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effectively resolve intricate material morphology and address the computational complexity associated
with heterogeneous materials. This sharp volumetric billboard algorithm stems from a volumetric bill-
board method, a multi-resolution modeling strategy in computer graphics. In this work, we enhance
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1. Introduction

Heterogeneous materials are abundant in nature as well as
in synthetic applications. Typical examples include polycrystalline
materials, polymer blends, porous media, metal alloys, etc. Pre-
dicting the behavior of heterogeneous materials, whether mechan-
ical (Matous$ et al., 2008; Lee et al., 2011; Kulkarni et al., 2009;
Meyers et al., 2006; Fu et al., 2008), thermal (Gillman and Ma-
tous, 2014; Gillman et al., 2015; Srinivasan et al., 2009; Hartl and
Lagoudas, 2008), electrical (Seto, 1975; Montal and Mueller, 1972;
Allaoui et al.,, 2002) or otherwise, has been a long standing en-
deavor. These material properties strongly depend on the size,
shape and spatial distribution of each phase. One such complex
material system is a high energy ball milled (HEBM) composite.
HEBM composites play an important role in pyrotechnics, propel-
lants, shock synthesis, etc. (Manukyan et al.,, 2015; Zhang, 2004).
The structure of HEBM materials is highly inhomogeneous, tortu-
ous and stochastic, with varying size scales (see Fig. 1). Due to the
complexity of the internal morphology, robust characterization and
modeling techniques are needed when analyzing HEBM composites
and other similar material structures.
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Predictive microstructual modeling hinges on the structural
information acquired from imaging techniques. In the recent
decades, the development of three dimensional (3D) high resolu-
tion imaging, either destructive (Shuck et al., 2016; Uchic et al.,
2006), or non-destructive (Gillman et al., 2013; Collins et al., 2008;
Lee et al., 2009; Arns et al.,, 2002), has enabled measurements of
the size, shape and connectivity of microstructural features on mi-
cro, nano or even atomic scales. The 3D analysis pushes the fron-
tier of imaging techniques by reducing the sampling bias associ-
ated with two dimensional (2D) analysis and enabling a valid de-
scription of the internal 3D structural characteristics as a whole.
This includes devices and methods such as the electron atom probe
(Blavette et al., 1993; Gerstl et al., 2004 ), tomographic transmission
electron microscopy (Frank, 1992; Midgley and Weyland, 2003),
synchrotron-based X-Ray diffraction (Schmidt et al., 2004; Larson
et al., 2002), focused ion beam (FIB), and sectioning electron mi-
croscopy (SEM) (Shuck et al., 2016; Uchic et al., 2006), just to name
a few.

Currently, microstructural modeling is undergoing a revolution-
ary change corresponding to the improvements of material pro-
cessing and imaging techniques. For example, to capture structural
details reflected in the high-resolution images, studies are carried
out using voxel based modeling (Huang and Li, 2013; Lewis and
Geltmacher, 2006; Huang et al., 2015), where one voxel in the
digital image corresponds to one finite element (FE). To this end,
the voxel based models are extremely expensive, considering the
significant amount of voxels in the high resolution images. To re-
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Fig. 1. Material morphology of a HEBM Ni/Al composite in 3D from the FIB/SEM
method (Shuck et al., 2016). Only the Al phase is displayed.

lieve the computational burden, model reduction is required. One
of the traditional approaches is to choose a representative compu-
tational domain (Huang and Li, 2013). This leads to the challenge
of balancing between the micro-structural size and the resolution
of structural features. Another approach is to group and/or merge
the voxels (Lewis and Geltmacher, 2006; Huang et al., 2015). This
approach enables analysis on a larger physical domain with the
same number of elements. However, the geometrical and physical
implications of grouping voxels are usually ignored, which in turn
weakens the reliability of associated numerical results.

Instead of manipulating the voxels directly, reconstruction
methods utilize idealized shapes extracted from the digital im-
ages to construct a representative volume that describes the over-
all morphology (Gusev, 1997; Bohm et al., 2002). In volume re-
construction, many assume random fields and include artificially
generated phases randomly distributed in space (Song et al., 2006;
Man and van Mier, 2008; Drummond et al., 2005; Chawla et al.,
2006). Others employ statistical correlation functions that are as-
certained from digital images to quantify the shape and distribu-
tion of phases (Lee et al., 2009; Gillman et al., 2013; Klemm et al.,
1997; Yeong and Torquato, 1998a). In general, reconstruction meth-
ods are well suited for analyzing heterogeneous materials when
the morphology of at least one of the phases is regular and ap-
proaches idealized geometries such as spheres, ellipsoids, tetrahe-
drons, etc. However, structural assumptions and simplifications in
this approach become unrealistic when modeling highly complex
systems with extremely irregular morphologies, such as in Fig. 1.
Furthermore, unlike voxel based methods, the computational cost
and accuracy of reconstruction models rely largely on the subse-
quent meshing process, which can potentially introduce additional
numerical errors (Huang et al., 2015). To this end, modeling ex-
tremely complex heterogeneous materials with high fidelity, while
reducing the computational complexity of the underlying data, re-
quires a novel approach.

Similar to our challenges in finding a balance between cap-
turing realistic micro-structural details and reducing computa-
tional burdens, researchers studying computer graphics came
across problems associated with accommodating complex geome-
tries while maintaining real-time rendering rates. Much of the
work has been done in recent decades to resolve this prob-
lem (Lorensen and Cline, 1987; Heckbert and Garland, 1994;
Goswami et al., 2013; Rodriguez et al., 2013; Decaudin and Neyret,
2004; 2009; Lindstrom et al., 1996). For example, the volumet-
ric billboard (VB) method (Decaudin and Neyret, 2009; 2004),
an advanced 3D version of mipmaps (Williams, 1983; Tanner
et al., 1998), which relies directly on the voxelization of objects

(Decaudin and Neyret, 2009) can avoid the potential anamorphic
effects that are produced through the image processing. Moreover,
the VB method introduces a hierarchy of image details, or level of
details (LODs) (Luebke, 2003), and gives rise to a series of struc-
tures containing fewer and fewer geometrical primitives. This al-
gorithm has been proven to be efficient in rendering trees, foliage,
clouds, complex scenes, etc., and is used in a wide range of ap-
plications, such as Google Earth and countless modern computer
games (Décoret et al., 2003; Behrendt et al.,, 2005). Although the
VB method has provided a possibility of “lossless” data compres-
sion, current implementations mainly take visual effects into ac-
count. The effects of objects, either geometrical, statistical or phys-
ical, on material properties are yet to be analyzed.

