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democrat blogs

republican blogs
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community detection

In a graph G(V,E), find a cover C = {C1, · · · , Ck} such that
[

i

Ci = V .
<latexit sha1_base64="KPBN4sWCULxNs1uts0okfXlcWhg="></latexit><latexit sha1_base64="4P8uLcyagq/Huq6GB1zvavRVJ7Y="></latexit><latexit sha1_base64="4P8uLcyagq/Huq6GB1zvavRVJ7Y="></latexit><latexit sha1_base64="e1vcHYO+gEwlHLuRmXWvsG2S2AQ="></latexit>

disjoint overlapping

Ci \ Cj = ; 8i, j
<latexit sha1_base64="LIk+YmxHVZYWmvpXZ3liapY6gRQ=">AAACD3icbVA9SwNBEJ3z2/gVtbRZDIqFhDsbbQQhjaWC0UAuHHubSbLJ3ge7c0IIEX+Ajf/A3yCChSK2thaC/8ZNYqHGB8M83ptldl6YKmnIdT+dicmp6ZnZufncwuLS8kp+de3cJJkWWBaJSnQl5AaVjLFMkhRWUo08ChVehJ3SwL+4RG1kEp9RN8VaxJuxbEjByUpBfrsUSOYLnrJS0GaHzMcopa5BurryG4nmSjG5y9pBvuAW3SHYOPG+SeFo++HjDgBOgvy7X09EFmFMQnFjqp6bUq3HNUmhsJ/zM4MpFx3exKqlMY/Q1HrDe/psyyp1ZtfbiokN1Z8vejwyphuFdjLi1DJ/vYH4n1fNqHFQ68k4zQhjMVrUyBSjhA3CYXWpUZDqWsKFlvavTLS45oJshDkbgvf35HFyvlf03KJ3atMoXcMQc7ABm7ADHuzDERzDCZRBwA3cwxM8O7fOo/PivI5GJ5xRh3X4BeftC8FYnoY=</latexit><latexit sha1_base64="XOhp/c/l3dvcefa/DYvj+QIKi8g="></latexit><latexit sha1_base64="XOhp/c/l3dvcefa/DYvj+QIKi8g="></latexit><latexit sha1_base64="EdFsc2RCR0YkMdUfp9U1s3h0R5Y=">AAACD3icbVC7SgNBFJ2NrxhfUUubwaBYSNi10UYIpLGMYB6QDcvs5CaZZPbBzF1hCQl+gI2/YmOhiK2tnX/j5FFo4oELh3Pu5d57/FgKjbb9bWVWVtfWN7Kbua3tnd29/P5BTUeJ4lDlkYxUw2capAihigIlNGIFLPAl1P1BeeLX70FpEYV3mMbQClg3FB3BGRrJy5+WPUFdzmJa9vr0mroQxJhqwPHY7USKSUnFOe17+YJdtKegy8SZkwKZo+Llv9x2xJMAQuSSad107BhbQ6ZQcAmjnJtoiBkfsC40DQ1ZALo1nP4zoidGaVOz3lSIdKr+nhiyQOs08E1nwLCnF72J+J/XTLBz1RqKME4QQj5b1EkkxYhOwqFtoYCjTA1hXAlzK+U9phhHE2HOhOAsvrxMahdFxy46t3ahVH6YxZElR+SYnBGHXJISuSEVUiWcPJJn8krerCfrxXq3PmatGWse4SH5A+vzB0v7m/Y=</latexit>

