6

Hopf Algebras H(M, i ,�, ✏, S)

i ✏ x y

SM �

Tensors can be composed (contracted):

General �, M tensors:

(�⌦ id⌦(n�2)) � · · · � (�⌦ id) �� M � (M ⌦ id) � · · · � (M ⌦ id⌦(n�2))

6

i �!
<latexit sha1_base64="gdf1DrkGi2gdBDlLoC/p8Vc3+bI=">AAAB/HicbVBNSwMxEJ2tX7V+rfboJVgET2W3CnosevFYwX5Au5Rsmm1Ds8mSZJWl1L/ixYMiXv0h3vw3pu0etPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/YP3MOjlpapIrRJJJeqE2JNORO0aZjhtJMoiuOQ03Y4vpn57QeqNJPi3mQJDWI8FCxiBBsr9d0y6yHU41IMFRuODFZKPvbdilf15kCrxM9JBXI0+u5XbyBJGlNhCMdad30vMcEEK8MIp9NSL9U0wWSMh7RrqcAx1cFkfvwUnVplgCKpbAmD5urviQmOtc7i0HbG2Iz0sjcT//O6qYmuggkTSWqoIItFUcqRkWiWBBowRYnhmSWYKGZvRWSEFSbG5lWyIfjLL6+SVq3qn1drdxeV+nUeRxGO4QTOwIdLqMMtNKAJBDJ4hld4c56cF+fd+Vi0Fpx8pgx/4Hz+AKUelMc=</latexit>

Iterated    tensors:M, Δ

Hopf Algebras H(M, i ,�, ✏, S)

i ✏ x y

SM �

Tensors can be composed (contracted):

M � =

�

�

M

M

General �, M tensors:

�

1

2

n
···

M

1

2

n
···

(�⌦ id⌦(n�2)) � · · · � (�⌦ id) �� M � (M ⌦ id) � · · · � (M ⌦ id⌦(n�2))

6

Hopf Algebras H(M, i ,�, ✏, S)

i ✏ x y

SM �

Tensors can be composed (contracted):

M � =

�

�

M

M

General �, M tensors:

�

1

2

n
···

M

1

2

n
···

(�⌦ id⌦(n�2)) � · · · � (�⌦ id) �� M � (M ⌦ id) � · · · � (M ⌦ id⌦(n�2))

6

M(M ⌦ I) · · · (M ⌦ I⌦(n�2))
<latexit sha1_base64="EtoDxwgpzWYwcFWkE5S07teZZQo="></latexit><latexit sha1_base64="EtoDxwgpzWYwcFWkE5S07teZZQo="></latexit><latexit sha1_base64="EtoDxwgpzWYwcFWkE5S07teZZQo="></latexit><latexit sha1_base64="EtoDxwgpzWYwcFWkE5S07teZZQo="></latexit>

(�⌦ I⌦(n�2)) · · · (�⌦ I)�
<latexit sha1_base64="KQ+Mq3xagsyKiPk4NGramgz0Oyw="></latexit><latexit sha1_base64="KQ+Mq3xagsyKiPk4NGramgz0Oyw="></latexit><latexit sha1_base64="KQ+Mq3xagsyKiPk4NGramgz0Oyw="></latexit><latexit sha1_base64="KQ+Mq3xagsyKiPk4NGramgz0Oyw="></latexit>

H

H
H
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A Hopf triplet                                     consists of
three Hopf algebras
three pairings                                                                           

H↵, H� , H�
<latexit sha1_base64="Tg3VhMt95mrz+cCLpySvkcKt9h4=">AAACLXicbZC7TgJBFIZn8YZ4Qy212AgmFmp2abQk2lBiIpcECDk7DDBhZnczc9YENzQ+jZ3Rd7EwMba+g5WzC4WAJ5nMl/8/J2fm90LBNTrOh5VZWV1b38hu5ra2d3b38vsHdR1EirIaDUSgmh5oJrjPashRsGaoGEhPsIY3uk38xgNTmgf+PY5D1pEw8HmfU0AjdfPHxUq3DSIcwrkBj2F6D0BKKOa6+YJz6aRlL4M7gwKZVbWb/2n3AhpJ5iMVoHXLdULsxKCQU8EmuXakWQh0BAPWMuiDZLoTp7+Y2KdG6dn9QJnjo52qfydikFqPpWc6JeBQL3qJ+J/XirB/3Ym5H0bIfDpd1I+EjYGdRGL3uGIUxdgAUMXNW206BAUUTXC5uTXIR4+TJeWC9iZJWO5iNMtQL126hu9KhfLNLLYsOSIn5Iy45IqUSYVUSY1Q8kSeySt5s16sd+vT+pq2ZqzZzCGZK+v7FzLDp3k=</latexit><latexit sha1_base64="Tg3VhMt95mrz+cCLpySvkcKt9h4=">AAACLXicbZC7TgJBFIZn8YZ4Qy212AgmFmp2abQk2lBiIpcECDk7DDBhZnczc9YENzQ+jZ3Rd7EwMba+g5WzC4WAJ5nMl/8/J2fm90LBNTrOh5VZWV1b38hu5ra2d3b38vsHdR1EirIaDUSgmh5oJrjPashRsGaoGEhPsIY3uk38xgNTmgf+PY5D1pEw8HmfU0AjdfPHxUq3DSIcwrkBj2F6D0BKKOa6+YJz6aRlL4M7gwKZVbWb/2n3AhpJ5iMVoHXLdULsxKCQU8EmuXakWQh0BAPWMuiDZLoTp7+Y2KdG6dn9QJnjo52qfydikFqPpWc6JeBQL3qJ+J/XirB/3Ym5H0bIfDpd1I+EjYGdRGL3uGIUxdgAUMXNW206BAUUTXC5uTXIR4+TJeWC9iZJWO5iNMtQL126hu9KhfLNLLYsOSIn5Iy45IqUSYVUSY1Q8kSeySt5s16sd+vT+pq2ZqzZzCGZK+v7FzLDp3k=</latexit><latexit sha1_base64="Tg3VhMt95mrz+cCLpySvkcKt9h4=">AAACLXicbZC7TgJBFIZn8YZ4Qy212AgmFmp2abQk2lBiIpcECDk7DDBhZnczc9YENzQ+jZ3Rd7EwMba+g5WzC4WAJ5nMl/8/J2fm90LBNTrOh5VZWV1b38hu5ra2d3b38vsHdR1EirIaDUSgmh5oJrjPashRsGaoGEhPsIY3uk38xgNTmgf+PY5D1pEw8HmfU0AjdfPHxUq3DSIcwrkBj2F6D0BKKOa6+YJz6aRlL4M7gwKZVbWb/2n3AhpJ5iMVoHXLdULsxKCQU8EmuXakWQh0BAPWMuiDZLoTp7+Y2KdG6dn9QJnjo52qfydikFqPpWc6JeBQL3qJ+J/XirB/3Ym5H0bIfDpd1I+EjYGdRGL3uGIUxdgAUMXNW206BAUUTXC5uTXIR4+TJeWC9iZJWO5iNMtQL126hu9KhfLNLLYsOSIn5Iy45IqUSYVUSY1Q8kSeySt5s16sd+vT+pq2ZqzZzCGZK+v7FzLDp3k=</latexit><latexit sha1_base64="Tg3VhMt95mrz+cCLpySvkcKt9h4=">AAACLXicbZC7TgJBFIZn8YZ4Qy212AgmFmp2abQk2lBiIpcECDk7DDBhZnczc9YENzQ+jZ3Rd7EwMba+g5WzC4WAJ5nMl/8/J2fm90LBNTrOh5VZWV1b38hu5ra2d3b38vsHdR1EirIaDUSgmh5oJrjPashRsGaoGEhPsIY3uk38xgNTmgf+PY5D1pEw8HmfU0AjdfPHxUq3DSIcwrkBj2F6D0BKKOa6+YJz6aRlL4M7gwKZVbWb/2n3AhpJ5iMVoHXLdULsxKCQU8EmuXakWQh0BAPWMuiDZLoTp7+Y2KdG6dn9QJnjo52qfydikFqPpWc6JeBQL3qJ+J/XirB/3Ym5H0bIfDpd1I+EjYGdRGL3uGIUxdgAUMXNW206BAUUTXC5uTXIR4+TJeWC9iZJWO5iNMtQL126hu9KhfLNLLYsOSIn5Iy45IqUSYVUSY1Q8kSeySt5s16sd+vT+pq2ZqzZzCGZK+v7FzLDp3k=</latexit>

H = (H↵, H� , H� ; h�i)
<latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit><latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit><latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit><latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit>

Definition:

µ⌫ 2 {↵�,��, �↵}
<latexit sha1_base64="TD5WeGRC37btwwN9UOVSpWQnHss="></latexit><latexit sha1_base64="TD5WeGRC37btwwN9UOVSpWQnHss="></latexit><latexit sha1_base64="TD5WeGRC37btwwN9UOVSpWQnHss="></latexit><latexit sha1_base64="TD5WeGRC37btwwN9UOVSpWQnHss="></latexit>

h·, ·i⌫µ : Hµ ! H
⇤,cop
⌫

<latexit sha1_base64="aXb+GSTTed6dT94piPrv5N1+W3Y="></latexit><latexit sha1_base64="xyMKj0Qnea7tAze5FlDQm9jRFV4="></latexit><latexit sha1_base64="xyMKj0Qnea7tAze5FlDQm9jRFV4="></latexit><latexit sha1_base64="Y3hSC4T8frQCEWee2CVLeBnFT7Q="></latexit>

1. For                             , the induced map                                is a Hopf 
algebra morphism, and preserves the distinguished group-like element;                                   

2.