In our work, we innovatively show the undesirable statistical
effect of a traditional voxel-reduction method by computing cor-
relation functions, which are fundamental for capturing the mor-
phology of random materials. To reconstruct statistical properties,
we establish an enhanced scheme, the sharp volumetric billboard
(SVB). Here, one SVB step is composed of a down-sampling and
a sharpening procedure, where a unique sharpening filter is de-
signed to minimize the greyscale probability mass function er-
ror with local volume conservation. To demonstrate our approach,
we utilize a fine LOD microstructure of HEBM Ni/Al composites
from SEM/FIB (Shuck et al., 2016) to create a hierarchy of mi-
crostructures through the SVB scheme. Consistent high-order sta-
tistical properties are retained among SVB microstructures despite
the large data compression ratios. To characterize mechanical prop-
erties, a parallel generalized finite element code, PGFem3D, is em-
ployed to compute mechanical responses for microstructures under
tension-relaxation loading conditions using crystal plasticity con-
stitutive equations (Matou$ and Maniatty, 2004; 2009).

The paper is organized as follows. In Section 2, we discuss the
sharp volumetric billboard theory and numerical algorithms. Ex-
amples of SVB microstructures are shown for HEBM Ni/Al FIB im-
ages. In Section 3, we talk about statistical descriptors and sta-
tistical characterization of SVB microstructures. Section 4 is dedi-
cated to the constitutive theory of crystal plasticity. In Section 5,
we present numerical results for SVB microstructures undergoing
a tension-relaxation loading process. Finally, in Section 6, we draw
conclusions and discuss potential for future work.

2. Sharp volumetric billboard

In this section, we describe the SVB method. In order to cre-
ate the SVB of a material body, we use an image set taken from
imaging techniques (i.e., SEM/FIB method, see Fig. 1). We denote
this image set as the finest level, or the Oth LOD. Mathematically,
the nth LOD-SVB can be denoted by a three-dimensional container
"Vijk. where the left superscript is a LOD identifier. This container
satisfies the Einstein notation rules and stores greyscale values as-
sociated with the digital images. The greyscale values are integers
carrying the intensity information, which range between 0 — 255
for 8-bit images, for instance. The indices of "V satisfy i e [1,
"X1.j € [1, *Y],k € [1, "Z], with

n OX n _ OY nz __ OZ
ol e e o

where |-] is the round down operator. %X, %Y, 0Z are the discrete
data included in the finest image set along three directions in the
cartesian coordinates. The fact that "X, "Y and "Z decrease as n in-
creases is caused by the down-sampling procedure described in
Section 2.1. Along with the decrease in the amount of data, the
physical size represented by each data point (voxel) increases ac-
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Fig. 2. Sharp volumetric billboard scheme.

cordingly
L L L
nlxzéy nlyzﬁv nlz= é’ (2)

where "Iy, "Iy, "I, are the voxel dimensions of the nth LOD along
the x, y and z directions. Here, Ly, Ly, L, represent the physical size
of the image set along three directions. For the sake of simplicity,
the nth LOD-SVB can be alternatively described by a spatial piece-
wise function

. X y z
"V(X,Y,2) = "Vinpg, With m = (@] p= Lly—‘ q= (@W

3)
where [-] is the round up operator, x € [0, Lx], y € [0, Ly], z € [0,
L;]. In what follows, "V(x, y,z) and "V identically refer to the nth
LOD-SVB.

The SVB sequence is shown in Fig. 2. Starting from the finest
LOD, Ovijk is passed through a down-sampling filter 7 and a sharp-
ening filter R sequentially to create the next LOD-SVB, 1V,-j,<. This
procedure is repeated until the coarsest LOD, say Nvij,c, is obtained.
The ”]?ijk symbol is employed to differentiate the intermediate step
before the sharpening filter is applied (see Fig. 2). Details about the
two filters are described in Sections 2.1 and 2.2, respectively.

2.1. Down-sampling filter F

The filter F is a linear filter for image down-sampling. It is
constructed from three directional back-to-front «-blending fil-
ters (Porter and Duff, 1984; Mammen, 1989). As shown in Fig. 2,
this filter inputs a finer LOD ("~1V,;) and outputs a coarser LOD
(”f/ijk). Every sampled greyscale value in "f/,-jk is the round-down
weighted average of "1V (x,y,z) in a rectangular region of dimen-
sion "Iy x "I, x "l;. The formulation of F reads

Wik = F(TV(x,y.2))
= {/ =T (x,y,2) - WX, Y, 2) dxdydzJ, (4)
Av

where  Av=[@{-1) " i-"L]x[(-1) ", j-"L]x[(k-1)-
"l,,k-"l,] is the physical volume of one voxel in the down-
sampled image with index (ijk) and "~1T(x,y, z) is an user defined
spatial piecewise weighting function for the (n — 1)th LOD-SVB in
Av. This function satisfies

"1T(x,y,2) =" Typg > 0 and / "“1T(x,y,2z) dxdydz = 1,
Av

(5)

where m = (ﬁ], p= (ﬁl, q= {ﬁl. The weighting char-
X ly 4
acterizes the transparency of the image primitives in A v. For ex-

ample, for any ¥ in Av, [; n-1T(x,y,z) di=0 represents 100%

transparency, f; "-1T(x,y,z) d =1 represents total opacity, and a
value in between represents translucency. In our case, we choose
n-1T(x,y, z) to be a constant, because none of the image primitives
dominate in the nth LOD. This gives

"IT(x,y.2) = (6)

nlxnlynlz'

The filter 7 is commonly used for voxel merging and group-
ing when down-sampling images during image processing (Lin and
Dong, 2006; Russ and Woods, 1995). However, as a low pass fil-
ter, it tends to corrupt the high frequency component of the im-
age, and thus blurs the geometrical edges and discontinuities. As a
result, it usually produces images that are not sharp (Jain, 1989).
After down-sampling the image several times using F, the image
suffers from severe high frequency information loss, which results
in corresponding material behavior bias. Therefore, we propose a
novel sharp filter to reconstruct the material information. This fil-
ter, represented by R, is described next.