Ci \ Cj 6= ; 9 i, j
<latexit sha1_base64="lNKrc2ufCXsLcw6ZPiwnuXB0L6w=">AAACEXicbVA9SwNBEJ3zM8avqKXNYlAsJNzZaCmksYxgVMiFY28z0dW9vWN3TgzB4C+w8Q/4I2wsFLG1sxD8N24SC40+GObx3iw78+JMSUu+/+mNjU9MTk0XZoqzc/MLi6Wl5SOb5kZgXaQqNScxt6ikxjpJUniSGeRJrPA4vqj2/eNLNFam+pA6GTYTfqplWwpOTopKm9VIslDwjFWjcxZqZCEmGXUsUq8X4pXbwPbkFjuPSmW/4g/A/pLgm5T3Nh4+7gGgFpXew1Yq8gQ1CcWtbQR+Rs0uNySFwutimFvMuLjgp9hwVPMEbbM7uOiarTulxdqpcaWJDdSfL7o8sbaTxG4y4XRmR72++J/XyKm92+xKneWEWgw/aueKUcr68bCWNChIdRzhwki3KxNn3HBBLsSiCyEYPfkvOdquBH4lOHBpVG9ggAKswhpsQgA7sAf7UIM6CLiFB3iCZ+/Oe/RevNfh6Jg37LACv+C9fQFcDaAK</latexit><latexit sha1_base64="Q3kjEuqbs3fpT0i6rtwVkZZvLT8="></latexit><latexit sha1_base64="Q3kjEuqbs3fpT0i6rtwVkZZvLT8="></latexit><latexit sha1_base64="0kMDUaNpXTdyL0eSYhuXmu4onJM=">AAACEXicbVC7SgNBFJ2NrxhfUUubwSBYSNi10TKQxlLBPCC7LLOTGzPJ7Owyc1cMi8EvsPFXbCwUsbWz82+cPApfBy4czrmXe++JUikMuu6nU1hYXFpeKa6W1tY3NrfK2ztNk2SaQ4MnMtHtiBmQQkEDBUpopxpYHEloRcP6xG9dgzYiUZc4SiGI2ZUSPcEZWiksH9ZDQX3OUloPB9RXQH2IUxwZwPHYhxt7gRmLIzoIyxW36k5B/xJvTipkjvOw/OF3E57FoJBLZkzHc1MMcqZRcAm3JT8zkDI+ZFfQsVSxGEyQTz+6pQdW6dJeom0ppFP1+0TOYmNGcWQ7Y4Z989ubiP95nQx7p0EuVJohKD5b1MskxYRO4qFdoYGjHFnCuBb2Vsr7TDOONsSSDcH7/fJf0jyuem7Vu3ArtfrdLI4i2SP75JB45ITUyBk5Jw3CyT15JM/kxXlwnpxX523WWnDmEe6SH3DevwDmoZ16</latexit>
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bipartitions 

• clustering based on median / fixed value

clustering multiple eigenvectors

• spectral embedding of nodes and then k-means
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spectral clustering algorithms
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1 7 6

9 84

1 2 3 4 5 6 7 8 9

1 3 -1 -1 -1
2 -1 4 -1 -1 -1
3 -1 3 -1 -1
4 -1 -1 4 -1 -1
5 -1 -1 -1 -1 4
6 3 -1 -1 -1
7 -1 -1 4 -1 -1
8 -1 -1 3 -1
9 -1 -1 -1 -1 4

Lx = �x
<latexit sha1_base64="XcnIz74smTQ/fLfzPgKmyS9XyKg=">AAAB83icbVC7TsMwFL3hWcqrwMhiUSExVQkLLIhKXRgYikQfUhNVjuO0Vh0nsh3UKqrEV7AwUCFWfoKJmY0PYcdNGaDlSJaPzjlXvj5+wpnStv1pLS2vrK6tFzaKm1vbO7ulvf2milNJaIPEPJZtHyvKmaANzTSn7URSHPmctvxBbeq37qhULBa3epRQL8I9wUJGsDaSez28cLlJBxgNu6WyXbFzoEXi/JDy5fvX2wQA6t3ShxvEJI2o0IRjpTqOnWgvw1Izwum46KaKJpgMcI92DBU4osrL8p3H6NgoAQpjaY7QKFd/T2Q4UmoU+SYZYd1X895U/M/rpDo89zImklRTQWYPhSlHOkbTAlDAJCWajwzBRDKzKyJ9LDHRpqaiKcGZ//IiaZ5WHLvi3Njlau0echTgEI7gBBw4gypcQR0aQCCBB3iCiZVaj9az9TKLLlmzGw7gD6zXbyL1lSM=</latexit><latexit sha1_base64="A1nopGHkMI2CO7PJM0t3ED6H+eQ=">AAAB83icbVC7TsMwFL0pr1JeBUYWiwqpU5WwwIKo1IWBoUj0ITVR5Thua9VxIttBraJK/AEbCwMIsfITTMxsfAjMuCkDFI5k+eicc+Xr48ecKW3b71ZuYXFpeSW/Wlhb39jcKm7vNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57TlD2tTv3VFpWKRuNTjmHoh7gvWYwRrI7nnoxOXm3SA0ahbLNkVOwP6S5xvUjp9/Xi5ccuf9W7xzQ0ikoRUaMKxUh3HjrWXYqkZ4XRScBNFY0yGuE87hgocUuWl2c4TdGCUAPUiaY7QKFN/TqQ4VGoc+iYZYj1Q895U/M/rJLp37KVMxImmgswe6iUc6QhNC0ABk5RoPjYEE8nMrogMsMREm5oKpgRn/st/SfOw4tgV58IuVWvXkCEPe7APZXDgCKpwBnVoAIEYbuEeHqzEurMeradZNGfNbtiFX7CevwAEnZaM</latexit><latexit sha1_base64="A1nopGHkMI2CO7PJM0t3ED6H+eQ=">AAAB83icbVC7TsMwFL0pr1JeBUYWiwqpU5WwwIKo1IWBoUj0ITVR5Thua9VxIttBraJK/AEbCwMIsfITTMxsfAjMuCkDFI5k+eicc+Xr48ecKW3b71ZuYXFpeSW/Wlhb39jcKm7vNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57TlD2tTv3VFpWKRuNTjmHoh7gvWYwRrI7nnoxOXm3SA0ahbLNkVOwP6S5xvUjp9/Xi5ccuf9W7xzQ0ikoRUaMKxUh3HjrWXYqkZ4XRScBNFY0yGuE87hgocUuWl2c4TdGCUAPUiaY7QKFN/TqQ4VGoc+iYZYj1Q895U/M/rJLp37KVMxImmgswe6iUc6QhNC0ABk5RoPjYEE8nMrogMsMREm5oKpgRn/st/SfOw4tgV58IuVWvXkCEPe7APZXDgCKpwBnVoAIEYbuEeHqzEurMeradZNGfNbtiFX7CevwAEnZaM</latexit><latexit sha1_base64="HynpocolU973fU7yyIBE1gWnjZ8=">AAAB83icbVC7SgNBFL0bXzG+opY2g0GwCrs22giBNBYWEUwiJEuYnb2bDJmdXWZmJWEJ+BU2ForY+jN2/o2TR6GJBy4czjmXuXOCVHBtXPfbKaytb2xuFbdLO7t7+wflw6OWTjLFsMkSkaiHgGoUXGLTcCPwIVVI40BgOxjWp377EZXmibw34xT9mPYljzijxkrd29F1V9h0SMmoV664VXcGskq8BanAAo1e+asbJiyLURomqNYdz02Nn1NlOBM4KXUzjSllQ9rHjqWSxqj9fHbzhJxZJSRRouxIQ2bq742cxlqP48AmY2oGetmbiv95ncxEV37OZZoZlGz+UJQJYhIyLYCEXCEzYmwJZYrbWwkbUEWZsTWVbAne8pdXSeui6rlV786t1OpP8zqKcAKncA4eXEINbqABTWCQwjO8wpuTOS/Ou/MxjxacRYXH8AfO5w+WWpHF</latexit>

