Part I: Multiple choice questions (7 points each)

1. Which of the following functions is a solution of the initial value problem
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2. Determine f(t,y) if the differential equation y" = f(¢,y) has direction field (the value
of ¢ is measured on the horizontal axis, and the value of y on the vertical axis)
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3. Consider the orthogonal vectors ) = |i

matrix of the projection onto V' is
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and let V' = Span{v},v2}. The
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. Let A be an m x n matrix with linearly independent columns and let b in R™ be a
vector which is not in Col(A). Which of the following statements may be false?

b) det(AT A) # 0.

c) m > n.
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(d) The vector b is not the zero vector.
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a) There exists a vector & in R" with AZ — b perpendicular to Col(A).
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5. Find the solution to the initial value problem
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6. Which of the following functions can be used as an integrating factor for the equation
y +ty = cost?
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7. The ordinary differential equation

(2zy® + 2y) + (22%y + 2z)y’ =0
is

(a) linear (b) autonomous (c) geparable (d) an equation of order 2
(e) none of the above.
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8. The solution of the initial value problem
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Part IT: Partial credit questions (11 points each). Show your work.

9. Let W = Span{#), v, U3}, where
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(b) Find the QR decomposition o OR decomposition of the matrix A with columns U1, Ua, U3.
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10, Let A= |—-6 4 | andb= |1 |.
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(a) Find the least squares solution to the equation AT = b.
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(b) Find the vector in the column space of A which is closest to b.
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11. A tank initially contains 50 liters of water and 20 grams of salt. Water containing a
salt concentration of 2 g/L enters the tank at the rate of 5 L/min, and the
well-stirred mixture leaves the tank at the same rate.

(a) Find an expression for the amount of salt in the tank at any time ¢.
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(b) How long does it take for the amount of salt to reach 60 grams.
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(c) Find the approximate amount of salt after 100 years.
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12.

(a) Find, in terms of yp, the solution of the initial value problem

dy

g Yy
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y(O) =%Yo

(b) Find the maximal interval on which the solution to the initial value problem
above exists, and explain how this interval depends on yj.
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