2.2. Sharp filter R.

The filter R is created to reconstruct the original phase contrast
after image down-sampling. The creation of this filter is under the
premise that the down-sampling filter 7 smoothes the material
density distributions (as seen later in Section 2.3), which results
in relatively large changes in the material behavior. To resolve lim-
itations introduced by the filter 7, while taking advantage of the
down-sampled image, we propose to restore the lost material con-
trast through another filtering process. As can be seen from Fig. 2,
R uses information from the original image, Ovijk, reads in the nth
LOD down sampled image, ”f),-jk, reconstructs the phase contrast
and produces SVB, "V, More specifically, R utilizes the proba-
bility mass function (PMF) from the original image to guide the
amount of greyscale value interchange. Moreover, it locally lim-
its the altering range of data in every voxel to keep the origi-
nal geometrical features. To this end, we also refer to R as the
global-local voxel-matching filter, since it uses the global informa-
tion from OV,-jk and performs the local operations on ”f)ijk =" Vijk-

To mathematically describe the functionality of the filter R, we
first define the greyscale PMF for ”fJijk, which reads

n73( ) _ Z;il Z;i] Z;)i] I(”]?)zﬁ, p) (7)
p)= nx.ny.nz ,

where the hat (*) and the left-superscript are consistent with the
image set identifier, p € Z! is the greyscale value that is related to
the material density (p € [0, 255] for 8-bit greyscale images), and
I is a piecewise function defined as

0o, 1 if "f/)zyz =pP,
("2, ) = {0 otherwise. )
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Based on Eq. (7), the contrast difference between "f/,-jk and OV,-jk
can be quantified by the L!-norm

E=Y|"P(p)-"P(p)]|- 9
P

Here, the sum is over all discrete greyscale values.

To reconstruct the original contrast, we propose to use E as an
objective function. However, simply minimizing E can lead to mul-
tiple admissible microstructures, many of which are undesirable
because they often suffer from phase distortions. This problem is
caused by the spatially unrestricted greyscale value interchange. To
resolve this problem and prevent the voxel switching between the
material phases, we constrain the range of manipulated greyscale
values for every voxel as follows,

|"V>Zy~z—"l7>zﬁ| <d, (10)
V Xe[1,"X,], 7e[1.™,], Ze[1,"Z,], (10)

where d > 0 is a prescribed maximum range of the greyscale value
interchange for every voxel. The choice of d depends on the phase
contrast (the lower the contrast, the smaller d). For one given mi-
crostructure, we find its nth LOD-SVB microstructure by minimiz-
ing Eq. (9) under the constraint in Eq. (10).

We note that the optimization problems that minimize differ-
ences of morpholgical functions between real and synthetic mi-
crostructures (e.g. Eq. (9) with constraint Eq. (10)) are common
in computational material science (Lee et al., 2009; Matous et al.,
2000; 2017; Kumar et al., 2006; Yeong and Torquato, 1998b; Kumar
et al.,, 2008). In particular, researchers formulate various types of
objective functions, including statistical correlation functions (Lee
et al., 2009; Kumar et al., 2006; Yeong and Torquato, 1998b; Ku-
mar et al, 2008), intensity functions (Matou$ et al., 2000) and
power spectral density functions (Povirk, 1995). Despite the type of
the objective function, solving the optimization problem is gener-
ally difficult, because many local minima exist. Moreover, success-
fully traversing all possible realizations and solving for the global
minimum can be computationally demanding. Algorithms used in
this regard range from genetic algorithms (Matous et al., 2000; Ku-
mar et al.,, 2008), simulated annealing (Kumar et al., 2006; Yeong
and Torquato, 1998b) to hybrid global-local minimizers (Lee et al.,
2009; Povirk, 1995).

In this work, we propose a novel numerical algorithm that ap-
proximates the minimum by matching the greyscale value PMF
through a fast sweeping strategy with local volume preservation
(LVP). The sweeping procedure rules out unacceptable solutions by
driving E close to its minimum while imposing a strong constraint
by implicitly setting d = 1. To realize LVP, we assume conformity
of the voxels: the greyscale value of one voxel is more likely to be
increased if it is surrounded by voxels with the higher greyscale
values, and vice versa. After accepting this assumption, we weight
every voxel in ”f/uk by accounting for their corresponding neigh-
boring voxels. Thus, we create image weights, ”W,-jk, for every "f/,-jk
by averaging the greyscale values of neighbor voxels in the weight-
ing region (WR). The WR of one voxel is the set that includes the
voxel itself and every voxel that contacts it,

WR(Mij) = (Vg 1i—1 <X <i+1,j-1<y<j+1,
k—1<Z<k+1}, (11)

where %, J and Z also satisfy the indexing constraint for ”17,~jk. The
image weight, "Wijk, is the average of the greyscale values in WR,

mi, Z"ﬁiyZEWR("f/ijk)nV’?ﬁ
Wijk = = , (12)
card[WR(”Vijk)]

where the sum is over all of the discrete values in WR and card(-)
gives the cardinality of a set. Fig. 3 shows a specific optimization

=
S
& N o
%
ERyl D k kt1 D

Fig. 3. Filter R strategy. Red blocks represent the voxels that have the greyscale
value p =k and blue blocks represent the voxels that have the greyscale value
o =k+1. Here, "B, and "P,,, denote PMFs before and after sweeping, respec-
tively. The image above shows a specific case when d?(k) > 0 and the weight value,
w; > Wy, > ws. The WR for the voxel where the weight value equals ws; is shown in
light yellow. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

step of p = k — p =k + 1. As shown in Fig. 3, to match the original
PMF, one of the three voxels that has the greyscale value p =k
needs to be assigned to p = k + 1. As a result, the voxel which has
the highest weight is chosen, because it resides in a region where
the digitized microstructure has high greyscale values. In this way,
the volume of each phase is approximately preserved locally in the
neighboring region of each voxel. An implementation of the filter
R for creating "Vjji is provided in Algorithm 1.