sorted eigenvalues
0

BBBBBBBBBBBB@

9.540 e� 17
6.498 e� 01

3.198
3.326
4

4.554
4.641
5.382
6.246

1

CCCCCCCCCCCCA

<latexit sha1_base64="UnhLOdPHVr4aNbaa1Vv+XjbjV5Y="></latexit><latexit sha1_base64="UnhLOdPHVr4aNbaa1Vv+XjbjV5Y="></latexit><latexit sha1_base64="UnhLOdPHVr4aNbaa1Vv+XjbjV5Y="></latexit><latexit sha1_base64="UnhLOdPHVr4aNbaa1Vv+XjbjV5Y="></latexit>

fiedler vector0

BBBBBBBBBBBBBBBB@

1 �0.378

2 �0.178

3 �0.378

4 �0.332

5 �0.178

6 0.291

7 0.291

8 0.431

9 0.431

1

CCCCCCCCCCCCCCCCA

<latexit sha1_base64="KuqnlTd1AEBo4wsCJuTVgmwSNro="></latexit><latexit sha1_base64="KuqnlTd1AEBo4wsCJuTVgmwSNro="></latexit><latexit sha1_base64="KuqnlTd1AEBo4wsCJuTVgmwSNro="></latexit><latexit sha1_base64="KuqnlTd1AEBo4wsCJuTVgmwSNro="></latexit>