M↵ �↵

⟨ − ⟩αβ : Hα ⊗ Hβ → ℂ ⟨ − ⟩βγ : Hβ ⊗ Hγ → ℂ ⟨ − ⟩γα : Hγ ⊗ Hα → ℂ

tensor notation:

such that
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• A Hopf algebra H is balanced if 
Definition:

the distinguished group-like element

is involutory if S2 = Id

involutory balancedsemisimple
⟹⟺

• A Hopf triplet is balanced/involutory if its Hopf algebras are so. 

H↵

H� H�

h�i↵�

h�i��

h�i�↵
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Examples of Hopf triplets
• Let             be a quasi-triangular Hopf algebra (H,R)

<latexit sha1_base64="OHz5Noa9bEq09iZAG7LCn3sWGXs=">AAACFHicbZC7TgJBFIbP4g3XG2ppM4GYYFSya6Ml0YYSjQsksCGzs7MwYfaSmVkTJPsMdkY7H8TO2Nr7KlYOl0LAP5nky3/OyTnzewlnUlnWt5FbWV1b38hvmlvbO7t7hf2DhoxTQahDYh6Llocl5SyijmKK01YiKA49Tpve4GZcbz5QIVkc3athQt0Q9yIWMIKVtpxy7ezupFsoWRVrIrQM9gxK1WLn9A0A6t3CT8ePSRrSSBGOpWzbVqLcERaKEU4zs5NKmmAywD3a1hjhkEp3NDk2Q8fa8VEQC/0ihSbu34kRDqUchp7uDLHqy8Xa2Pyv1k5VcOWOWJSkikZkuihIOVIxGv8c+UxQovhQAyaC6VsR6WOBidL5mHNrFBs8ZkvOOfEzU4dlL0azDI2Liq351i5Vr2GqPBxBEcpgwyVUoQZ1cIAAgyd4gVfj2Xg3PozPaWvOmM0cwpyMr19hH5+p</latexit><latexit sha1_base64="xXCKmTNVYJPs0xPOZPRRw42VI8Y=">AAACFHicbZC9TsMwFIWd8lfCX4GRxWqFVARUCQuMESwdCyJtpTaqHMdtrTpOZDtIIcozsCAE78KGWNn7Kky4LQNtOZKlT+feq3t9/JhRqSxrbBRWVtfWN4qb5tb2zu5eaf+gKaNEYOLiiEWi7SNJGOXEVVQx0o4FQaHPSMsf3UzqrQciJI34vUpj4oVowGmfYqS05VbrZ3cnvVLFqllTwWWwf6HilLunz2MnbfRK390gwklIuMIMSdmxrVh5GRKKYkZys5tIEiM8QgPS0chRSKSXTY/N4bF2AtiPhH5cwan7dyJDoZRp6OvOEKmhXKxNzP9qnUT1r7yM8jhRhOPZon7CoIrg5OcwoIJgxVINCAuqb4V4iATCSudjzq1RdPSYLznnOMhNHZa9GM0yNC9qtuZbu+Jcg5mK4AiUQRXY4BI4oA4awAUYUPAEXsGb8WK8Gx/G56y1YPzOHII5GV8/p3mhLw==</latexit><latexit sha1_base64="xXCKmTNVYJPs0xPOZPRRw42VI8Y=">AAACFHicbZC9TsMwFIWd8lfCX4GRxWqFVARUCQuMESwdCyJtpTaqHMdtrTpOZDtIIcozsCAE78KGWNn7Kky4LQNtOZKlT+feq3t9/JhRqSxrbBRWVtfWN4qb5tb2zu5eaf+gKaNEYOLiiEWi7SNJGOXEVVQx0o4FQaHPSMsf3UzqrQciJI34vUpj4oVowGmfYqS05VbrZ3cnvVLFqllTwWWwf6HilLunz2MnbfRK390gwklIuMIMSdmxrVh5GRKKYkZys5tIEiM8QgPS0chRSKSXTY/N4bF2AtiPhH5cwan7dyJDoZRp6OvOEKmhXKxNzP9qnUT1r7yM8jhRhOPZon7CoIrg5OcwoIJgxVINCAuqb4V4iATCSudjzq1RdPSYLznnOMhNHZa9GM0yNC9qtuZbu+Jcg5mK4AiUQRXY4BI4oA4awAUYUPAEXsGb8WK8Gx/G56y1YPzOHII5GV8/p3mhLw==</latexit><latexit sha1_base64="/t+T7R0yG/zSaEp+Xa6nJoutVBg=">AAACFHicbZDNSsNAFIUn/tb4V3XpJliECloSN7osuumyimkLbSiTyaQdOpmEmRuhhjyDO9F3cSdu3fsqrpy2WdjWAwMf597LvXP8hDMFtv1trKyurW9slrbM7Z3dvf3ywWFLxakk1CUxj2XHx4pyJqgLDDjtJJLiyOe07Y9uJ/X2I5WKxeIBxgn1IjwQLGQEg7bcauP8/qxfrtg1eyprGZwCKqhQs1/+6QUxSSMqgHCsVNexE/AyLIERTnOzlyqaYDLCA9rVKHBElZdNj82tU+0EVhhL/QRYU/fvRIYjpcaRrzsjDEO1WJuY/9W6KYTXXsZEkgIVZLYoTLkFsTX5uRUwSQnwsQZMJNO3WmSIJSag8zHn1gAbPeVLzgUJclOH5SxGswyty5qj+c6p1G+K2EroGJ2gKnLQFaqjBmoiFxHE0DN6RW/Gi/FufBifs9YVo5g5QnMyvn4BETieIA==</latexit>

2 H ⌦H
<latexit sha1_base64="jhyOuXefwMfSjv6fq3qY2QxEGLA=">AAACIHicbVDLSgNBEOz1mcRHVj16GQyCF8OuFz0GveQYwTwgCXF2MkmGzM4uM71CDPsh4k30X7yJR/0UT04eB5NY0FBUdVNNBbEUBj3vy1lb39jc2s5kczu7e/t59+CwZqJEM15lkYx0I6CGS6F4FQVK3og1p2EgeT0Y3kz8+gPXRkTqDkcxb4e0r0RPMIpW6rj5llCkTFoRipAbUu64Ba/oTUFWiT8nhVI2froHgErH/Wl1I5aEXCGT1Jim78XYHlONgkme5lqJ4TFlQ9rnTUsVtTHt8fTxlJxapUt6kbajkEzVvxdjGhozCgO7GVIcmGVvIv7nNRPsXbXHQsUJcsVmQb1EEozIpAXSFZozlCNLKNPC/krYgGrK0HaVW4hBMXxMV5Rz1k1ztix/uZpVUrso+pbf+oXSNcyQgWM4gTPw4RJKUIYKVIFBAs/wCm/Oi/PufDifs9U1Z35zBAtwvn8BVLakYA==</latexit><latexit sha1_base64="GUE9pLoVJo7tsMl4Ic2+GI2rLE8=">AAACIHicbVC7SgNBFJ2Nr2R9JGppMxgEG8OujZZBm5QRzAOzIczOTpIhs7PLzF0xhv0QsROt/Q07sdRPsdHJozCJBy4czrmXczl+LLgGx/m0Miura+sb2Zy9ubW9ky/s7tV1lCjKajQSkWr6RDPBJasBB8GasWIk9AVr+IPLsd+4ZUrzSF7DMGbtkPQk73JKwEidQt7jElewFwEPmcaVTqHolJwJ8DJxZ6RYzsUPN693P9VO4dsLIpqETAIVROuW68TQHhEFnAqW2l6iWUzogPRYy1BJTEx7NHk8xUdGCXA3UmYk4In692JEQq2HoW82QwJ9veiNxf+8VgLd8/aIyzgBJuk0qJsIDBEet4ADrhgFMTSEUMXNr5j2iSIUTFf2XAzwwX26pJzQILVNWe5iNcukflpyDb9yi+ULNEUWHaBDdIxcdIbKqIKqqIYoStAjekYv1pP1Zr1bH9PVjDW72UdzsL5+AYBHpoA=</latexit><latexit sha1_base64="GUE9pLoVJo7tsMl4Ic2+GI2rLE8=">AAACIHicbVC7SgNBFJ2Nr2R9JGppMxgEG8OujZZBm5QRzAOzIczOTpIhs7PLzF0xhv0QsROt/Q07sdRPsdHJozCJBy4czrmXczl+LLgGx/m0Miura+sb2Zy9ubW9ky/s7tV1lCjKajQSkWr6RDPBJasBB8GasWIk9AVr+IPLsd+4ZUrzSF7DMGbtkPQk73JKwEidQt7jElewFwEPmcaVTqHolJwJ8DJxZ6RYzsUPN693P9VO4dsLIpqETAIVROuW68TQHhEFnAqW2l6iWUzogPRYy1BJTEx7NHk8xUdGCXA3UmYk4In692JEQq2HoW82QwJ9veiNxf+8VgLd8/aIyzgBJuk0qJsIDBEet4ADrhgFMTSEUMXNr5j2iSIUTFf2XAzwwX26pJzQILVNWe5iNcukflpyDb9yi+ULNEUWHaBDdIxcdIbKqIKqqIYoStAjekYv1pP1Zr1bH9PVjDW72UdzsL5+AYBHpoA=</latexit><latexit sha1_base64="5CdBCFY3LfQa8SKGRmb3XbZv6kY=">AAACIHicbVC7SgNBFJ2Nr7g+smppMxgEG8OujZZBm5QRzAOSEGYns8mQ2Zll5q4Ql3yJnei/2ImlfoqVk2QLk3jgwuGcezmXEyaCG/D9L6ewsbm1vVPcdff2Dw5L3tFx06hUU9agSijdDolhgkvWAA6CtRPNSBwK1grHdzO/9ci04Uo+wCRhvZgMJY84JWClvlfqcolruKuAx8zgWt8r+xV/DrxOgpyUUY563/vpDhRNYyaBCmJMJ/AT6GVEA6eCTd1ualhC6JgMWcdSSWxML5s/PsXnVhngSGk7EvBc/XuRkdiYSRzazZjAyKx6M/E/r5NCdNPLuExSYJIugqJUYFB41gIecM0oiIklhGpuf8V0RDShYLtyl2KAj5+ma8olHUxdW1awWs06aV5VAsvvg3L1Nq+tiE7RGbpAAbpGVVRDddRAFKXoGb2iN+fFeXc+nM/FasHJb07QEpzvX8b1oq4=</latexit>

