Invertible Fusion Categories

Sean Sanford, joint with Noah Snyder

The Ohio State University, and Indiana University

July 1, 2024

Sean Sanford, joint with Noah Snyder

Invertible Fusion Categories


seancs.page

Introduction
°

Introduction

Theorem (Etingof, Nikshych, and Ostrik 2011, Thm 3.1)
For C, D fusion over C,

( Z(C) ~ Z(D) ) — ( CRD )
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Theorem (Etingof, Nikshych, and Ostrik 2011, Thm 3.1)
For C, D fusion over C,

( Z(C) ~ Z(D) ) — ( CRD )

Why are fusion categories so nice?
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Morita equivalence

ldea
Just as different bases can give different presentations of the same vector space,

different algebras can give different presentations of the same category.

Definition
Two algebras A and B are said to be Morita equivalent and we'll write A~ B
whenever

A-Mod ~ B-Mod
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The Following are Equivalent

Morita equivalence

Let A and B be f.d. algebras.
» A-Mod ~ B-Mod
» dM, N such that N®g M = A, and M@, N = B
» 3 a progenerator M € B-Mod with A = Endg(M)°P

Theorem [Morita 1957]
ALB = Z(A)=Z(B). Q
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The Following are Equivalent

Morita equivalence

Let C and D be fusion categories.
» C-Mod ~ D-Mod
» IM, N such that N Xp M =C, and MK N =D
» T an separable M € D-Mod with C ~ Endp(M)®°P

Theorem
CED = Z(C)~ 2(D). o
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Fusion for general K

Definition
A fusion category over a field K is a K-linear, abelian, finite, semisimple, rigid
monoidal category with simple unit object 1.

Keep in mind...

» Schur's Lemma: End(X) is a division algebra
» Eckmann-Hilton: End(1) is a field!
» Objects interact with Gal(End(1)/K)
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Fusion for general K
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Deligne products

» X and Y simple, and yet

X K'Y might not be! lAggB—|R| C | H |
R R C H
» End(XXY) = End(X)®kEnd(Y) C CICoC| M)
» These can have projections! 1 H H | My(C) | My(R)
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Left/Right embeddings

X X 1
End(1) can behave differently 1®X Xol
on the left and right. e®idxl eidy dyee lidx®e
1®X X o1
m ~ 3 /
X X
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Galois-graded vector spaces
)
L-Bin 1K

» L/K a Galois extension

. . Lg ®Lp = Lgn
» L-Bimg: The category of bimodules for I € Vecg
» Simple objects L, for g € Gal(L/K)

A -idp = idy -\
» Morita equivalent to Veck g(N) Lg Lg
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A new category Vecf (Gal(L/K))

» Simple objects L, for

g € Gal(L/K) (L, ®Ly) ® L —22 5 T, ® (Ly ® L)
» New associator H H
w € H3(Gal(L/K) ; L*) La.p ® L L, ® Lpc

? IL'abc

» Z(C) = Veck

- : 5 Labe w(a,b,c)idy
» Morita equivalent to Veck?” abe
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Some Galois cohomology
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Inflation

H"(Gal(E/K); EX) —— H"(Gal(E/K); L*)
Given a tower L/E/K... l l
H(Gal(L/K) ; EX) —— H"(Gal(L/K); L)

H"(Gal(E/K); EX) — H"(Gal(L/K); L*) — --- — H"(Gal(K**r/K); (K*r)*)
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Some Galois cohomology
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Categorical inflation

» We introduce a new construction C — Infl;(C).

> Infl(C) is Morita equivalent to C.

Theorem (S-Snyder)

Ian%( Vec (Gal(E/K)) ) ~ Vec"*)(Gal(L/K))

Q
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Categorical inflation (sketch)

When End¢(1) = E...

L-Bimg ~ Veck
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Categorical inflation (sketch)

When End¢(1) = E...

L-Bimg ~ Veck

L-Bimg M C X Vecy KC ~ C

Q
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Categorical inflation (sketch)

When End¢(1) = E...

