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I Hopf Actions algebras
in tensor categories

II Quivers structure of
fin dim.lk algebras

III Tensor algebras in finite
tensor categories



I HopfActionsIAlgebrasintensorcategon.lk
is a field everything k linear

Def A Hopfalge.be is an

associative 1k algebra H with
additional structure
Δ H HOH comultiplication
e H 1k count

satisfying some compatibility axioms

Intrigue
For a noncommutative

R and M NER Mod
there is no canonical way toform MON in R Mod and
no nonzero trivial R Mod

The extra structure of a Hopt
algebra fixes this

M N E H Mod MORNEH Mod

Ikett Mod



Ex G group H 1kG group algebra

Δ g gong g 1 geG

Then M NEIKG Mod MQN EKG Mod
via g mon g m g n

IKG acts on1k trivially via

g α g α α gch αek

of lie algebra H Ulog envel
algebra

Δ a 10x x 1 ECN O

xeog

Then M N EUlog Mod MEN cUlog Mod
via x mon mola n km on

of or Ulog acts on 1k trivially via
2 2 2 2 0 keog αelk



Symmetries of an algebra
can be formalized by having
a
group

act on that algebra

insymmetric group
Sn acts

poly ring 1k x a xn

by permuting variable labels

This generalizes nicely to
Hopf algebras

Def let A be an assoc lk
alg.IEi ofaHopfalgebraHHModule structure on A

the action how h atA then a A

which
respects multiplication
AQA A is H Mod honour
acts trivially on scalars
1k A 1A is H Modhow



Key idea examples
Extra structure on a 1k algebra A
can often be formalized
as a Hopf algebra action on A

Ex Action of group G on A by automorphisms
equiv data

Hopf Action of KG on A

Ex Action of lie algebra of on

A by derivations
equiv data

Hopf action of Ulog on A

Ex Grading of A by finite group G
I equiv data

Hopf action of KG on A

One can take fancier Hopfalgebras like
quantum groups Uglog as well

Quantumsymers of an algebra in this
talk will mean an action of a Hopf algebra



Algebras in tensor categories

DeI AtmfyCi aistalk
can be thought of as an abelian
category with an additional operation

Exe C
admitting some nice features like
unit object IEC s.t.IQ X X 1
Ende 1 1k XEE

associativity isomorphisms
a X Y Z YQZ

X Y ZEE

objects EE XEC

We also assume tensor categories in
this talk are finite meaning equiv
to fin dim reps of a fin dim alg
unrelated to operation



Examples
vec fin dim.lk rec spaces

C rep H for a Hopf algebra H

C veCq where

G finite group
W G G G 1k 3 cocycle
objects morphisms are

G graded fin dim vec spaces
associativity twisted by w

for X Y Z in degrees g h MEG resp
X Y Z YAZ
is malt by scalar w g h m elk

Fibonacci Category C semisimple
with two simple objects 1 TE C
st T T 1 T



Note that while objects in first 3
examples are vectors spaces by def
this is not inherently part of structure
of general tensor cat C

In fact if we try to think of
objects in Fibonacci category as
vector spaces we find

dint dime 1

Therefore all concepts in tensor
categories must be defined in
terms of morphisms between objects
NOT internal structure of object
e g elements



in C is objectDefiance teabag with
multiplication A A A i E
scalars 1 A in C

satisfying natural axioms

keyExamplei.fr Hopf algebra H
an algebra A in C repCH
is defined by the same data as
a Hopf action of H on A

Why The more abstract framework
sometimes makes it easier to

see connections to related concepts
e g factions of H on A

variation of E etc

Usually done through module categories
M over outside stopefhistalk



EE ii
graph allowing loops parallel edges etc

ae

They are interesting in algebra rep theory because

Def The pathalgelaa lk.lt of a quiver Q is

vector space with basis p p a path in Q
of length 0

associative multiplication

p q Pq if 4 is path inQ
O otherwise



Assume now that 1k algebraically closed

Path algebras are universal in following sense

Theorey Gabriel 60s Let A be any
1k algebra of finite 1k dimension
Then quiver Q 2 sided ideal I lKQ
s t Mod A Mod IQ II

Intuition Quiver path algebras play
a role in fin dim algebras

analogous to what
polynomial rings play in affine alg geom

commutative algebra

Reformulation of pathalgebra without graphs

For a ring S S S bimodule E the

tensoraffg.IE
is

S O E ERE Ea Ea E
with multiplication concatenationof tensors



Straightforward exercise
Given a quiver Q with n vertices
let S IKQ.tk be the subalgebra
of 1KQ spanned by length 0 paths
let E lkQ the span of the
arrows in lkQ

Then KQ Ts E

More generally if A is any
fin dim 1k algebra then
A is isomorphic to a quotient
of Ts E where

S A rad A
E rad A rad A

Summaryconclusions
1 tensor algebras are fundamental
to study of arbitrary fin dim
1k algebras

2 Quiver path algebras are

fundamental examples of tensoralgebras



III Tynz fnitelm
s algebrasKITTY star
arbitrary

tensor category C so can

modules bimodules over algebras

Tensor algebras can be defined
in C

graded

For example a Hopf action of
H on HQ is equivalent to a

certain kind of tensor algebra inC repH

Broadgoalofaresearchprogramfxtendtheto.net

of quivers
which has been highly successful in
studying algebras their modules in
C vec to more general tensor
categories E



This line of investigation was initiated
in joint work with Etingof Walton
Some types of problems which arise

Classify indecomposable semisimple
or exact algebras S in given E

Fixing S classify indecomposable
bimodules over S in E

Together these determine building
blocks of tensor algebras in C

Tools like categorical Morita equivalence
can be very helpful e.g in EKW
we get results for C P

Kai Paljutkinvia C vecj
algebra



Extend theory of quivers path
algebras representations to more

general E
Recent work by Elias Heng on this

Apply to determine structure and

properties of non semisimple algebras
in tensorcategory e.g problems about
resolutions of modules
homological dimension
distinguished representatives of
Morita equivalence classes
Deformations of algebras modules