such that the distinguished group-like element of H

ℋH = (H*, Hcop, H*; ⟨ − ⟩)Construct a Hopf triplet

H
cop

<latexit sha1_base64="lMdJW6Ikxv6QTvemKieasHscw1s=">AAACHXicbZDJSgNBEIZr4hbHLerRy2AQvBhmvOhFDHrJMYJZIBs9PZ2kSc9Cd40YhwEfw5vou4gX8Sq+iic7y8Ek/lDw8VcVVfxuJLhC2/42MkvLK6tr2XVzY3Nreye3u1dVYSwpq9BQhLLuEsUED1gFOQpWjyQjvitYzR1cj/q1OyYVD4NbHEas5ZNewLucEtRWu9ROmsjuMaFhlKadXN4u2GNZi+BMIX/5bl48AkC5k/tpeiGNfRYgFUSphmNH2EqIRE4FS81mrFhE6ID0WENjQHymWsn469Q60o5ndUOpK0Br7P7dSIiv1NB39aRPsK/meyPzv14jxu55K+FBFCML6ORQNxYWhtYoAsvjklEUQw2ESq5/tWifSEJRB2XOnEE+eEgXnBPqpaYOy5mPZhGqpwVH842TL17BRFk4gEM4BgfOoAglKEMFKEh4ghd4NZ6NN+PD+JyMZozpzj7MyPj6BWOKpSk=</latexit><latexit sha1_base64="3meJh5gIgstgMvSCHgiDsMokJH4=">AAACHXicbZDJSgNBEIZ7XOO4RT16aQyCF8OMF72IQS85RjALJJPQ09OTNOlZ6K4R4zDv4U3UZxEv4jX4Kp7sLAeT+EPBx19VVPG7seAKLOvbWFpeWV1bz22Ym1vbO7v5vf2aihJJWZVGIpINlygmeMiqwEGwRiwZCVzB6m7/ZtSv3zOpeBTewSBmTkC6Ifc5JaCtdrmdtoA9QEqjOMs6+YJVtMbCi2BPoXD1YV7Gb0Oz0sn/tLyIJgELgQqiVNO2YnBSIoFTwTKzlSgWE9onXdbUGJKAKScdf53hY+142I+krhDw2P27kZJAqUHg6smAQE/N90bmf71mAv6Fk/IwToCFdHLITwSGCI8iwB6XjIIYaCBUcv0rpj0iCQUdlDlzBnj/MVtwTqmXmTosez6aRaidFW3Nt3ahdI0myqFDdIROkI3OUQmVUQVVEUUSPaEX9Go8G+/Gp/E1GV0ypjsHaEbG8BePOaad</latexit><latexit sha1_base64="3meJh5gIgstgMvSCHgiDsMokJH4=">AAACHXicbZDJSgNBEIZ7XOO4RT16aQyCF8OMF72IQS85RjALJJPQ09OTNOlZ6K4R4zDv4U3UZxEv4jX4Kp7sLAeT+EPBx19VVPG7seAKLOvbWFpeWV1bz22Ym1vbO7v5vf2aihJJWZVGIpINlygmeMiqwEGwRiwZCVzB6m7/ZtSv3zOpeBTewSBmTkC6Ifc5JaCtdrmdtoA9QEqjOMs6+YJVtMbCi2BPoXD1YV7Gb0Oz0sn/tLyIJgELgQqiVNO2YnBSIoFTwTKzlSgWE9onXdbUGJKAKScdf53hY+142I+krhDw2P27kZJAqUHg6smAQE/N90bmf71mAv6Fk/IwToCFdHLITwSGCI8iwB6XjIIYaCBUcv0rpj0iCQUdlDlzBnj/MVtwTqmXmTosez6aRaidFW3Nt3ahdI0myqFDdIROkI3OUQmVUQVVEUUSPaEX9Go8G+/Gp/E1GV0ypjsHaEbG8BePOaad</latexit><latexit sha1_base64="9l97Ee9FB8eRSbxl6MxO5eILX5E=">AAACHXicbZDLSsNAFIYn9VbjrerSzWAR3FgSN7osuumygr1Ab0wmk3boZBJmTsQa8h7uRN/FnbgVX8WV0zYL2/rDgY//nMM5/F4suAbH+bYKa+sbm1vFbXtnd2//oHR41NRRoihr0EhEqu0RzQSXrAEcBGvHipHQE6zljW+n/dYDU5pH8h4mMeuFZCh5wCkBY/Vr/bQL7BFSGsVZNiiVnYozE14FN4cyylUflH66fkSTkEmggmjdcZ0YeilRwKlgmd1NNIsJHZMh6xiUJGS6l86+zvCZcXwcRMqUBDxz/26kJNR6EnpmMiQw0su9qflfr5NAcN1LuYwTYJLODwWJwBDhaQTY54pREBMDhCpufsV0RBShYIKyF84AHz9lK84F9TPbhOUuR7MKzcuKa/jOLVdv8tiK6ASdonPkoitURTVURw1EkULP6BW9WS/Wu/Vhfc5HC1a+c4wWZH39Aqw7o1w=</latexit>

H
⇤

<latexit sha1_base64="hny8ZpwNflHjeaDUCAuZpsoLBXc=">AAACEnicbZDLSsNAFIZP6q3GW9Wlm2ARRLAkbnQjFt10WdFeoI1lMpm0QyeTMDMRagj4Au5E38WduHDjC/gqrpxeFrb1h4GP/5zDOfN7MaNS2fa3kVtYXFpeya+aa+sbm1uF7Z26jBKBSQ1HLBJND0nCKCc1RRUjzVgQFHqMNLz+1bDeuCdC0ojfqkFM3BB1OQ0oRkpbN5W7o06haJfskax5cCZQvPg0zx8BoNop/LT9CCch4QozJGXLsWPlpkgoihnJzHYiSYxwH3VJSyNHIZFuOjo1sw6041tBJPTjyhq5fydSFEo5CD3dGSLVk7O1oflfrZWo4MxNKY8TRTgeLwoSZqnIGv7b8qkgWLGBBoQF1bdauIcEwkqnY06tUbT/kM05x9jPTB2WMxvNPNRPSo7ma6dYvoSx8rAH+3AIDpxCGSpQhRpg6MITvMCr8Wy8Ge/Gx7g1Z0xmdmFKxtcvBm6fkg==</latexit><latexit sha1_base64="I3gf+4Eo1eNo39En0EtqD/IrJQk=">AAACEnicbZDLSsNAFIZPvNZ4q7p0EyyCCJbEjW7EopsuK9oLtLFMJpN26GQSZiZCDXkEd6IP4Fu4Exdu3Iuv4srpZWFbfxj4+M85nDO/FzMqlW1/G3PzC4tLy7kVc3VtfWMzv7Vdk1EiMKniiEWi4SFJGOWkqqhipBELgkKPkbrXuxzU63dESBrxG9WPiRuiDqcBxUhp67p8e9jOF+yiPZQ1C84YCucf5ln88mVW2vmflh/hJCRcYYakbDp2rNwUCUUxI5nZSiSJEe6hDmlq5Cgk0k2Hp2bWvnZ8K4iEflxZQ/fvRIpCKfuhpztDpLpyujYw/6s1ExWcuinlcaIIx6NFQcIsFVmDf1s+FQQr1teAsKD6Vgt3kUBY6XTMiTWK9u6zGecI+5mpw3Kmo5mF2nHR0XzlFEoXMFIOdmEPDsCBEyhBGSpQBQwdeIAneDYejVfjzXgftc4Z45kdmJDx+QsyHaEG</latexit><latexit sha1_base64="I3gf+4Eo1eNo39En0EtqD/IrJQk=">AAACEnicbZDLSsNAFIZPvNZ4q7p0EyyCCJbEjW7EopsuK9oLtLFMJpN26GQSZiZCDXkEd6IP4Fu4Exdu3Iuv4srpZWFbfxj4+M85nDO/FzMqlW1/G3PzC4tLy7kVc3VtfWMzv7Vdk1EiMKniiEWi4SFJGOWkqqhipBELgkKPkbrXuxzU63dESBrxG9WPiRuiDqcBxUhp67p8e9jOF+yiPZQ1C84YCucf5ln88mVW2vmflh/hJCRcYYakbDp2rNwUCUUxI5nZSiSJEe6hDmlq5Cgk0k2Hp2bWvnZ8K4iEflxZQ/fvRIpCKfuhpztDpLpyujYw/6s1ExWcuinlcaIIx6NFQcIsFVmDf1s+FQQr1teAsKD6Vgt3kUBY6XTMiTWK9u6zGecI+5mpw3Kmo5mF2nHR0XzlFEoXMFIOdmEPDsCBEyhBGSpQBQwdeIAneDYejVfjzXgftc4Z45kdmJDx+QsyHaEG</latexit><latexit sha1_base64="5xPiHIF+2uXbhknCGfTorZHqP1Y=">AAACEnicbZDLSsNAFIYn9VbjrerSzWARRLAkbnRZdNNlRXuBNpbJZNIOnUzCzIlQSx7Bnei7uBO3voCv4sppm4Vt/WHg4z/ncM78fiK4Bsf5tgorq2vrG8VNe2t7Z3evtH/Q1HGqKGvQWMSq7RPNBJesARwEayeKkcgXrOUPbyb11iNTmsfyHkYJ8yLSlzzklICx7moPZ71S2ak4U+FlcHMoo1z1XumnG8Q0jZgEKojWHddJwBsTBZwKltndVLOE0CHps45BSSKmvfH01AyfGCfAYazMk4Cn7t+JMYm0HkW+6YwIDPRibWL+V+ukEF55Yy6TFJiks0VhKjDEePJvHHDFKIiRAUIVN7diOiCKUDDp2HNrgA+fsiXnnAaZbcJyF6NZhuZFxTV865ar13lsRXSEjtEpctElqqIaqqMGoqiPntErerNerHfrw/qctRasfOYQzcn6+gVPH53F</latexit>