Algorithm 1 - Filter R.

1: Derive 9P and "P for the finest image °V;j and the nth LOD
intermediate image "f/,»jk from Eq. (7).

2: Create the image weight, ”W,-jk, by averaging the neighbor ele-
ments in the WR for every voxel in ”f)ijk.

3: Initialize p = 0.

4: Determine the greyscale value PMF difference, dP(p) =
"P(p) —9P(p), and derive the number of voxels to be re-
distributed to (when dP(p) > 0) or restored from (when
dP(p) < 0) the aggregate of elements with the greyscale value
p+1.

5. if dP(p) > 0 then

6: Get the weight values (WV) of the elements that have
the same greyscale value p from the image weight "Wijk and
choose those elements that have the largest weights.

7: Set the greyscale value of the chosen elements to be p + 1.

8: if dP(p) <0 then

Get the WV of the elements that have the same greyscale
value p + 1 from the image weight ”lek and choose those el-
ements that have the smallest weights.

10: Set the greyscale value of the chosen elements to be p.

11: if dP(p) = 0 thenGo to next step.

12: Update p < p + 1, and repeat step 4 - 11 until p =255 (for
8-bit images).
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Table 1
Model parameters for the different LOD.

LOD  Physical size  Number of voxels  Voxel size Compression
[pm?3] [nm3] Ratio

Oth 3494 1.035e+8 15 x 15 x 15 -

1st 349.4 1.294e+7 30 x 30 x 30 8

2nd 3494 1.617e+6 60 x 60 x 60 64

3rd 3494 2.022e+5 120 x 120 x 120 512

4th 349.4 2.462e+4 240 x 240 x 246 4204

(a) (®)

Fig. 4. The original Ni/Al image. (a) One greyscale 2D image extracted from the
original image set (Shuck et al., 2016), where the Ni phase is brighter, the Al phase
is darker. (b) Binary 3D microstructure, where grey identifies the Ni phase, black
identifies the Al phase.

2.3. SVB of Ni/Al composites.

To verify our SVB algorithm, we apply the SVB scheme to HEBM
Ni/Al composites. The HEBM technique takes the single-phase Ni
(fcc) and Al (fcc) powders and combines them into a Ni/Al particle
with nanoscale geometric features that contain both phases with
oxide-free boundaries. The HEBM is done in a planetary mill un-
der an inert atmosphere. The milling conditions are set to prevent
chemical reactions and atomic mixing. Therefore, the mixture con-

(b)

2 ym

2 pm

(e) ®

tains no secondary phases (i.e., only Ni and Al are present). More
details about the HEBM procedure can be found in Manukyan et al.
(2015); Shuck et al. (2016); Fecht et al. (1990). Due to the HEBM
process, the resultant Ni/Al composites acquire a highly stochas-
tic and tortuous internal structure, which is suitable for testing the
robustness of our SVB algorithm.

As a demonstration, we create a series of SVB microstructures
of HEBM Ni/Al composites up to the 4th LOD. The number of
LODs acceptable for an accurate analysis depends on several fac-
tors, i.e., the material contrast, complexity of the microstructure,
etc. The model parameters of each SVB with varying LOD are
listed in Table 1. The HEBM Ni/Al image data obtained by Shuck
et al. (2016) is shown in Fig. 4. The Ni/Al nanocomposite is pro-
duced from an equiatomic (~2:3 volumetric) mixture of Ni and
Al through HEBM. An image stack is first collected through the
FIB/SEM approach and then reconstructed after the shear correc-
tion, contrast normalization and alignment, which results in an im-
age stack with 15nm resolution. We choose from this image stack
a volume of interest with 312 image slices, each clipped to 576 x
576 pixels. This corresponds to a physical domain of Ly = 8.64um,
Ly = 8.64um, L, = 4.68pm along the x, y and z directions, respec-
tively.

Slices extracted at the same location along the z direction
in each of the SVB, and the averaged (AVG) microstructures are
shown in Fig. 5. The AVG microstructures are created by solely ap-
plying the filter 7 on the same image set, as is traditionally done
in computational materials science (Lewis and Geltmacher, 2006;
Pyle et al., 2013; Qidwai et al., 2009). The morphology of the Ni/Al
composite is highly complex due to the HEBM procedure. How-
ever, the SVB series still captures this morphology well, even after
a data compression to 0.024% of the original data for the 4th LOD.
It should be noted that a dark zone appears in the higher LOD-SVB
(Fig. 5a- d) to match the discontinuous features, such as pores and
impurities in the composite (marked by a box in Fig. 5). In com-
parison with the SVB series, the coarser LOD-AVG microstructures
become less clear and cannot resolve the small discontinuous fea-
tures (compare Fig. 5d and h).

L] [
2um 2im
(c) (d)
[] L]
2m Zum
(2) ()

Fig. 5. One slice extracted from the SVB (a-d) and AVG (e-h) microstructures up to the 4th LOD. All microstructures are of the same physical size, 3.494e+2 pm3. The
resolution of the image is different: (a, e) 288 x 288 x (156), (b, f) 144 x 144 x (78), (¢, g) 72 x 72 x (39), and (d, h) 36 x 36 x (19) in voxels, respectively. The last
number in brackets represents the third dimension (number of slices). The boxed area shows an example of a structure with a sharp gradient of the greyscale values (e.g., a

void).
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Fig. 6. The probability density function of the greyscale values up to the 4th LOD: (a) AVG, and (b) SVB. The vertical dot-dash line marks the threshold greyscale value.