L
<latexit sha1_base64="qlIfdB6dOt/RanAZ3zecpgb6/gU=">AAAB6HicbZA7SwNBFIXvxleMr6ilzWAQrMKujXYG0lhYJGAekCxhdnI3GTP7YGZWCEvA3sZCETvxp1hZ2/lD7J1sLDTxwDAf59xh7r1eLLjStv1p5ZaWV1bX8uuFjc2t7Z3i7l5TRYlk2GCRiGTbowoFD7GhuRbYjiXSwBPY8kbVad66Qal4FF7pcYxuQAch9zmj2lj1y16xZJftTGQRnB8onb9/vb0AQK1X/Oj2I5YEGGomqFIdx461m1KpORM4KXQThTFlIzrAjsGQBqjcNGt0Qo6M0yd+JM0JNcnc3y9SGig1DjxTGVA9VPPZ1Pwv6yTaP3NTHsaJxpDNPvITQXREplOTPpfItBgboExy0ythQyop02Y3BbMEZ37kRWielB277NTtUqV6C5nycACHcAwOnEIFLqAGDWCAcAcP8GhdW/fWk/U8K81Zsxv24Y+s129VMZCr</latexit><latexit sha1_base64="m4JGYA5ANiu2nZeMaUPDk54t2Dk=">AAAB6HicbZA7SwNBFIXvxleMr6ilzWAQUoVdG+0MpLGwSMA8IFnC7OQmGTP7YGZWCEvA3kILRWz9KVbWdv4QrZ1sLDTxwDAf59xh7r1eJLjStv1hZZaWV1bXsuu5jc2t7Z387l5DhbFkWGehCGXLowoFD7CuuRbYiiRS3xPY9EaVad68Rql4GFzqcYSuTwcB73NGtbFqF918wS7ZqcgiOD9QOHv7fL3rFL+q3fx7pxey2MdAM0GVajt2pN2ESs2ZwEmuEyuMKBvRAbYNBtRH5SZpoxNyZJwe6YfSnECT1P39IqG+UmPfM5U+1UM1n03N/7J2rPunbsKDKNYYsNlH/VgQHZLp1KTHJTItxgYok9z0StiQSsq02U3OLMGZH3kRGsclxy45NbtQrtxAqiwcwCEUwYETKMM5VKEODBBu4QEerSvr3nqynmelGWt2wz78kfXyDTbZkhQ=</latexit><latexit sha1_base64="m4JGYA5ANiu2nZeMaUPDk54t2Dk=">AAAB6HicbZA7SwNBFIXvxleMr6ilzWAQUoVdG+0MpLGwSMA8IFnC7OQmGTP7YGZWCEvA3kILRWz9KVbWdv4QrZ1sLDTxwDAf59xh7r1eJLjStv1hZZaWV1bXsuu5jc2t7Z387l5DhbFkWGehCGXLowoFD7CuuRbYiiRS3xPY9EaVad68Rql4GFzqcYSuTwcB73NGtbFqF918wS7ZqcgiOD9QOHv7fL3rFL+q3fx7pxey2MdAM0GVajt2pN2ESs2ZwEmuEyuMKBvRAbYNBtRH5SZpoxNyZJwe6YfSnECT1P39IqG+UmPfM5U+1UM1n03N/7J2rPunbsKDKNYYsNlH/VgQHZLp1KTHJTItxgYok9z0StiQSsq02U3OLMGZH3kRGsclxy45NbtQrtxAqiwcwCEUwYETKMM5VKEODBBu4QEerSvr3nqynmelGWt2wz78kfXyDTbZkhQ=</latexit><latexit sha1_base64="2oIfmL2ztBO+W9p7iul58mIQOsM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5stAyksbBIwHxAcoS9zVyyZm/v2N0TwhGwt7FQxNafZOe/cS9JoYkPBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gUs/9ziMqzWN5b6YJ+hEdSR5yRo2VmneDcsWtunOQdeItSQWWaAzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrP5ofOyIVVhiSMlS1pyFz9PZHRSOtpFNjOiJqxXvVy8T+vl5rwxs+4TFKDki0WhakgJib512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2ldVz616TbdSqz8t4ijCGZzDJXhwDTW4hQa0gAHCM7zCm/PgvDjvzseiteAsIzyFP3A+fwDIlo1N</latexit>