H
⇤

<latexit sha1_base64="hny8ZpwNflHjeaDUCAuZpsoLBXc=">AAACEnicbZDLSsNAFIZP6q3GW9Wlm2ARRLAkbnQjFt10WdFeoI1lMpm0QyeTMDMRagj4Au5E38WduHDjC/gqrpxeFrb1h4GP/5zDOfN7MaNS2fa3kVtYXFpeya+aa+sbm1uF7Z26jBKBSQ1HLBJND0nCKCc1RRUjzVgQFHqMNLz+1bDeuCdC0ojfqkFM3BB1OQ0oRkpbN5W7o06haJfskax5cCZQvPg0zx8BoNop/LT9CCch4QozJGXLsWPlpkgoihnJzHYiSYxwH3VJSyNHIZFuOjo1sw6041tBJPTjyhq5fydSFEo5CD3dGSLVk7O1oflfrZWo4MxNKY8TRTgeLwoSZqnIGv7b8qkgWLGBBoQF1bdauIcEwkqnY06tUbT/kM05x9jPTB2WMxvNPNRPSo7ma6dYvoSx8rAH+3AIDpxCGSpQhRpg6MITvMCr8Wy8Ge/Gx7g1Z0xmdmFKxtcvBm6fkg==</latexit><latexit sha1_base64="I3gf+4Eo1eNo39En0EtqD/IrJQk=">AAACEnicbZDLSsNAFIZPvNZ4q7p0EyyCCJbEjW7EopsuK9oLtLFMJpN26GQSZiZCDXkEd6IP4Fu4Exdu3Iuv4srpZWFbfxj4+M85nDO/FzMqlW1/G3PzC4tLy7kVc3VtfWMzv7Vdk1EiMKniiEWi4SFJGOWkqqhipBELgkKPkbrXuxzU63dESBrxG9WPiRuiDqcBxUhp67p8e9jOF+yiPZQ1C84YCucf5ln88mVW2vmflh/hJCRcYYakbDp2rNwUCUUxI5nZSiSJEe6hDmlq5Cgk0k2Hp2bWvnZ8K4iEflxZQ/fvRIpCKfuhpztDpLpyujYw/6s1ExWcuinlcaIIx6NFQcIsFVmDf1s+FQQr1teAsKD6Vgt3kUBY6XTMiTWK9u6zGecI+5mpw3Kmo5mF2nHR0XzlFEoXMFIOdmEPDsCBEyhBGSpQBQwdeIAneDYejVfjzXgftc4Z45kdmJDx+QsyHaEG</latexit><latexit sha1_base64="I3gf+4Eo1eNo39En0EtqD/IrJQk=">AAACEnicbZDLSsNAFIZPvNZ4q7p0EyyCCJbEjW7EopsuK9oLtLFMJpN26GQSZiZCDXkEd6IP4Fu4Exdu3Iuv4srpZWFbfxj4+M85nDO/FzMqlW1/G3PzC4tLy7kVc3VtfWMzv7Vdk1EiMKniiEWi4SFJGOWkqqhipBELgkKPkbrXuxzU63dESBrxG9WPiRuiDqcBxUhp67p8e9jOF+yiPZQ1C84YCucf5ln88mVW2vmflh/hJCRcYYakbDp2rNwUCUUxI5nZSiSJEe6hDmlq5Cgk0k2Hp2bWvnZ8K4iEflxZQ/fvRIpCKfuhpztDpLpyujYw/6s1ExWcuinlcaIIx6NFQcIsFVmDf1s+FQQr1teAsKD6Vgt3kUBY6XTMiTWK9u6zGecI+5mpw3Kmo5mF2nHR0XzlFEoXMFIOdmEPDsCBEyhBGSpQBQwdeIAneDYejVfjzXgftc4Z45kdmJDx+QsyHaEG</latexit><latexit sha1_base64="5xPiHIF+2uXbhknCGfTorZHqP1Y=">AAACEnicbZDLSsNAFIYn9VbjrerSzWARRLAkbnRZdNNlRXuBNpbJZNIOnUzCzIlQSx7Bnei7uBO3voCv4sppm4Vt/WHg4z/ncM78fiK4Bsf5tgorq2vrG8VNe2t7Z3evtH/Q1HGqKGvQWMSq7RPNBJesARwEayeKkcgXrOUPbyb11iNTmsfyHkYJ8yLSlzzklICx7moPZ71S2ak4U+FlcHMoo1z1XumnG8Q0jZgEKojWHddJwBsTBZwKltndVLOE0CHps45BSSKmvfH01AyfGCfAYazMk4Cn7t+JMYm0HkW+6YwIDPRibWL+V+ukEF55Yy6TFJiks0VhKjDEePJvHHDFKIiRAUIVN7diOiCKUDDp2HNrgA+fsiXnnAaZbcJyF6NZhuZFxTV865ar13lsRXSEjtEpctElqqIaqqMGoqiPntErerNerHfrw/qctRasfOYQzcn6+gVPH53F</latexit>

S( f )

S−2(g)
f ∘ S(x)

g(x)
x ∈

f ∈

∋ g

Note: this Hopf triplet is balanced/involutory if H is so.
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The Invariant

Trisection diagrams of closed 4-manifolds [D. Gay, R. Kirby, ‘12]

(Σg, α, β, γ)

Σg : closed surface of genus g
α = {α1, ⋯, αg}
β = {β1, ⋯, βg}
γ = {γ1, ⋯, γg}                                    

                ,                 ,
 are Heegaard diagrams for
(⌃g,↵,�)