To verify the SVB method, we compute the probability density
function (pdf) of the greyscale values for SVB microstructures up
to the 4th LOD (Fig. 6b). The pdfs are computed by fitting the
greyscale value PMFs with the nonparametric kernel distributions.
The shaded area represents the pdf from the finest LOD, which
is used as a reference. The shape is approximately a union of
two Gaussian distributions, with the left peak identifying the Al
phase, and the right representing the Ni phase. The pdfs of SVB
microstructures trace the reference pdf, which indicates density
preservation of each phase (the greyscale values can be related to
the material density). Moreover, the invariance of the pdfs shows
the robustness of the SVB scheme against the increasing LOD (de-
creasing voxel/element amount).

As a comparison, we also compute the greyscale value pdfs of
AVG microstructures up to the 4th LOD (Fig. 6a). The pdf of the
Oth LOD is shaded again as the reference. The resulting pdfs of the
AVG microstructures drift further away with the increase of LOD,
which indicates the high sensitivity of the AVG microstructures to
LOD change. Moreover, the pdf saddle is swallowed starting at the
3rd LOD, which renders the two phases indistinguishable, which is
also reflected intuitively in Fig. 5g and h.

To separate the Ni and Al phases, we use Otsu’s method (Otsu,
1975) to binarize the greyscale images. This method helps to find
the optimum threshold greyscale value, which maximize the inter-
phase variance. In our case, the threshold value for the Oth LOD
image is p =81 (the saddle value in Fig. 6a) and all images are
segmented at the same greyscale value.

3. Statistical characterization

To characterize the geometrical effects of the SVB method, we
utilize statistical descriptors. Specifically, we compute the one- and
two-point probability functions. As described in Torquato (2002);
Beran and Pytte (1968), the probability functions are derived using
a phase indicator function at a material point ¥ in a sample @ of
an ensemble space 2:

1 if x inphase q,

0 otherwise. (13)

Ta(X; w) = {

The ensemble is a collection of the material samples being consid-

ered. The ensemble average is given by

() = / To(x: @)pdf(w)do, (14)
w

where pdf(w) is the probability density function of w in 2. Under
the assumption of ergodicity, statistical homogeneity and isotropy,

the ensemble average can be replaced by the infinite volume
average and the probability functions are translation and direc-
tion invariant (Torquato, 2002; Beran and Pytte, 1968; Torquato,
2013). To this end, the one-point probability function C, re-
duces to the volume fraction. The two-point probability function,
Sap(X1,X2), which represents the probability of finding phases a
and b at points ¥; and X, simultaneously, depends on the distance
r only (Torquato, 2002):

Sap(r=1%1 — X2|) = Lo (%1)Zp(X2)
(15)

—liml
- %

V—oo

Ta (Xl -1 )Ib(XZ -1 )dV
Vv

Here, I is a translation vector and V is the volume of the domain.

The one- and two-point probability functions are computed us-
ing the parallel statistical sampling code, Stat3D (Lee et al., 2009;
Gillman et al., 2013). In order to conveniently express the probabil-
ity functions with respect to LODs, we let "C, denote the one-point
probability function of the phase a at the nth LOD, and S, , rep-
resents the two-point probability function of the phase a and b at
the nth LOD. To measure the change of one point probability func-
tions, we define the volume fraction error of the phase a at the nth
LOD as:

B |Oca e,

€(Ca) = —g—

a

x 100%. (16)

The resulting one point probability function of the Al phase,
"Ca, is shown in Fig. 7a. Solid and dotted lines represent the
SVB and AVG microstructures, respectively. The "C, of AVG mi-
crostructures increases as the LOD increases. On the other hand,
the SVB preserves "C4; despite the LOD change. The associated er-
rors, € ("Cyq;), are shown in Fig. 7b. The one point probability error
of SVB is constrained within 0.35% at the 4th LOD, while the error
introduced by the AVG at the same LOD reaches 9.61%.

Fig. 8b shows the isotropic two point probability functions,
Saai and Sy 41, for the SVB microstructures. The two-point prob-
ability functions from different LODs stay close to each other, al-
though the error of the 4th LOD is observable when the sampling
distance r is small. This is due to the higher sensitivity of the two-
point probability functions to the local morphologies. Specifically,
the increase of the LOD results in a larger volume represented by
one data point (voxel). As a result, geometrical features that have
dimensions smaller than one voxel are more inclined to vanish.

As a comparison, we present the isotropic two point probabil-
ity functions for the AVG microstructures in Fig. 8a. In general,
the two-point probability functions of the AVG deviate dramati-
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Fig. 8. The isotropic two-point probability functions of HEBM Ni/Al composites up to the 4th LOD: (a) AVG, (b) SVB.

cally from that of the finest LOD. Moreover, the AVG microstruc-
tures lose more accuracy as the higher LOD is reached.

4. Governing equations

As demonstrated in Sections 2 and 3, the SVB microstructures
preserve both geometrical and statistical features with a high data-
compression ratio. Next, we are interested in the mechanical re-
sponse of the Ni/Al composite. In order to show the mechanical
behavior, we utilize a finite strain model to solve the quasi-static
equilibrium boundary value problem, which is governed by:

V.-P+b=0 in Q,
P.N=t on 9%, (17)
u=1u on dQY.

Here, P is the first Piola-Kirchhoff (P-K) stress tensor, N is the unit
normal associated with 3¢, b is the body force, t is the traction
applied on 92!, and 1 is the applied displacement on 9. Details
of the numerical implementation using the mixed three-field finite
element method is given in Matou$ and Maniatty (2004).