L-Bimg ~ Veck

This isn't fusion! — L-Bimg X C ~ Vecg X C ~ C

Q
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Categorical inflation (sketch)

When End¢(1) = E...

L-Bimg ~ Veck
This isn't fusion! — L-Bimg X C ~ Vecg X C ~ C
]11 X (L-BImK X C) & ]11 mL—BImK XC %VGCK XC~C
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Categorical inflation (sketch)

When End¢(1) = E...

L-Bimg ~ Veck
This isn't fusion! — L-Bimg X C X Vecxk XC ~ C
1; ® (L-Bimg X C) ® 1; ~ L-Bimg X C ~ Vecg K C ~ C
1; ® (L-Bimg MC) ® 1; =: Inflg(C)
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Absolute Galois cohomology

Some comments on H*(K; G,,) = H* (Gal(KseP/K) ; (Ksep)x)

» HY(K K>,

» HY(K

0, (Hilbert Thm 90)

12

» H*(K

(K; Gm)
(K; Gm)
(K; G,) = Br(K), (Algebras with Z(A) = K, up to Morita eq.)
(K; Gm)

» H3(K
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G-normal algebras and their cocycles

Let G = Gal(IL/K). An L-central simple algebra D is G-normal if [D] € Br(IL)°.

Theorem (Teichmiiller 1940)
There is a homomorphism T : Br(L)¢ — H*(Gal(L/K) ; L*).

Theorem (Eilenberg and Mac Lane 1948)

im(T) = ker( H3(Gal(L/K) ; LX) 2% H3(K; G,,) )
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Results

Theorem (S-Snyder)

( Vect (Gal(L/K)) % Veck ) = ( w = T([D]) )
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Invertible fusion categories

Definition
A fusion category C over K is called (Morita) invertible if Z(C) = Veck.

Inv(K) = {Invertible fusion categories/K up to ~ } (+ a group under X)
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Invertible fusion categories

Definition
A fusion category C over K is called (Morita) invertible if Z(C) = Veck.

Inv(K) = {Invertible fusion categories/K up to ~ } (+ a group under X)

Theorem (S-Snyder)

Every invertible fusion category is Morita equivalent to some Vec{ (Gal(L/K)),
for some I and w.
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Results

Theorem (S-Snyder)

Inflation induces an isomorphism

H3(K; G,,) = Inv(K) .
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Results

Theorem (S-Snyder)

For C, D fusion over K, with
C : Veck — Z(C), and D : Vecx — Z(D) invertible 1-morphisms in Br-mFusk,

( Z(C) ~ Z(D) ) = ( C ~ Vecy(Gal(E/K)) XD )

The Vecy (Gal(E/K)) can be removed if [w] =1 € H}(K;G,)
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Results
Proof sketch

> Use F : Z(C) — Z(D) to build Z(C)r.

C -0 (D°P) =z(p)
» CNz) Z(C)r Wz(py D™ is invertible. -

-M
» Compose with D°P.
T D
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Finding examples

» H3(K;G,,) = 0 for any local field!
» H3(K;G,,) = 0 for any global field!
» H3(C(x,y,z);Gn) # 0 is hard to show!

» (Uematsu 2014) and (Riman 2020) prove this while computing brauer
groups of certain varieties.
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A spectral sequence

Inv (H‘) ¢
. H'(G;Br(L))
' 0 H2(G;1X) o o
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Future work

Conjecture
For C,D fusion over K, with End(1z(c)) = End(1z(p)) = K,

( Z(C) ~ Z(D) ) = ( C ~ Vecy(Gal(E/K)) XD )

The Vecy (Gal(E/K)) can be removed if [w] =1 € H}(K;G,)
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Future work
oe

Fusion 2-categories?

» H* (K; Gm) is NOT the group of invertible fusion 2-categories!
» The Witt group of [Davydov et al. 2011] comes into the picture.

» A Galois theory of categorified fields in the style of [Johnson-Freyd 2017]
will be necessary.
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Thank Youl
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