
Combinators

An alternative approach to 
computation



Overview

● Why do we care?
● Functional languages
● Combinators
● More combinators
● It’s a bird--it’s a plane--it’s a SUPERCOMBINATOR!
● More on combinator evaluation
● Combinator architectures
● Other topics
● References 



Why do we care?

1. Something about combinators WILL be on the final
2. There is a super awesome extra credit project on combinators



Why do we care?

1. We want the right tool for the job

2. Want to avoid ‘compute by side effect’

3. The big picture



Goals

1. Explain how a functional language differs from other programming 
paradigms

2. Explain what combinators are and how they work

3. Reduce a combinator expression (using normal order evaluation)



Functional Languages! 

● Functions as first class objects

● “Single Assignment:” Trying to remove computing by side effects

○ No multiple assignments of values to variables

● You may have heard of or seen some already



Functional Languages! 



Functional Languages: code examples 

● Scheme:

(define fact
    (lambda (n)
      (if (zero? n)
          1
          (* n (fact (- n 1))))))



Functional Languages: code examples 

● Haskell:

factorial n = if n < 2 then 1 else n * factorial (n-1)



Functional arithmetic example

(+ (* 3 2) (/ 10 5))
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Functional arithmetic example

(+      (* 3 2)     (/ 10 5))

(*     3     2)     (/ 10 5)

6     (/     10     5)

6 2



Functional arithmetic example

(+      (* 3 2)     (/ 10 5))

(*     3     2)     (/ 10 5)

6     (/     10     5)

6 2

8



Combinators: functions as 1st class objects

● This puts the ‘fun’ in functional programming

((if (= 5 5 ) + -) (* 2 3) (- 3 7)))
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Combinators: functions as 1st class objects

● This puts the ‘fun’ in functional programming

((if (= 5 5 ) + -) (* 2 3) (- 3 7)))
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Combinators: functions as 1st class objects

● This puts the ‘fun’ in functional programming

((if (= 5 5 ) + -) (* 2 3) (- 3 7)))

((if True + -) (* 2 3) (- 3 7)))

(+ (* 2 3) (- 3 7))

(+ 6 (- 3 7))

(+ 6 -4)

2



<pause for questions>



Combinators: high level

● Historical beginnings
● Simple functions (and only functions)
● No variables
● Shuffle things around



Combinators: this is it

● Look Ma - no data - only functions
● And only 3 functions needed for ANYTHING! (S, K, and I)
● Grammar of expressions is trivial! (caf = “constant application function”)

<caf> -> <constant> | (<caf> <caf>*)

<constant> -> S | K | I



Combinators: All we need is to “reorder”

Let a, b, c be arbitrary <caf>s:

S a b c -> ac(bc)

K a b -> a

I a -> a



Combinators: arithmetic revisited

● Numbers and operators are a lie!
○ The number k is the function +1 

applied to 0 k times
● We only need S, K, and I
● but….



Combinators: built-ins

● 0 = K I

● Successor function:



Combinators: arithmetic revisited

Even the I is unnecessary

S     K     K     a 

K     a     (Ka)

a



<pause for questions>



More combinators

Example 1:

Say we want a composition function B such that B x y z  -> x(yz)

I strongly suspect B = S (KS) K

But we should probably check



More combinators

Example 1 reduction:

S (KS) K x y z



More combinators

Example 1 reduction:

S (KS) K x y z

K S x (Kx) y z



More combinators

Example 1 reduction:

S (KS) K x y z

K S x (Kx) y z

S (Kx) y z



More combinators

Example 1 reduction:

S (KS) K x y z

K S x (Kx) y z

S (Kx) y z

K x z (y z)



More combinators

Example 1 reduction:

S (KS) K x y z

K S x (Kx) y z

S (Kx) y z

K x z (y z)

x (y z)



More combinators

Example 2:

Maybe we would like to double the second argument as in W x y = x y y

Let’s check if W = S S (S K) works



More combinators

Example 2: reduction:

S S (SK) x y



More combinators

Example 2: reduction:

S S (SK) x y

S x ((SK) x) y



More combinators

Example 2: reduction:

S S (SK) x y

S x ((SK) x) y

x y (((S K) x )y)



More combinators

Example 2: reduction:

S S (SK) x y

S x ((SK) x) y

x y (((S K) x )y)

x y K y (x y)



More combinators

Example 2: reduction:

S S (SK) x y

S x ((SK) x) y

x y (((S K) x )y)

x y K y (x y)

x y y 



More combinators

Example 3:

How about swapping the 2nd and 3rd arguments with C x y z -> x z y

C = S (S (K (S (K S) K)) S) (K K)



More combinators

Example 3: reduction:

S (S (K (S (K S) K)) S) (K K) x y z



More combinators
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More combinators

Example 3: reduction:
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More combinators

Example 3: reduction:

S (S (K (S (K S) K)) S) (K K) x y z

S (K (S (K S) K)) S x ((KK)x) y z

K (S (K S) K) x (Sx) ((KK)x) y z

S (K S) K (Sx) ((KK)x) y z
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K S (Sx) (K(Sx)) ((KK)x) y z

S (K(Sx)) ((KK)x) y z

(K (Sx))y (((KK)x)y) z

Sx (((KK)x)y) z

xz KK x y z

xz K y z



More combinators

Example 3: reduction:

S (S (K (S (K S) K)) S) (K K) x y z

S (K (S (K S) K)) S x ((KK)x) y z

K (S (K S) K) x (Sx) ((KK)x) y z
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(K (Sx))y (((KK)x)y) z

Sx (((KK)x)y) z

xz KK x y z

xz K y z

xzy



POP QUIZ TIME



Pop Quiz: solutions

Solution 1 (note: this differs slightly from in class):   

(S S I I K) x y z
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Solution 1:   
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Pop Quiz: solutions

Solution 1:   

(S S I I K) x y z

S I (II) K x y z

I K ((II)K) x y z
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Pop Quiz: solutions

Solution 1:   

(S S I I K) x y z

S I (II) K x y z

I K ((II)K) x y z

K ((II) K) x y z

II K y z

 K y z
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Pop Quiz: solutions
Solution 2 (note: this differs slightly from in class):

  

(S (SI) I K)  w x y z
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Pop Quiz: solutions
Solution 2:   

(S (SI) I K)  w x y z
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K y z
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Supercombinators

In addition to the ones you showed 

(B, C, W)

● P: P x y z -> z y x
● T: T x y -> y x
● J: J x -> I
● Y: Y x  -> x (Y x)
● And infinitely more!

Think about how P, T, and J 
could be replaced by S, K, and I



Combinators and computation

Graph reduction: (S a b c)

S a
b

c

a c b c



Combinators and computation

lazy evaluation: S f g (+ 6 3)

S f

g

+ 6

3
f g

+ 6

3

+ 6

3
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f g
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3
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3



Combinators and computation

Parallel execution



Combinator architectures: SKIM machine

Background

● Programs run through interpreter which stood in as microcode

● Used memory more efficiently

● Any inefficiencies due to hardware bias



Combinator architectures: others

● SKIM (1980)
● Alice (1981)
● Curry (1986)
● Grip (1987)
● <v, G>-Machine (1989)
● PCM-1 (1989)
● ABC (1991)



Other topics

● Lambda functions

● Currying

● Futures

● Continuation



Conclusions

● You grew up with functions as second class citizens
○ Arguments are “data objects”, as are results

● But in reality we need ONLY 1st class functions 
○ That take ONLY other functions as arguments
○ And yield ONLY other functions

● And only 3 functions are needed for expressing ANYTHING!
● Everything else is computational sugar



Conclusions

● Pure combinatory logic and pure functional paradigms are 
problematic in the real world
○ To do something useful we need side effects / states

● But operating in a functional way has extraordinary benefits



<pause for questions>
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