4.1. Constitutive theory

Crystal-plasticity constitutive laws are used for numerical sim-
ulations (Matou$ and Maniatty, 2004; 2009). The viscoplastic slip
along a crystallographic slip plane is modelled assuming a power

law

/-1

Lo (18)

Vi =V C
- Vo—

g
where m is a material rate sensitivity parameter, ), is a reference
rate and g' is a resistence to the plastic slip (hardness) on a slip
system . The resolved shear stress t‘ is related to the second P-K
stress S

Tt = (°CS) : P (19)
where €C is the elastic right Cauchy-Green deformation tensor and
P' denotes the Schmid tensor. To describe the evolution of the
hardness, we adopt a uniform self and latent hardening. Thus, all
slip systems start with the same hardness and harden together at
the same rate. Therefore, the superscript ¢ can be dropped from
the hardness, and the evolution equation yields

§=60.97 = Go( 2= )7. (20)

& — &0

where a hardening rate Gy and an initial resolved shear strength
go are material parameters. Here, 7 denotes the total shearing rate
on all slip systems

(21)

Ny
=2 17
=1
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t1 to
(a) (b)

Fig. 9. The tension-relaxation loading profile. (a) The schematic of the loading con-
dition. (b) The displacement function u(t), where t; = 119 ms, t; =300 ms, ;=
0.119um.

where Ns represents the total number of slip systems for a crystal.
The saturation value of the hardness, g, is given by

0]

&s = 8so ) (22)

Vs

where g5, ¥ and w are material parameters. Again, an efficient
integration algorithm and numerical implementation are provided
in Matou$ and Maniatty (2004).

5. Numerical example

As an illustration of the SVB method, we simulate the mechani-
cal response of HEBM Ni/Al composites utilizing the parallel gener-
alized finite element code, PGFem3D, with crystal plasticity consti-
tutive equations (Mosby and Matous, 2015a; 2015b; 2016). In our
work, two sets of simulations are performed. In the first set, we
keep the identical texture for all microstructures (i.e., a single crys-
tal representation) to avoid potential side-effects from the crystal
orientation mapping among LODs. The associated results are pre-
sented in Sections 5.1 and 5.2. In the second set, we adopt random
crystal orientations (i.e., a polycrystal representation) to simulate
the real material texture. The corresponding results are included
in Section 5.3.

In both cases, we compute the mechanical response of the 2nd
to 4th LOD-SVB in order to analyze the effect of varying the LOD.
Note that these LODs provide a series of microstructures, and thus,
we investigate its convergent properties using the Richardson ex-
trapolation (RE) in Sections 5.1 and 5.2. The SVB microstructures
are created following the description in Section 2. For comparing
and analyzing the influence of the SVB method on mechanical be-
haviors, we also simulate the response of the 4th LOD-AVG and the
4th LOD random (RND) microstructures. The 4th LOD-AVG is cre-
ated from the same image set by solely applying the filter 7. We
generate five 4th LOD-RND microstructures through random as-
signment of properties in each voxel while retaining the 4th LOD-
SVB volume fraction.

Table 2

The microstructures are subject to a tension-relaxation loading
profile. The schematic of the loading history is shown in Fig. 9. We
apply symmetric Dirichlet boundary conditions on the faces x =0
(back), y = 0 (left) and z =0 (bottom). The displacement u is ap-
plied along the +z direction on the top surface, with specifics given
in Fig. 9b. The value of maximum displacement ti; corresponds to
the strain of 2.5% and t; is chosen so that the displacement rate
along +z direction becomes 10um/s.

Structured finite element meshes with hexahedron elements
are generated directly from the digital image stacks. The finest
LOD numerically simulated in our work is the 2nd LOD. The 2nd
LOD-SVB contains 1,617,408 brick elements, 1,660,975 nodes and
129,392,640 nonlinear crystal plasticity ODEs (see Section 4.1). The
simulations are performed on 512 — 1024 cores using C-SWARM
cluster, LANL Mustang and LLNL CAB computing resources. Com-
puting resources on the MIRA supercomputer at Argonne were also
utilized. We assume the isotropic elastic material properties. The
total number of slip systems for Ni and Al is Ns = 12. The material
properties are listed in Table 2.

5.1. Macro-mechanical response

To examine the macro-mechanical (overall) behavior, we com-
pare among all microstructures the average normal Cauchy stress
along the +z direction at the top surface, 6, defined as:

- 1
Ozz = EAO'ZZCVL

Here, A is the undeformed area of the top surface. It should be
noted that we employ the undeformed surface area, because we
are in the small strain regime macroscopically. To quantify the er-
ror associated with the higher LOD microstructures, we utilize the
following error

(23)

|26H - n622|

- , 24
max[?5| (24)

6(no-vzz) =
where the superscripts n > 2 are the LOD identifiers. The left su-
perscript, 2 (i.e.,, n = 2), marks the finest LOD analyzed in our work.
The stress-time comparison among the SVB microstructure se-
ries is shown in Fig. 10a, which indicates very similar behavior of
all three SVB microstructures. Note again that the Ni and Al phases
are treated as single crystals in the initial configuration in this
study. We select this orientation to limit the combined effects of
morphology and texture. Fig. 10b shows the error introduced by
the higher LOD-SVB microstructures. The error of 6, for the 4th
LOD-SVB is controlled within 1.89% throughout the entire loading
process, while the maximum error of the 3rd LOD-SVB is 0.83%.
To analyze the convergence rate of SVB microstructures, we use
RE (Richardson, 1911; Richardson and Gaunt, 1927) on SVB com-
putational results at two critical points, 62;(t;) and 6 (ty). This
allows us to infer the error of the 2nd LOD-SVB microstructure
with respect to the continuum description (Oth LOD). We list the
computational value 65 (t), the extrapolated value 6£(t), and the
extrapolated relative error €(65(t)) associated with the 2nd LOD-

Viscoplastic properties of Ni and Al. Material properties of Al are from Matou$ and Maniatty
(2004). Material properties of Ni are from Turner et al. (2012). These material properties are
typical and have been adopted in various studies (Choi et al., 2014; Bozek et al., 2008; Matous
and Maniatty, 2009). Moreover, the stress-strain response of each phase can be found in Matous
and Maniatty (2004); Pyle et al. (2013); Turner et al. (2012); Choi et al. (2014).