L = D �A
<latexit sha1_base64="TilhL0vZEjx5UY1DWMLnpn24zcc=">AAAB8HicbVC7SgNBFL0bXzHxEbW0GQyCjWHXRhshEguLFBHMQ5Ilzk5mkyEzs8vMrBBCwD+wsLFQxNbPsfNvnGwsNPHA5R7OucPce4KYM21c98vJLC2vrK5l13P5jc2t7cLObkNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYFiZ+s17qjSL5I0ZxdQXuC9ZyAg2VrqtonN0iY7RRbdQdEtuCrRIvB9SLOcfq3cAUOsWPju9iCSCSkM41rrtubHxx1gZRjid5DqJpjEmQ9ynbUslFlT743ThCTq0Sg+FkbIlDUrV3y/GWGg9EoGdFNgM9Lw3Ff/z2okJz/wxk3FiqCSzj8KEIxOh6fWoxxQlho8swUQxuysiA6wwMTajnA3Bmz95kTROSp5b8q5tGpUHSJGFfTiAI/DgFMpwBTWoAwEBT/ACr45ynp035302mnFmHfbgD5yPbzJXkJI=</latexit><latexit sha1_base64="EXYKex3Ir9DJi8FPUVsmC9fY8Iw=">AAAB8HicbVDLSgMxFL3js7Y+qi7dBIvgxjLjRjdCpS5cdFHBPqQdSibNtKFJZkgyQikF/8CFG0FF3Po57vwA/8N06kJbD1zu4Zwbcu8JYs60cd1PZ2FxaXllNbOWza1vbG7lt3fqOkoUoTUS8Ug1A6wpZ5LWDDOcNmNFsQg4bQSD8sRv3FKlWSSvzTCmvsA9yUJGsLHSTQWdoQt0hM47+YJbdFOgeeL9kEIpd1+R4umr2sl/tLsRSQSVhnCsdctzY+OPsDKMcDrOthNNY0wGuEdblkosqPZH6cJjdGCVLgojZUsalKq/X4yw0HooAjspsOnrWW8i/ue1EhOe+iMm48RQSaYfhQlHJkKT61GXKUoMH1qCiWJ2V0T6WGFibEZZG4I3e/I8qR8XPbfoXdk0yneQIgN7sA+H4MEJlOASqlADAgIe4BleHOU8Oq/O23R0wZl22IU/cN6/Addrko0=</latexit><latexit sha1_base64="EXYKex3Ir9DJi8FPUVsmC9fY8Iw=">AAAB8HicbVDLSgMxFL3js7Y+qi7dBIvgxjLjRjdCpS5cdFHBPqQdSibNtKFJZkgyQikF/8CFG0FF3Po57vwA/8N06kJbD1zu4Zwbcu8JYs60cd1PZ2FxaXllNbOWza1vbG7lt3fqOkoUoTUS8Ug1A6wpZ5LWDDOcNmNFsQg4bQSD8sRv3FKlWSSvzTCmvsA9yUJGsLHSTQWdoQt0hM47+YJbdFOgeeL9kEIpd1+R4umr2sl/tLsRSQSVhnCsdctzY+OPsDKMcDrOthNNY0wGuEdblkosqPZH6cJjdGCVLgojZUsalKq/X4yw0HooAjspsOnrWW8i/ue1EhOe+iMm48RQSaYfhQlHJkKT61GXKUoMH1qCiWJ2V0T6WGFibEZZG4I3e/I8qR8XPbfoXdk0yneQIgN7sA+H4MEJlOASqlADAgIe4BleHOU8Oq/O23R0wZl22IU/cN6/Addrko0=</latexit><latexit sha1_base64="WdIfgNA384NPbNT3C7ulss4Ddh8=">AAAB8HicbVC7SgNBFL3rM8ZX1NJmMAg2hlkbbYRILCwsIpiHJEuYncwmQ2Zml5lZISwB/8HGQhFbP8fOv3HyKDTxwIXDOfdy7z1hIrixGH97S8srq2vruY385tb2zm5hb79u4lRTVqOxiHUzJIYJrljNcitYM9GMyFCwRjiojP3GI9OGx+reDhMWSNJTPOKUWCc93KJLdI1O0VWnUMQlPAFaJP6MFGGGaqfw1e7GNJVMWSqIMS0fJzbIiLacCjbKt1PDEkIHpMdajioimQmyycEjdOyULopi7UpZNFF/T2REGjOUoeuUxPbNvDcW//NaqY0ugoyrJLVM0emiKBXIxmj8PepyzagVQ0cI1dzdimifaEKtyyjvQvDnX14k9bOSj0v+HS6WK0/TOHJwCEdwAj6cQxluoAo1oCDhGV7hzdPei/fufUxbl7xZhAfwB97nDyOejww=</latexit>
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!7
Krishnan, S., & Goldberg, K. (2015). The minimum conductance dissimilarity cut (MCDC) algorithm to increase novelty and diversity of recommendations. Working paper, 
Industrial Engineering and Operations Research Department, University of California, Berkeley, CA.