<latexit sha1_base64="5jtazjNQQ4cw5bD1MmH7NmAYXZU=">AAACLHicbZDLTgIxFIY7eMPxhrpk0wgmmKiZYaNLohuXGOWSACFnSoGGziXtGRMks/Bp3Bl9FzfGuPUhXFkuCwFP0vTL/5+T0/5eJIVGx/mwUiura+sb6U17a3tndy+zf1DVYawYr7BQhqrugeZSBLyCAiWvR4qD70le8wbXY7/2wJUWYXCPw4i3fOgFoisYoJHamWy+0LwTPR/avVPaBBn1wdweRzjJtzM559yZFF0GdwY5MqtyO/PT7IQs9nmATILWDdeJsDUChYJJntjNWPMI2AB6vGEwAJ/r1mjyiYQeG6VDu6EyJ0A6Uf9OjMDXeuh7ptMH7OtFbyz+5zVi7F62RiKIYuQBmy7qxpJiSMeJ0I5QnKEcGgCmhHkrZX1QwNDkZs+tQTF4TJaUM9ZJbBOWuxjNMlSL567h22KudDWLLU2y5IgUiEsuSInckDKpEEaeyDN5JW/Wi/VufVpf09aUNZs5JHNlff8CxgamtQ==</latexit><latexit sha1_base64="5jtazjNQQ4cw5bD1MmH7NmAYXZU=">AAACLHicbZDLTgIxFIY7eMPxhrpk0wgmmKiZYaNLohuXGOWSACFnSoGGziXtGRMks/Bp3Bl9FzfGuPUhXFkuCwFP0vTL/5+T0/5eJIVGx/mwUiura+sb6U17a3tndy+zf1DVYawYr7BQhqrugeZSBLyCAiWvR4qD70le8wbXY7/2wJUWYXCPw4i3fOgFoisYoJHamWy+0LwTPR/avVPaBBn1wdweRzjJtzM559yZFF0GdwY5MqtyO/PT7IQs9nmATILWDdeJsDUChYJJntjNWPMI2AB6vGEwAJ/r1mjyiYQeG6VDu6EyJ0A6Uf9OjMDXeuh7ptMH7OtFbyz+5zVi7F62RiKIYuQBmy7qxpJiSMeJ0I5QnKEcGgCmhHkrZX1QwNDkZs+tQTF4TJaUM9ZJbBOWuxjNMlSL567h22KudDWLLU2y5IgUiEsuSInckDKpEEaeyDN5JW/Wi/VufVpf09aUNZs5JHNlff8CxgamtQ==</latexit><latexit sha1_base64="5jtazjNQQ4cw5bD1MmH7NmAYXZU=">AAACLHicbZDLTgIxFIY7eMPxhrpk0wgmmKiZYaNLohuXGOWSACFnSoGGziXtGRMks/Bp3Bl9FzfGuPUhXFkuCwFP0vTL/5+T0/5eJIVGx/mwUiura+sb6U17a3tndy+zf1DVYawYr7BQhqrugeZSBLyCAiWvR4qD70le8wbXY7/2wJUWYXCPw4i3fOgFoisYoJHamWy+0LwTPR/avVPaBBn1wdweRzjJtzM559yZFF0GdwY5MqtyO/PT7IQs9nmATILWDdeJsDUChYJJntjNWPMI2AB6vGEwAJ/r1mjyiYQeG6VDu6EyJ0A6Uf9OjMDXeuh7ptMH7OtFbyz+5zVi7F62RiKIYuQBmy7qxpJiSMeJ0I5QnKEcGgCmhHkrZX1QwNDkZs+tQTF4TJaUM9ZJbBOWuxjNMlSL567h22KudDWLLU2y5IgUiEsuSInckDKpEEaeyDN5JW/Wi/VufVpf09aUNZs5JHNlff8CxgamtQ==</latexit><latexit sha1_base64="5jtazjNQQ4cw5bD1MmH7NmAYXZU=">AAACLHicbZDLTgIxFIY7eMPxhrpk0wgmmKiZYaNLohuXGOWSACFnSoGGziXtGRMks/Bp3Bl9FzfGuPUhXFkuCwFP0vTL/5+T0/5eJIVGx/mwUiura+sb6U17a3tndy+zf1DVYawYr7BQhqrugeZSBLyCAiWvR4qD70le8wbXY7/2wJUWYXCPw4i3fOgFoisYoJHamWy+0LwTPR/avVPaBBn1wdweRzjJtzM559yZFF0GdwY5MqtyO/PT7IQs9nmATILWDdeJsDUChYJJntjNWPMI2AB6vGEwAJ/r1mjyiYQeG6VDu6EyJ0A6Uf9OjMDXeuh7ptMH7OtFbyz+5zVi7F62RiKIYuQBmy7qxpJiSMeJ0I5QnKEcGgCmhHkrZX1QwNDkZs+tQTF4TJaUM9ZJbBOWuxjNMlSL567h22KudDWLLU2y5IgUiEsuSInckDKpEEaeyDN5JW/Wi/VufVpf09aUNZs5JHNlff8CxgamtQ==</latexit>

(⌃g,↵, �)
<latexit sha1_base64="h7NS7uQeRkOqtL3y9UZdMKcMNhc=">AAACLXicbZDLSgMxFIYz9VbH26hLXQRboYKWmW50WXTjsqJthU4pZ9J0GprMDElGqKUbn8ad6Lu4EMSt7+DK9LKwrQdCPv7/HE7yBwlnSrvuh5VZWl5ZXcuu2xubW9s7zu5eTcWpJLRKYh7L+wAU5SyiVc00p/eJpCACTutB72rk1x+oVCyO7nQ/oU0BYcQ6jIA2Uss5zBf8WxYKaIWn2AeedMHcIQgBJ/mWk3OL7rjwInhTyKFpVVrOj9+OSSpopAkHpRqem+jmAKRmhNOh7aeKJkB6ENKGwQgEVc3B+BdDfGyUNu7E0pxI47H6d2IAQqm+CEynAN1V895I/M9rpLpz0RywKEk1jchkUSflWMd4FAluM0mJ5n0DQCQzb8WkCxKINsHZM2s06z0OF5Qz0h7aJixvPppFqJWKnuGbUq58OY0tiw7QESogD52jMrpGFVRFBD2hZ/SK3qwX6936tL4mrRlrOrOPZsr6/gWgzacm</latexit><latexit sha1_base64="h7NS7uQeRkOqtL3y9UZdMKcMNhc=">AAACLXicbZDLSgMxFIYz9VbH26hLXQRboYKWmW50WXTjsqJthU4pZ9J0GprMDElGqKUbn8ad6Lu4EMSt7+DK9LKwrQdCPv7/HE7yBwlnSrvuh5VZWl5ZXcuu2xubW9s7zu5eTcWpJLRKYh7L+wAU5SyiVc00p/eJpCACTutB72rk1x+oVCyO7nQ/oU0BYcQ6jIA2Uss5zBf8WxYKaIWn2AeedMHcIQgBJ/mWk3OL7rjwInhTyKFpVVrOj9+OSSpopAkHpRqem+jmAKRmhNOh7aeKJkB6ENKGwQgEVc3B+BdDfGyUNu7E0pxI47H6d2IAQqm+CEynAN1V895I/M9rpLpz0RywKEk1jchkUSflWMd4FAluM0mJ5n0DQCQzb8WkCxKINsHZM2s06z0OF5Qz0h7aJixvPppFqJWKnuGbUq58OY0tiw7QESogD52jMrpGFVRFBD2hZ/SK3qwX6936tL4mrRlrOrOPZsr6/gWgzacm</latexit><latexit sha1_base64="h7NS7uQeRkOqtL3y9UZdMKcMNhc=">AAACLXicbZDLSgMxFIYz9VbH26hLXQRboYKWmW50WXTjsqJthU4pZ9J0GprMDElGqKUbn8ad6Lu4EMSt7+DK9LKwrQdCPv7/HE7yBwlnSrvuh5VZWl5ZXcuu2xubW9s7zu5eTcWpJLRKYh7L+wAU5SyiVc00p/eJpCACTutB72rk1x+oVCyO7nQ/oU0BYcQ6jIA2Uss5zBf8WxYKaIWn2AeedMHcIQgBJ/mWk3OL7rjwInhTyKFpVVrOj9+OSSpopAkHpRqem+jmAKRmhNOh7aeKJkB6ENKGwQgEVc3B+BdDfGyUNu7E0pxI47H6d2IAQqm+CEynAN1V895I/M9rpLpz0RywKEk1jchkUSflWMd4FAluM0mJ5n0DQCQzb8WkCxKINsHZM2s06z0OF5Qz0h7aJixvPppFqJWKnuGbUq58OY0tiw7QESogD52jMrpGFVRFBD2hZ/SK3qwX6936tL4mrRlrOrOPZsr6/gWgzacm</latexit><latexit sha1_base64="h7NS7uQeRkOqtL3y9UZdMKcMNhc=">AAACLXicbZDLSgMxFIYz9VbH26hLXQRboYKWmW50WXTjsqJthU4pZ9J0GprMDElGqKUbn8ad6Lu4EMSt7+DK9LKwrQdCPv7/HE7yBwlnSrvuh5VZWl5ZXcuu2xubW9s7zu5eTcWpJLRKYh7L+wAU5SyiVc00p/eJpCACTutB72rk1x+oVCyO7nQ/oU0BYcQ6jIA2Uss5zBf8WxYKaIWn2AeedMHcIQgBJ/mWk3OL7rjwInhTyKFpVVrOj9+OSSpopAkHpRqem+jmAKRmhNOh7aeKJkB6ENKGwQgEVc3B+BdDfGyUNu7E0pxI47H6d2IAQqm+CEynAN1V895I/M9rpLpz0RywKEk1jchkUSflWMd4FAluM0mJ5n0DQCQzb8WkCxKINsHZM2s06z0OF5Qz0h7aJixvPppFqJWKnuGbUq58OY0tiw7QESogD52jMrpGFVRFBD2hZ/SK3qwX6936tL4mrRlrOrOPZsr6/gWgzacm</latexit>