Material E G m £o Yo Go g5, Vs w
[GPa]  [GPa] [GPa] [s7'] [GPa] [GPa] [s7!]

Ni 207 79.01 0.60 0.045 1.0 0.50 0.155 5.0e10 5.0e-4

Al 70 26.12 0.05 0.027 1.0 0.06 0.062 5.0e10 5.1e-6
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Fig. 10. Average normal stress and associated error. (a) Average normal stress, 6,;, of the 2nd, 3rd, and 4th LOD-SVB microstructures. (b) Error for the 3rd and 4th LOD-SVB
microstructures. (c) Average normal stress, 6z, for the 2nd LOD-SVB, AVG, and RND. (d) Error for the AVG and RND.

Table 3
Richardson extrapolation results at the criti-
cal points 6, (t;) and 6, (t).

RE point  65(t)  GL(t)  e(G5(t)
t 86.56 86.35 0.2420%
ty 59.19 58.94 0.4242%

SVB in Table 3. The extrapolated relative error is defined as

~C _ |O_-zl§(t) - O_-zcz(t)|
€(0,(t)) = W. (25)

The extrapolated relative error for both points is less than 0.5%,
which indicates that the computational results for the SVB mi-
crostructures quickly converge to the theoretical prediction.

For comparison, we show the computational result for AVG
and RND microstructures together with the 2nd LOD-SVB result in
Fig. 10c. Once again, the RND and AVG microstructures have the
single crystal (Ni and Al) orientation in this study. The RND curve
is the average of the aforementioned five microstructures (realiza-
tions). The coefficient of variation is CV(6,;) = 2.3%. Both AVG and
RND microstructures introduce a noticeable discrepancy from the
2nd LOD throughout the whole loading process. The correspond-
ing error is shown in Fig. 10d, which indicates that the error in-
troduced by the AVG has exceeded 7.43% and the error of aver-
aged five RND microstructures has reached 3.30%. We note that the
trends between the AVG and RND responses in Fig. 10c and d de-
pend on the particular microstructure.

5.2. Micro-mechanical response

To study the micro-mechanical behavior, we analyze the lo-
cal stress field. Thus, we compute the distribution of the effective
stress, oo, associated with every element. The effective stress is
defined as

Oeff = ‘/%a’ 1o/, (26)

where ¢’ is the deviatoric part of the Cauchy stress.

To show the stress distribution, we display 3D plots of the ef-
fective stress at two critical time points, i.e., the maximum stress
point t{, and the relaxation point t,, in Fig. 11. Both Fig. 11a and
b show higher stress in the Ni phase compared to that of the Al
phase, which is due to the higher stiffness of Ni (see Table 2). By
comparing two stress fields, we observe the evolution of the local
stress during the stress relaxation process.

To further quantify the local stress features, we compute the
pdfs of the effective stress for all microstructures at the two crit-
ical loading points, t; and t,. The pdfs are computed through fit-
ting the nonparametric kernel distributions to o ¢ associated with
all elements. To measure the error of the pdfs, we introduce the
normalized error €("pdf), which measures the difference between
two distributions:

2 n
max|2pdf]

Fig. 12 shows the pdfs and the associated errors of the 2nd
to 4th LOD-SVB. The pdfs at both loading points can capture the

(27)
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Fig. 11. Effective stress field associated with the 2nd LOD-SVB. (a) Stress at the maximum strain. (b) Stress at the end of relaxation.
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Fig. 12. Probability density functions of the effective stress o ¢ and the error of SVB microstructures. (a) Pdfs at the maximum stress. (b) Error at the maximum stress. (c)

Pdfs at the end of relaxation. (d) Error at the end of relaxation.

distribution of the effective stress in each separate phase. Specifi-
cally, the left peak refers to the Al phase and the right peak iden-
tifies the Ni phase. This coincides with the observation, that the Ni
phase carries higher stress than the Al phase at the same strain.
Moreover, the translation of the pdf along the horizontal axis in
Fig. 12c in comparison with Fig. 12a reflects the stress relaxation.
The pdfs in Fig. 12a and c show a similar behavior of all SVB mi-
crostructures and their ability to capture the local stress fields at
different loading points.

By comparing the pdf error between the 3rd and 4th LOD-SVB,
we can see that the higher LOD-SVB introduces a larger error than
the lower LOD-SVB, which is consistent with our previous analysis
(see Fig. 12b and d). The error of the 4th LOD-SVB is limited within
12.34% and the 3rd LOD-SVB is below 5.20%.

To predict the error for pdfs associated with the 2nd LOD-
SVB microstructure, we apply again RE on SVB microstructures at
points P;, Py, P; and P4 in Fig. 12. The computational value pdfc,
the extrapolated value pdff, and the extrapolated relative error
€(pdfC) are listed in Table 4. The extrapolated relative error is de-
fined as

|pdff — pdf€|
|pdi®|
The extrapolated relative error for all points is less than 7.3%,

which indicates a very good convergence rate of the SVB computa-

tional results.
As a comparison, we show the pdfs of AVG and RND mi-
crostructures in Fig. 13a and c at time t; and t,, respectively. The

€(pdf) = (28)
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Table 4
Richardson extrapoloation errors of the local stress at

points, P; — P4, in Fig. 12a and c.
RE point  pdf© pdft €(pdfc)
Py 6.666e—2 6.330e—2 5.313e+0%
P, 1.208e-2 1.209e-2 7.237e-2%
P 9.357e-2 9.004e-2 3.917e+0%
Py 1.716e—-2 1.810e—-2 5.219e+0%

grey shaded area represents the pdf of the 2nd LOD-SVB. Again, the
RND result is the average of five randomly generated microstruc-
tures. The coefficients of variation are CV(pdf) =2.8% at t;, and
CV(pdf) = 3.0% at t,. Although both AVG and RND microstructures
are trying to capture the general shape of the stress distribution for
both phases, we observe large errors. The AVG microstructure over-
shoots significantly at the peak of the Al phase and undershoots
the peak of the Ni phase at both loading steps. As for the RND mi-
crostructure, it also overshoots at the peak of the Al phase. How-
ever, the peak of the Ni phase translates along the horizontal axis
to the right, which means the RND microstructure predicts higher
stress imposed on the Ni phase.