bipartition pseudocode

O(|V |+ |E|)
<latexit sha1_base64="mJsqcmbHxDV5svm2D0rDrSVLO7Q=">AAAB/3icbVDLSgMxFL1TX7W+RgU3bkKLUCmUGTe6LIrgzgr2AZ2hZNK0Dc08SDJCmenCPxE3LhRx62+482/MtF1o64HA4Zx7uSfHiziTyrK+jdzK6tr6Rn6zsLW9s7tn7h80ZRgLQhsk5KFoe1hSzgLaUExx2o4Exb7HacsbXWV+64EKycLgXo0j6vp4ELA+I1hpqWseOT5WQ4J5cjspp80UVVB6nZ52zZJVtaZAy8Sek1Kt6FSeAKDeNb+cXkhinwaKcCxlx7Yi5SZYKEY4nRScWNIIkxEe0I6mAfapdJNp/gk60UoP9UOhX6DQVP29kWBfyrHv6cksrVz0MvE/rxOr/oWbsCCKFQ3I7FA/5kiFKCsD9ZigRPGxJpgIprMiMsQCE6UrK+gS7MUvL5PmWdXW/E63cQkz5OEYilAGG86hBjdQhwYQSOEZXuHNeDRejHfjYzaaM+Y7h/AHxucP4G6W0A==</latexit><latexit sha1_base64="EhttT1/0sq9RkDMQB/VA4iE9WDI=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GVqESqEkbnRZFMGdFewDmlAm00k7dDIJMxMhJF34D36BGxeKuPU33PVvnLRdaOuBgcM593LPHC9iVCrLmhgrq2vrG5uFreL2zu7evnlw2JJhLDBp4pCFouMhSRjlpKmoYqQTCYICj5G2N7rO/fYjEZKG/EElEXEDNODUpxgpLfXMYydAaogRS+/GlayVwSrMbrKznlm2atYUcJnYc1Kul5zq86SeNHrmt9MPcRwQrjBDUnZtK1JuioSimJFx0YkliRAeoQHpaspRQKSbTvOP4alW+tAPhX5cwan6eyNFgZRJ4OnJPK1c9HLxP68bK//STSmPYkU4nh3yYwZVCPMyYJ8KghVLNEFYUJ0V4iESCCtdWVGXYC9+eZm0zmu25ve6jSswQwGcgBKoABtcgDq4BQ3QBBhk4AW8gXfjyXg1PozP2eiKMd85An9gfP0A6diYVg==</latexit><latexit sha1_base64="EhttT1/0sq9RkDMQB/VA4iE9WDI=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GVqESqEkbnRZFMGdFewDmlAm00k7dDIJMxMhJF34D36BGxeKuPU33PVvnLRdaOuBgcM593LPHC9iVCrLmhgrq2vrG5uFreL2zu7evnlw2JJhLDBp4pCFouMhSRjlpKmoYqQTCYICj5G2N7rO/fYjEZKG/EElEXEDNODUpxgpLfXMYydAaogRS+/GlayVwSrMbrKznlm2atYUcJnYc1Kul5zq86SeNHrmt9MPcRwQrjBDUnZtK1JuioSimJFx0YkliRAeoQHpaspRQKSbTvOP4alW+tAPhX5cwan6eyNFgZRJ4OnJPK1c9HLxP68bK//STSmPYkU4nh3yYwZVCPMyYJ8KghVLNEFYUJ0V4iESCCtdWVGXYC9+eZm0zmu25ve6jSswQwGcgBKoABtcgDq4BQ3QBBhk4AW8gXfjyXg1PozP2eiKMd85An9gfP0A6diYVg==</latexit><latexit sha1_base64="EhttT1/0sq9RkDMQB/VA4iE9WDI=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GVqESqEkbnRZFMGdFewDmlAm00k7dDIJMxMhJF34D36BGxeKuPU33PVvnLRdaOuBgcM593LPHC9iVCrLmhgrq2vrG5uFreL2zu7evnlw2JJhLDBp4pCFouMhSRjlpKmoYqQTCYICj5G2N7rO/fYjEZKG/EElEXEDNODUpxgpLfXMYydAaogRS+/GlayVwSrMbrKznlm2atYUcJnYc1Kul5zq86SeNHrmt9MPcRwQrjBDUnZtK1JuioSimJFx0YkliRAeoQHpaspRQKSbTvOP4alW+tAPhX5cwan6eyNFgZRJ4OnJPK1c9HLxP68bK//STSmPYkU4nh3yYwZVCPMyYJ8KghVLNEFYUJ0V4iESCCtdWVGXYC9+eZm0zmu25ve6jSswQwGcgBKoABtcgDq4BQ3QBBhk4AW8gXfjyXg1PozP2eiKMd85An9gfP0A6diYVg==</latexit><latexit sha1_base64="zSecZiO/YMqLCGov/LnvGJZ7JBc=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiVISSuNFlUQR3VrAPaEOZTKft0MkkzEyEknThr7hxoYhbf8Odf+OkzUKrBwYO59zLPXP8iDOlHefLKiwtr6yuFddLG5tb2zv27l5ThbEktEFCHsq2jxXlTNCGZprTdiQpDnxOW/74KvNbD1QqFop7PYmoF+ChYANGsDZSzz7oBliPCObJ7bSSNlN0itLr9KRnl52qMwP6S9yclCFHvWd/dvshiQMqNOFYqY7rRNpLsNSMcDotdWNFI0zGeEg7hgocUOUls/xTdGyUPhqE0jyh0Uz9uZHgQKlJ4JvJLK1a9DLxP68T68GFlzARxZoKMj80iDnSIcrKQH0mKdF8YggmkpmsiIywxESbykqmBHfxy39J86zqGn7nlGuXeR1FOIQjqIAL51CDG6hDAwik8AQv8Go9Ws/Wm/U+Hy1Y+c4+/IL18Q3N75VH</latexit>



python implementation
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import networkx as nx 

def approx_min_cut(G, r): 
    clusters = [] 
    if G.order() < 2: 
        clusters = list(G.nodes()) 
    else: 
        fiedler_vec = nx.fiedler_vector(G, method='lanczos') 
        p1, p2 = set(), set()  
        for node_id, fiedler_val in zip(G.nodes(), fiedler_vec):  
            if fiedler_val < r: 
                p1.add(node_id) 
            else: 
                p2.add(node_id) 
        clusters.append(p1) 
        clusters.append(p2) 
    return clusters
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bipartitions 