(⌃g,�, �)
<latexit sha1_base64="RLY9Z0wzor+xRmv4kFnGta5/Nwg=">AAACLHicbZDNTgIxFIU7/uL4h7pk04gmmqiZYaNLohuXGAVMgJA7pYwN7cykvWOChIVP487ou7gxxq0P4coCsxDxJk2/nHNvbnuCRAqDnvfuzM0vLC4t51bc1bX1jc381nbNxKlmvMpiGevbAAyXIuJVFCj5baI5qEDyetC7GPn1e66NiKMb7Ce8pSCMRFcwQCu184W9g+a1CBW0wyPaDDiCvUJQCg732vmid+KNi86Cn0GRZFVp57+bnZilikfIJBjT8L0EWwPQKJjkQ7eZGp4A60HIGxYjUNy0BuNPDOm+VTq0G2t7IqRj9ffEAJQxfRXYTgV4Z/56I/E/r5Fi96w1EFGSIo/YZFE3lRRjOkqEdoTmDGXfAjAt7FspuwMNDG1u7tQaFL2H4YxyzDpD14bl/41mFmqlE9/yValYPs9iy5EC2SUHxCenpEwuSYVUCSOP5Im8kFfn2XlzPpzPSeuck83skKlyvn4AwFCmsg==</latexit><latexit sha1_base64="RLY9Z0wzor+xRmv4kFnGta5/Nwg=">AAACLHicbZDNTgIxFIU7/uL4h7pk04gmmqiZYaNLohuXGAVMgJA7pYwN7cykvWOChIVP487ou7gxxq0P4coCsxDxJk2/nHNvbnuCRAqDnvfuzM0vLC4t51bc1bX1jc381nbNxKlmvMpiGevbAAyXIuJVFCj5baI5qEDyetC7GPn1e66NiKMb7Ce8pSCMRFcwQCu184W9g+a1CBW0wyPaDDiCvUJQCg732vmid+KNi86Cn0GRZFVp57+bnZilikfIJBjT8L0EWwPQKJjkQ7eZGp4A60HIGxYjUNy0BuNPDOm+VTq0G2t7IqRj9ffEAJQxfRXYTgV4Z/56I/E/r5Fi96w1EFGSIo/YZFE3lRRjOkqEdoTmDGXfAjAt7FspuwMNDG1u7tQaFL2H4YxyzDpD14bl/41mFmqlE9/yValYPs9iy5EC2SUHxCenpEwuSYVUCSOP5Im8kFfn2XlzPpzPSeuck83skKlyvn4AwFCmsg==</latexit><latexit sha1_base64="RLY9Z0wzor+xRmv4kFnGta5/Nwg=">AAACLHicbZDNTgIxFIU7/uL4h7pk04gmmqiZYaNLohuXGAVMgJA7pYwN7cykvWOChIVP487ou7gxxq0P4coCsxDxJk2/nHNvbnuCRAqDnvfuzM0vLC4t51bc1bX1jc381nbNxKlmvMpiGevbAAyXIuJVFCj5baI5qEDyetC7GPn1e66NiKMb7Ce8pSCMRFcwQCu184W9g+a1CBW0wyPaDDiCvUJQCg732vmid+KNi86Cn0GRZFVp57+bnZilikfIJBjT8L0EWwPQKJjkQ7eZGp4A60HIGxYjUNy0BuNPDOm+VTq0G2t7IqRj9ffEAJQxfRXYTgV4Z/56I/E/r5Fi96w1EFGSIo/YZFE3lRRjOkqEdoTmDGXfAjAt7FspuwMNDG1u7tQaFL2H4YxyzDpD14bl/41mFmqlE9/yValYPs9iy5EC2SUHxCenpEwuSYVUCSOP5Im8kFfn2XlzPpzPSeuck83skKlyvn4AwFCmsg==</latexit><latexit sha1_base64="RLY9Z0wzor+xRmv4kFnGta5/Nwg=">AAACLHicbZDNTgIxFIU7/uL4h7pk04gmmqiZYaNLohuXGAVMgJA7pYwN7cykvWOChIVP487ou7gxxq0P4coCsxDxJk2/nHNvbnuCRAqDnvfuzM0vLC4t51bc1bX1jc381nbNxKlmvMpiGevbAAyXIuJVFCj5baI5qEDyetC7GPn1e66NiKMb7Ce8pSCMRFcwQCu184W9g+a1CBW0wyPaDDiCvUJQCg732vmid+KNi86Cn0GRZFVp57+bnZilikfIJBjT8L0EWwPQKJjkQ7eZGp4A60HIGxYjUNy0BuNPDOm+VTq0G2t7IqRj9ffEAJQxfRXYTgV4Z/56I/E/r5Fi96w1EFGSIo/YZFE3lRRjOkqEdoTmDGXfAjAt7FspuwMNDG1u7tQaFL2H4YxyzDpD14bl/41mFmqlE9/yValYPs9iy5EC2SUHxCenpEwuSYVUCSOP5Im8kFfn2XlzPpzPSeuck83skKlyvn4AwFCmsg==</latexit>

#k(S1 ⇥ S2)
<latexit sha1_base64="1yhwcS4cdoUOPZGS2nPz1HUSxNc=">AAACOnicbVC5TgMxFPRyhnAFKGksEqSkINpNA2UEDWUQ5JCySeT1ehMr3kP2W6Sw2m/ga+gQfActHaKlosI5ihyMZGk0857meZxIcAWm+WGsrW9sbm1ndrK7e/sHh7mj44YKY0lZnYYilC2HKCZ4wOrAQbBWJBnxHcGazvBm7DcfmVQ8DB5gFLGOT/oB9zgloKVerlSw890hLto+gYHjJPdp18I2cJ8pPKdVSoVeLm+WzQnwKrFmJI9mqPVyv7Yb0thnAVBBlGpbZgSdhEjgVLA0a8eKRYQOSZ+1NQ2Izuwkky+l+FwrLvZCqV8AeKLObyTEV2rkO3pyfKVa9sbif147Bu+qk/AgioEFdBrkxQJDiMf9YJdLRkGMNCFUcn0rpgMiCQXdYnYhBvjwKV1RLqibZnVZ1nI1q6RRKVua31Xy1etZbRl0is5QEVnoElXRLaqhOqLoGb2gN/RuvBqfxpfxPR1dM2Y7J2gBxs8fgwSsqw==</latexit><latexit sha1_base64="1yhwcS4cdoUOPZGS2nPz1HUSxNc=">AAACOnicbVC5TgMxFPRyhnAFKGksEqSkINpNA2UEDWUQ5JCySeT1ehMr3kP2W6Sw2m/ga+gQfActHaKlosI5ihyMZGk0857meZxIcAWm+WGsrW9sbm1ndrK7e/sHh7mj44YKY0lZnYYilC2HKCZ4wOrAQbBWJBnxHcGazvBm7DcfmVQ8DB5gFLGOT/oB9zgloKVerlSw890hLto+gYHjJPdp18I2cJ8pPKdVSoVeLm+WzQnwKrFmJI9mqPVyv7Yb0thnAVBBlGpbZgSdhEjgVLA0a8eKRYQOSZ+1NQ2Izuwkky+l+FwrLvZCqV8AeKLObyTEV2rkO3pyfKVa9sbif147Bu+qk/AgioEFdBrkxQJDiMf9YJdLRkGMNCFUcn0rpgMiCQXdYnYhBvjwKV1RLqibZnVZ1nI1q6RRKVua31Xy1etZbRl0is5QEVnoElXRLaqhOqLoGb2gN/RuvBqfxpfxPR1dM2Y7J2gBxs8fgwSsqw==</latexit><latexit sha1_base64="1yhwcS4cdoUOPZGS2nPz1HUSxNc=">AAACOnicbVC5TgMxFPRyhnAFKGksEqSkINpNA2UEDWUQ5JCySeT1ehMr3kP2W6Sw2m/ga+gQfActHaKlosI5ihyMZGk0857meZxIcAWm+WGsrW9sbm1ndrK7e/sHh7mj44YKY0lZnYYilC2HKCZ4wOrAQbBWJBnxHcGazvBm7DcfmVQ8DB5gFLGOT/oB9zgloKVerlSw890hLto+gYHjJPdp18I2cJ8pPKdVSoVeLm+WzQnwKrFmJI9mqPVyv7Yb0thnAVBBlGpbZgSdhEjgVLA0a8eKRYQOSZ+1NQ2Izuwkky+l+FwrLvZCqV8AeKLObyTEV2rkO3pyfKVa9sbif147Bu+qk/AgioEFdBrkxQJDiMf9YJdLRkGMNCFUcn0rpgMiCQXdYnYhBvjwKV1RLqibZnVZ1nI1q6RRKVua31Xy1etZbRl0is5QEVnoElXRLaqhOqLoGb2gN/RuvBqfxpfxPR1dM2Y7J2gBxs8fgwSsqw==</latexit><latexit sha1_base64="1yhwcS4cdoUOPZGS2nPz1HUSxNc=">AAACOnicbVC5TgMxFPRyhnAFKGksEqSkINpNA2UEDWUQ5JCySeT1ehMr3kP2W6Sw2m/ga+gQfActHaKlosI5ihyMZGk0857meZxIcAWm+WGsrW9sbm1ndrK7e/sHh7mj44YKY0lZnYYilC2HKCZ4wOrAQbBWJBnxHcGazvBm7DcfmVQ8DB5gFLGOT/oB9zgloKVerlSw890hLto+gYHjJPdp18I2cJ8pPKdVSoVeLm+WzQnwKrFmJI9mqPVyv7Yb0thnAVBBlGpbZgSdhEjgVLA0a8eKRYQOSZ+1NQ2Izuwkky+l+FwrLvZCqV8AeKLObyTEV2rkO3pyfKVa9sbif147Bu+qk/AgioEFdBrkxQJDiMf9YJdLRkGMNCFUcn0rpgMiCQXdYnYhBvjwKV1RLqibZnVZ1nI1q6RRKVua31Xy1etZbRl0is5QEVnoElXRLaqhOqLoGb2gN/RuvBqfxpfxPR1dM2Y7J2gBxs8fgwSsqw==</latexit>

#k(S1⇥D3)
<latexit sha1_base64="TvM5okKf0IBa8dzCTSE3AGK+bTk="></latexit><latexit sha1_base64="d+Uz/85IKdWHEf0ltqQNo74LPRQ="></latexit><latexit sha1_base64="d+Uz/85IKdWHEf0ltqQNo74LPRQ="></latexit><latexit sha1_base64="lYoVC0hkJTj8j64loy9ZBKRZDF4="></latexit>

#k(S1⇥D3)
<latexit sha1_base64="EPWJNktpwSXFDnyRtSYKdAgLoIA="></latexit><latexit sha1_base64="tpWXOolXFNRn2Ylk3LmpgBquw04="></latexit><latexit sha1_base64="tpWXOolXFNRn2Ylk3LmpgBquw04="></latexit><latexit sha1_base64="7Hl1zT1HANAeSzsJE9Da5i8FvNo="></latexit>