According to the error analysis in Fig. 13b and d, both AVG and
RND microstructures produce the larger error at the peak of the Al
phase. Moreover, the AVG microstructure generally exhibits smaller
error than the RND microstructure. According to Fig. 13d, the AVG
microstructure introduces a maximum 43.50% error and the RND
introduces a maximum 48.77% error. In comparison with the cor-
responding error associated with the 4th LOD-SVB (12.34% error in

Fig. 12d), the AVG and RND microstructures produce much larger
errors than SVB.

5.3. Mechanical response with random crystal orientation

In this subsection, we present the results of the mechanical re-
sponse with random crystal orientations. Note that the reduction
of the crystallographic orientations is also an active area of re-
search. In this work, we simply assign a random texture to each
LOD. Specifically, the 2nd, 3rd and 4th LOD-SVB crystal orienta-
tions are randomly generated for each finite element (i.e., a crys-
tal). However, the 4th LOD-AVG has the same orientation as the
4th LOD-SVB for unbiased texture comparison. Five 4th LOD-RND
microstructures each utilize one separately generated random tex-
ture.

The average Cauchy stress for all simulated microstructures is
shown in Fig. 14a. The 4th LOD-RND result is the average of five
different microstructures, with the coefficient of variation CV=
1.25%. The associated errors of the LODs are displayed in Fig. 14b.
It is shown that the 3rd LOD-SVB produces the most accurate re-
sult. The 4th LOD-SVB introduces the least error among all of the
4th LOD microstructures, and the 4th LOD-AVG is the most erro-
neous.

In addition to the overall mechanical behavior, we also in-
clude the pdfs of the effective stress at time t; (maximum stress)
in Fig. 15. We show the pdfs of the Al and Ni phases using darker
and brighter grey, respectively. Again, the 4th LOD-RND distribu-
tion is the averaged result from five random microstructures. The
coefficients of variation are CV(pdf) =9.67% of the Al phase and
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Fig. 14. The average normal stress of the 2nd — 4th LOD-SVB, AVG, and RND microstructures with the random crystal orientation. (a) Average normal stress versus time. (b)

Error of the 3rd — 4th LOD microstructures.
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CV(pdf) = 14.91% of the Ni phase. This high CV(pdf) of the 4th
LOD-RND shows the high sensitivity of the microstructural data
(both texture and morphology).

Comparing Fig. 12a with Fig. 15, we observe the complex stress
pdf for the case of random texture. The random crystal orienta-
tion creates multiple stress peaks and broadens the stress distribu-
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tion. This highlights the coupling between the microstucture and
the crystallographic orientations.

The associated pdf errors for both phases are shown in Fig. 16.
The 3rd LOD-SVB is again the most accurate. The 4th LOD-RND
is the most erroneous. The characteristics of the 4th LOD-SVB are
close to that of the 3rd LOD-SVB. This indicates the consistency in
the LOD-SVBs, and the convergence to the 2nd LOD-SVB (the finest
microstructure used in this work). The 4th LOD-SVB has the maxi-
mum pdf error close to that of the 4th LOD-AVG. However, the 4th
LOD-AVG does not converge to the 3rd LOD-SVB and attains the
largest error around o = 80MPa. Moreover, the integral error of
the 4th LOD-SVB is smaller than that of the 4th LOD-AVG (i.e., the
[2-norm error normalized with the 2nd LOD-SVB pdf is 28.47% for
the 4th LOD-SVB versus 36.92% for the 4th LOD-AVG). The general
increase of the pdf error (compared to Figs. 12b and 13d) indicates
that the texture mapping is crucial for the mechanical behavior as-
sessment of polycrystals. Thus, the initial texture reduction is im-
portant and has to be considered together with the reduction of
the initial morphology.

6. Conclusion

We propose a novel image-based modeling technique with
high-fidelity and a reduced amount of data for the analysis of com-
plex heterogeneous materials. The SVB technique is based on VB
- a Google Earth like method - that utilizes image compression
while retaining important morphological features.
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Fig. 16. Pdf errors of the effective stress o.¢ for the 3rd — 4th LOD-SVB, the AVG and RND microstructures with random crystal orientations. (a) Phase Al. (b) Phase Ni.
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We improve VB through minimizing density-like greyscale value
PMFs among microstructure LODs. In particular, we design a filter
to reconstruct the statistical properties of higher LODs in order to
create a series of SVB microstructures. The material density indica-
tor - the greyscale value PMF - is restored through this procedure.

According to the statistical characterization, the new SVB
method preserves the one- and two-point correlation functions
among all analyzed LODs. The statistical and mechanical behav-
ior of SVB microstructures have the potential to efficiently reduce
the computational complexity by performing computations on a
coarser microstructure instead of on the finest one, while retain-
ing a high-degree of accuracy.

We simulate a tension-relaxation loading process of HEBM Ni/Al
composites assuming both a single crystal representation and ran-
dom textures. We study macro- and micro-mechanical responses
using the overall and local stress fields, respectively. Error analysis
shows promise of the SVB microstructures in capturing the me-
chanical behavior. RE confirms the convergence properties of the
SVB technique. An analysis of a polycrystal with random texture
shows the importance of the crystallography and the need for a
proper orientation reduction.

This novel SVB model can be applied to a variety of mate-
rial systems. It lends itself to data compression and computational
analysis with controlled accuracy in computational materials sci-
ence studies.
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