• clustering based on median / fixed value

clustering multiple eigenvectors

• spectral embedding of nodes and then k-means
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spectral clustering algorithms
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3

2

5

1 7 6

9 84

1 2 3 4 5 6 7 8 9

1 3 -1 -1 -1
2 -1 4 -1 -1 -1
3 -1 3 -1 -1
4 -1 -1 4 -1 -1
5 -1 -1 -1 -1 4
6 3 -1 -1 -1
7 -1 -1 4 -1 -1
8 -1 -1 3 -1
9 -1 -1 -1 -1 4

sorted eigenvalues
0

BBBBBBBBBBBB@

9.540 e� 17
6.498 e� 01

3.198
3.326
4

4.554
4.641
5.382
6.246

1

CCCCCCCCCCCCA

<latexit sha1_base64="UnhLOdPHVr4aNbaa1Vv+XjbjV5Y="></latexit><latexit sha1_base64="UnhLOdPHVr4aNbaa1Vv+XjbjV5Y="></latexit><latexit sha1_base64="UnhLOdPHVr4aNbaa1Vv+XjbjV5Y="></latexit><latexit sha1_base64="UnhLOdPHVr4aNbaa1Vv+XjbjV5Y="></latexit>

L
<latexit sha1_base64="qlIfdB6dOt/RanAZ3zecpgb6/gU=">AAAB6HicbZA7SwNBFIXvxleMr6ilzWAQrMKujXYG0lhYJGAekCxhdnI3GTP7YGZWCEvA3sZCETvxp1hZ2/lD7J1sLDTxwDAf59xh7r1eLLjStv1p5ZaWV1bX8uuFjc2t7Z3i7l5TRYlk2GCRiGTbowoFD7GhuRbYjiXSwBPY8kbVad66Qal4FF7pcYxuQAch9zmj2lj1y16xZJftTGQRnB8onb9/vb0AQK1X/Oj2I5YEGGomqFIdx461m1KpORM4KXQThTFlIzrAjsGQBqjcNGt0Qo6M0yd+JM0JNcnc3y9SGig1DjxTGVA9VPPZ1Pwv6yTaP3NTHsaJxpDNPvITQXREplOTPpfItBgboExy0ythQyop02Y3BbMEZ37kRWielB277NTtUqV6C5nycACHcAwOnEIFLqAGDWCAcAcP8GhdW/fWk/U8K81Zsxv24Y+s129VMZCr</latexit><latexit sha1_base64="m4JGYA5ANiu2nZeMaUPDk54t2Dk=">AAAB6HicbZA7SwNBFIXvxleMr6ilzWAQUoVdG+0MpLGwSMA8IFnC7OQmGTP7YGZWCEvA3kILRWz9KVbWdv4QrZ1sLDTxwDAf59xh7r1eJLjStv1hZZaWV1bXsuu5jc2t7Z387l5DhbFkWGehCGXLowoFD7CuuRbYiiRS3xPY9EaVad68Rql4GFzqcYSuTwcB73NGtbFqF918wS7ZqcgiOD9QOHv7fL3rFL+q3fx7pxey2MdAM0GVajt2pN2ESs2ZwEmuEyuMKBvRAbYNBtRH5SZpoxNyZJwe6YfSnECT1P39IqG+UmPfM5U+1UM1n03N/7J2rPunbsKDKNYYsNlH/VgQHZLp1KTHJTItxgYok9z0StiQSsq02U3OLMGZH3kRGsclxy45NbtQrtxAqiwcwCEUwYETKMM5VKEODBBu4QEerSvr3nqynmelGWt2wz78kfXyDTbZkhQ=</latexit><latexit sha1_base64="m4JGYA5ANiu2nZeMaUPDk54t2Dk=">AAAB6HicbZA7SwNBFIXvxleMr6ilzWAQUoVdG+0MpLGwSMA8IFnC7OQmGTP7YGZWCEvA3kILRWz9KVbWdv4QrZ1sLDTxwDAf59xh7r1eJLjStv1hZZaWV1bXsuu5jc2t7Z387l5DhbFkWGehCGXLowoFD7CuuRbYiiRS3xPY9EaVad68Rql4GFzqcYSuTwcB73NGtbFqF918wS7ZqcgiOD9QOHv7fL3rFL+q3fx7pxey2MdAM0GVajt2pN2ESs2ZwEmuEyuMKBvRAbYNBtRH5SZpoxNyZJwe6YfSnECT1P39IqG+UmPfM5U+1UM1n03N/7J2rPunbsKDKNYYsNlH/VgQHZLp1KTHJTItxgYok9z0StiQSsq02U3OLMGZH3kRGsclxy45NbtQrtxAqiwcwCEUwYETKMM5VKEODBBu4QEerSvr3nqynmelGWt2wz78kfXyDTbZkhQ=</latexit><latexit sha1_base64="2oIfmL2ztBO+W9p7iul58mIQOsM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5stAyksbBIwHxAcoS9zVyyZm/v2N0TwhGwt7FQxNafZOe/cS9JoYkPBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gUs/9ziMqzWN5b6YJ+hEdSR5yRo2VmneDcsWtunOQdeItSQWWaAzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrP5ofOyIVVhiSMlS1pyFz9PZHRSOtpFNjOiJqxXvVy8T+vl5rwxs+4TFKDki0WhakgJib512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2ldVz616TbdSqz8t4ijCGZzDJXhwDTW4hQa0gAHCM7zCm/PgvDjvzseiteAsIzyFP3A+fwDIlo1N</latexit>