#k(S1⇥D3)
<latexit sha1_base64="b5eVoAUt6hNSh4c8C2Si0vXRPI8="></latexit><latexit sha1_base64="XywRjwFh9+Rq8+TALJ93l/TXHtc="></latexit><latexit sha1_base64="XywRjwFh9+Rq8+TALJ93l/TXHtc="></latexit><latexit sha1_base64="i8xRNJy+lIIpRzm6yWjaxEimtMA="></latexit>

⌃g
<latexit sha1_base64="0kpScPQxLrylyTiT3J4FbcP1Gjc=">AAACF3icbZC7TsMwFIZPuJZwKzCyRBQkFqqEBcYKFsYi6EVqo8px3NSq7US2g1SivAQbgudghQmxMvIgLEy4l4G2/JKlT/85R+f4DxJGlXbdL2thcWl5ZbWwZq9vbG5tF3d26ypOJSY1HLNYNgOkCKOC1DTVjDQTSRAPGGkE/cthvXFHpKKxuNWDhPgcRYJ2KUbaWM32DY046kSdYsktuyM58+BNoFQ5/H55A4Bqp/jTDmOcciI0Zkiplucm2s+Q1BQzktvtVJEE4T6KSMugQJwoPxvdmztHxgmdbizNE9oZuX8nMsSVGvDAdHKke2q2NjT/q7VS3T33MyqSVBOBx4u6KXN07Aw/74RUEqzZwADCkppbHdxDEmFtIrKn1mjav8/nnBMc5rYJy5uNZh7qp2XP8LVXqlzAWAXYhwM4Bg/OoAJXUIUaYGDwAE/wbD1ar9a79TFuXbAmM3swJevzFxUzowk=</latexit><latexit sha1_base64="ZORffvGFsuNKyfsX128Z9CKuC2s=">AAACF3icbZC7TsMwFIadcistlwIji0VBYqFKWGCsYGEsgl6kNqocx0mt2k5kO5VKlJdgQ/AcrAxIiJWRB4GBCfcy0JZfsvTpP+foHP9ezKjStv1p5ZaWV1bX8uuF4sbm1nZpZ7ehokRiUscRi2TLQ4owKkhdU81IK5YEcY+Rpte/HNWbAyIVjcStHsbE5SgUNKAYaWO1Ojc05Kgbdktlu2KPBRfBmUK5evj1/Doofte6pZ+OH+GEE6ExQ0q1HTvWboqkppiRrNBJFIkR7qOQtA0KxIly0/G9GTwyjg+DSJonNBy7fydSxJUacs90cqR7ar42Mv+rtRMdnLspFXGiicCTRUHCoI7g6PPQp5JgzYYGEJbU3ApxD0mEtYmoMLNG0/5dtuCcYD8rmLCc+WgWoXFacQxfO+XqBZgoD/bBATgGDjgDVXAFaqAOMGDgHjyCJ+vBerHerPdJa86azuyBGVkfv0jjpIM=</latexit><latexit sha1_base64="ZORffvGFsuNKyfsX128Z9CKuC2s=">AAACF3icbZC7TsMwFIadcistlwIji0VBYqFKWGCsYGEsgl6kNqocx0mt2k5kO5VKlJdgQ/AcrAxIiJWRB4GBCfcy0JZfsvTpP+foHP9ezKjStv1p5ZaWV1bX8uuF4sbm1nZpZ7ehokRiUscRi2TLQ4owKkhdU81IK5YEcY+Rpte/HNWbAyIVjcStHsbE5SgUNKAYaWO1Ojc05Kgbdktlu2KPBRfBmUK5evj1/Doofte6pZ+OH+GEE6ExQ0q1HTvWboqkppiRrNBJFIkR7qOQtA0KxIly0/G9GTwyjg+DSJonNBy7fydSxJUacs90cqR7ar42Mv+rtRMdnLspFXGiicCTRUHCoI7g6PPQp5JgzYYGEJbU3ApxD0mEtYmoMLNG0/5dtuCcYD8rmLCc+WgWoXFacQxfO+XqBZgoD/bBATgGDjgDVXAFaqAOMGDgHjyCJ+vBerHerPdJa86azuyBGVkfv0jjpIM=</latexit><latexit sha1_base64="tiFTwNxEtMnLa01gQuoeUS1+Oso=">AAACF3icbZC7TsMwFIZPuJZwKzCyRFRILFQJC4wVLIxF0IvURpXjOKlV24lsB6lEeQk2BO/ChlgZeRUm3DYDbfklS5/+c47O8R+kjCrtut/Wyura+sZmZcve3tnd268eHLZVkklMWjhhiewGSBFGBWlpqhnpppIgHjDSCUY3k3rnkUhFE/GgxynxOYoFjShG2ljd/j2NORrEg2rNrbtTOcvglVCDUs1B9acfJjjjRGjMkFI9z021nyOpKWaksPuZIinCIxSTnkGBOFF+Pr23cE6NEzpRIs0T2pm6fydyxJUa88B0cqSHarE2Mf+r9TIdXfk5FWmmicCzRVHGHJ04k887IZUEazY2gLCk5lYHD5FEWJuI7Lk1mo6eiiXnHIeFbcLyFqNZhvZF3TN859Ua12VsFTiGEzgDDy6hAbfQhBZgYPAMr/BmvVjv1of1OWtdscqZI5iT9fUL2lygOg==</latexit>

• Every closed oriented 4-manifold has 
trisection diagrams.

• Equivalent diagrams are related by surface 
isotopy, handle slides, stabilization.
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A combing on a trisection  is a vector field f on ,                  
f  has a singularity of index -1 on each trisection curve,
f  has degree 0 on all components of , except the marked component.

T = (Σg, α, β, γ) Σg

∂Σg

Definition:

Combing moves:

basepoint isotopy basepoint spiral

For a trisection diagram  representing the 4-manifold X, 
 is a torsor over . 

T = (Σg, α, β, γ)
Comb(T ) H1(X)

Theorem [Chaidez, Cotler, C-]

:  the set of combings equivalent to f under combing moves
: the set of equivalence classes of combings

[ f ]
Comb(T )
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H↵

H� H�

h�i↵�

h�i��

h�i�↵

H = (H↵, H� , H� ; h�i)
<latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit><latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit><latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit><latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit>

Algebraic input: a balanced Hopf triplet

µ 2 {↵,�, �}
<latexit sha1_base64="4ZZsOfwTgsWS3tPjSVjhf6OaC0k=">AAACM3icbZDLSgMxFIYzXmu9VV26CVbBhcqMG12KblxWsK3QKeVMmrahSWZIzgh1mL1P4070VcSduPUFXJleFtZ6IOHj/8/hJH+USGHR99+8ufmFxaXlwkpxdW19Y7O0tV2zcWoYr7JYxuYuAsul0LyKAiW/SwwHFUlej/pXQ79+z40Vsb7FQcKbCrpadAQDdFKrtLcfqpSGQtMwC0EmPTgKI47u7oJSEOb7xVap7J/4o6KzEEygTCZVaZW+w3bMUsU1MgnWNgI/wWYGBgWTPC+GqeUJsD50ecOhBsVtMxv9JacHTmnTTmzc0UhH6u+JDJS1AxW5TgXYs3+9ofif10ixc97MhE5S5JqNF3VSSTGmw2BoWxjOUA4cADPCvZWyHhhg6OIrTq1B0X/IZ5Rj1s6HYQV/o5mF2ulJ4PjmtHxxOYmtQHbJHjkkATkjF+SaVEiVMPJInsgLefWevXfvw/sct855k5kdMlXe1w9i4Koh</latexit><latexit sha1_base64="4ZZsOfwTgsWS3tPjSVjhf6OaC0k=">AAACM3icbZDLSgMxFIYzXmu9VV26CVbBhcqMG12KblxWsK3QKeVMmrahSWZIzgh1mL1P4070VcSduPUFXJleFtZ6IOHj/8/hJH+USGHR99+8ufmFxaXlwkpxdW19Y7O0tV2zcWoYr7JYxuYuAsul0LyKAiW/SwwHFUlej/pXQ79+z40Vsb7FQcKbCrpadAQDdFKrtLcfqpSGQtMwC0EmPTgKI47u7oJSEOb7xVap7J/4o6KzEEygTCZVaZW+w3bMUsU1MgnWNgI/wWYGBgWTPC+GqeUJsD50ecOhBsVtMxv9JacHTmnTTmzc0UhH6u+JDJS1AxW5TgXYs3+9ofif10ixc97MhE5S5JqNF3VSSTGmw2BoWxjOUA4cADPCvZWyHhhg6OIrTq1B0X/IZ5Rj1s6HYQV/o5mF2ulJ4PjmtHxxOYmtQHbJHjkkATkjF+SaVEiVMPJInsgLefWevXfvw/sct855k5kdMlXe1w9i4Koh</latexit><latexit sha1_base64="4ZZsOfwTgsWS3tPjSVjhf6OaC0k=">AAACM3icbZDLSgMxFIYzXmu9VV26CVbBhcqMG12KblxWsK3QKeVMmrahSWZIzgh1mL1P4070VcSduPUFXJleFtZ6IOHj/8/hJH+USGHR99+8ufmFxaXlwkpxdW19Y7O0tV2zcWoYr7JYxuYuAsul0LyKAiW/SwwHFUlej/pXQ79+z40Vsb7FQcKbCrpadAQDdFKrtLcfqpSGQtMwC0EmPTgKI47u7oJSEOb7xVap7J/4o6KzEEygTCZVaZW+w3bMUsU1MgnWNgI/wWYGBgWTPC+GqeUJsD50ecOhBsVtMxv9JacHTmnTTmzc0UhH6u+JDJS1AxW5TgXYs3+9ofif10ixc97MhE5S5JqNF3VSSTGmw2BoWxjOUA4cADPCvZWyHhhg6OIrTq1B0X/IZ5Rj1s6HYQV/o5mF2ulJ4PjmtHxxOYmtQHbJHjkkATkjF+SaVEiVMPJInsgLefWevXfvw/sct855k5kdMlXe1w9i4Koh</latexit><latexit sha1_base64="4ZZsOfwTgsWS3tPjSVjhf6OaC0k=">AAACM3icbZDLSgMxFIYzXmu9VV26CVbBhcqMG12KblxWsK3QKeVMmrahSWZIzgh1mL1P4070VcSduPUFXJleFtZ6IOHj/8/hJH+USGHR99+8ufmFxaXlwkpxdW19Y7O0tV2zcWoYr7JYxuYuAsul0LyKAiW/SwwHFUlej/pXQ79+z40Vsb7FQcKbCrpadAQDdFKrtLcfqpSGQtMwC0EmPTgKI47u7oJSEOb7xVap7J/4o6KzEEygTCZVaZW+w3bMUsU1MgnWNgI/wWYGBgWTPC+GqeUJsD50ecOhBsVtMxv9JacHTmnTTmzc0UhH6u+JDJS1AxW5TgXYs3+9ofif10ixc97MhE5S5JqNF3VSSTGmw2BoWxjOUA4cADPCvZWyHhhg6OIrTq1B0X/IZ5Rj1s6HYQV/o5mF2ulJ4PjmtHxxOYmtQHbJHjkkATkjF+SaVEiVMPJInsgLefWevXfvw/sct855k5kdMlXe1w9i4Koh</latexit>

Choose a right integral , and define the generalized integrale = eμ ∈ Hμ

Choose 
• a trisection diagram   for 
• A combing f on T

T = (Σg, α, β, γ) M

Topological input: a closed oriented 4-manifold M
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µ 2 {↵,�, �}
<latexit sha1_base64="4ZZsOfwTgsWS3tPjSVjhf6OaC0k=">AAACM3icbZDLSgMxFIYzXmu9VV26CVbBhcqMG12KblxWsK3QKeVMmrahSWZIzgh1mL1P4070VcSduPUFXJleFtZ6IOHj/8/hJH+USGHR99+8ufmFxaXlwkpxdW19Y7O0tV2zcWoYr7JYxuYuAsul0LyKAiW/SwwHFUlej/pXQ79+z40Vsb7FQcKbCrpadAQDdFKrtLcfqpSGQtMwC0EmPTgKI47u7oJSEOb7xVap7J/4o6KzEEygTCZVaZW+w3bMUsU1MgnWNgI/wWYGBgWTPC+GqeUJsD50ecOhBsVtMxv9JacHTmnTTmzc0UhH6u+JDJS1AxW5TgXYs3+9ofif10ixc97MhE5S5JqNF3VSSTGmw2BoWxjOUA4cADPCvZWyHhhg6OIrTq1B0X/IZ5Rj1s6HYQV/o5mF2ulJ4PjmtHxxOYmtQHbJHjkkATkjF+SaVEiVMPJInsgLefWevXfvw/sct855k5kdMlXe1w9i4Koh</latexit><latexit sha1_base64="4ZZsOfwTgsWS3tPjSVjhf6OaC0k=">AAACM3icbZDLSgMxFIYzXmu9VV26CVbBhcqMG12KblxWsK3QKeVMmrahSWZIzgh1mL1P4070VcSduPUFXJleFtZ6IOHj/8/hJH+USGHR99+8ufmFxaXlwkpxdW19Y7O0tV2zcWoYr7JYxuYuAsul0LyKAiW/SwwHFUlej/pXQ79+z40Vsb7FQcKbCrpadAQDdFKrtLcfqpSGQtMwC0EmPTgKI47u7oJSEOb7xVap7J/4o6KzEEygTCZVaZW+w3bMUsU1MgnWNgI/wWYGBgWTPC+GqeUJsD50ecOhBsVtMxv9JacHTmnTTmzc0UhH6u+JDJS1AxW5TgXYs3+9ofif10ixc97MhE5S5JqNF3VSSTGmw2BoWxjOUA4cADPCvZWyHhhg6OIrTq1B0X/IZ5Rj1s6HYQV/o5mF2ulJ4PjmtHxxOYmtQHbJHjkkATkjF+SaVEiVMPJInsgLefWevXfvw/sct855k5kdMlXe1w9i4Koh</latexit><latexit sha1_base64="4ZZsOfwTgsWS3tPjSVjhf6OaC0k=">AAACM3icbZDLSgMxFIYzXmu9VV26CVbBhcqMG12KblxWsK3QKeVMmrahSWZIzgh1mL1P4070VcSduPUFXJleFtZ6IOHj/8/hJH+USGHR99+8ufmFxaXlwkpxdW19Y7O0tV2zcWoYr7JYxuYuAsul0LyKAiW/SwwHFUlej/pXQ79+z40Vsb7FQcKbCrpadAQDdFKrtLcfqpSGQtMwC0EmPTgKI47u7oJSEOb7xVap7J/4o6KzEEygTCZVaZW+w3bMUsU1MgnWNgI/wWYGBgWTPC+GqeUJsD50ecOhBsVtMxv9JacHTmnTTmzc0UhH6u+JDJS1AxW5TgXYs3+9ofif10ixc97MhE5S5JqNF3VSSTGmw2BoWxjOUA4cADPCvZWyHhhg6OIrTq1B0X/IZ5Rj1s6HYQV/o5mF2ulJ4PjmtHxxOYmtQHbJHjkkATkjF+SaVEiVMPJInsgLefWevXfvw/sct855k5kdMlXe1w9i4Koh</latexit><latexit sha1_base64="4ZZsOfwTgsWS3tPjSVjhf6OaC0k=">AAACM3icbZDLSgMxFIYzXmu9VV26CVbBhcqMG12KblxWsK3QKeVMmrahSWZIzgh1mL1P4070VcSduPUFXJleFtZ6IOHj/8/hJH+USGHR99+8ufmFxaXlwkpxdW19Y7O0tV2zcWoYr7JYxuYuAsul0LyKAiW/SwwHFUlej/pXQ79+z40Vsb7FQcKbCrpadAQDdFKrtLcfqpSGQtMwC0EmPTgKI47u7oJSEOb7xVap7J/4o6KzEEygTCZVaZW+w3bMUsU1MgnWNgI/wWYGBgWTPC+GqeUJsD50ecOhBsVtMxv9JacHTmnTTmzc0UhH6u+JDJS1AxW5TgXYs3+9ofif10ixc97MhE5S5JqNF3VSSTGmw2BoWxjOUA4cADPCvZWyHhhg6OIrTq1B0X/IZ5Rj1s6HYQV/o5mF2ulJ4PjmtHxxOYmtQHbJHjkkATkjF+SaVEiVMPJInsgLefWevXfvw/sct855k5kdMlXe1w9i4Koh</latexit>

i = 1,⋯, g
To each  curve, choose
• a basepoint
• an orientation

μi

and assign the tensor:

µ⌫ 2 {↵�,��, �↵}
<latexit sha1_base64="TD5WeGRC37btwwN9UOVSpWQnHss="></latexit><latexit sha1_base64="TD5WeGRC37btwwN9UOVSpWQnHss="></latexit><latexit sha1_base64="TD5WeGRC37btwwN9UOVSpWQnHss="></latexit><latexit sha1_base64="TD5WeGRC37btwwN9UOVSpWQnHss="></latexit>

To each crossing p between 
a  curve and a  curve, 
assign the tensor:

μi νj

 and  are quantities depending on n( f ) θ(p, f ) f

 := contraction of the above tensors with certain normalization.Z(M; ℋ)
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For a involutory Hopf triplet ,                is an invariant of the 
diffeomorphism class of closed oriented smooth 4-manifolds.

ℋ
Theorem [Chaidez, Cotler, C-]

Z(M; ℋ)

If H  is a quasi-triangular semisimple Hopf algebra, then 

Crane-Yetter invariant 

Theorem [Chaidez, Cotler, C-]

Z(M; ℋH) = CY(M; Rep(H))

If  is a Hopf algebra morphism between semisimple Hopf 
algebras H and K, where D(H) is the Drinfeld double of H, then

ϕ : D(H) → K
Theorem [Chaidez, Cotler, C-]

Z(M; ℋ(H, K, ϕ)) = I(M; Rep(ϕ))
Dichromatic invariantcertain triplet

Involutory Case:
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General Case:

For a balanced Hopf triplet  satisfying certain normalization condition, if 
for 4-manifolds M with ,   is an invariant of M.

ℋ
H1(M) = 0 Z(M; ℋ)

Theorem

• For general manifolds, the invariant depends on the combing, but only 
on the equivalence class of the combings. Want to know what intrinsic 
structure of the 4-manifold elements of  represent.Comb(T )

Remark:

• The normalization condition requires the diagram below NONZERO

Known examples of triplets to date are all semisimple.
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Future directions:

Is the invariant (semisimple or not) part of a TQFT?

Relate the invariant to other state-sum invariants besides CY.

Find more examples of (nonsemisimple) Hopf triplets.

Generalize to Hopf triplets in a symmetric fusion category.

The notion of Hopf triplets should be generalized to a tri-algebra.

Recent work of Beliakova & De Renzi on invariants 4d 2-handlebodie 
using unimodular ribbon Hopf algebras.

Thank You!