L = D �A
<latexit sha1_base64="TilhL0vZEjx5UY1DWMLnpn24zcc=">AAAB8HicbVC7SgNBFL0bXzHxEbW0GQyCjWHXRhshEguLFBHMQ5Ilzk5mkyEzs8vMrBBCwD+wsLFQxNbPsfNvnGwsNPHA5R7OucPce4KYM21c98vJLC2vrK5l13P5jc2t7cLObkNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYFiZ+s17qjSL5I0ZxdQXuC9ZyAg2VrqtonN0iY7RRbdQdEtuCrRIvB9SLOcfq3cAUOsWPju9iCSCSkM41rrtubHxx1gZRjid5DqJpjEmQ9ynbUslFlT743ThCTq0Sg+FkbIlDUrV3y/GWGg9EoGdFNgM9Lw3Ff/z2okJz/wxk3FiqCSzj8KEIxOh6fWoxxQlho8swUQxuysiA6wwMTajnA3Bmz95kTROSp5b8q5tGpUHSJGFfTiAI/DgFMpwBTWoAwEBT/ACr45ynp035302mnFmHfbgD5yPbzJXkJI=</latexit><latexit sha1_base64="EXYKex3Ir9DJi8FPUVsmC9fY8Iw=">AAAB8HicbVDLSgMxFL3js7Y+qi7dBIvgxjLjRjdCpS5cdFHBPqQdSibNtKFJZkgyQikF/8CFG0FF3Po57vwA/8N06kJbD1zu4Zwbcu8JYs60cd1PZ2FxaXllNbOWza1vbG7lt3fqOkoUoTUS8Ug1A6wpZ5LWDDOcNmNFsQg4bQSD8sRv3FKlWSSvzTCmvsA9yUJGsLHSTQWdoQt0hM47+YJbdFOgeeL9kEIpd1+R4umr2sl/tLsRSQSVhnCsdctzY+OPsDKMcDrOthNNY0wGuEdblkosqPZH6cJjdGCVLgojZUsalKq/X4yw0HooAjspsOnrWW8i/ue1EhOe+iMm48RQSaYfhQlHJkKT61GXKUoMH1qCiWJ2V0T6WGFibEZZG4I3e/I8qR8XPbfoXdk0yneQIgN7sA+H4MEJlOASqlADAgIe4BleHOU8Oq/O23R0wZl22IU/cN6/Addrko0=</latexit><latexit sha1_base64="EXYKex3Ir9DJi8FPUVsmC9fY8Iw=">AAAB8HicbVDLSgMxFL3js7Y+qi7dBIvgxjLjRjdCpS5cdFHBPqQdSibNtKFJZkgyQikF/8CFG0FF3Po57vwA/8N06kJbD1zu4Zwbcu8JYs60cd1PZ2FxaXllNbOWza1vbG7lt3fqOkoUoTUS8Ug1A6wpZ5LWDDOcNmNFsQg4bQSD8sRv3FKlWSSvzTCmvsA9yUJGsLHSTQWdoQt0hM47+YJbdFOgeeL9kEIpd1+R4umr2sl/tLsRSQSVhnCsdctzY+OPsDKMcDrOthNNY0wGuEdblkosqPZH6cJjdGCVLgojZUsalKq/X4yw0HooAjspsOnrWW8i/ue1EhOe+iMm48RQSaYfhQlHJkKT61GXKUoMH1qCiWJ2V0T6WGFibEZZG4I3e/I8qR8XPbfoXdk0yneQIgN7sA+H4MEJlOASqlADAgIe4BleHOU8Oq/O23R0wZl22IU/cN6/Addrko0=</latexit><latexit sha1_base64="WdIfgNA384NPbNT3C7ulss4Ddh8=">AAAB8HicbVC7SgNBFL3rM8ZX1NJmMAg2hlkbbYRILCwsIpiHJEuYncwmQ2Zml5lZISwB/8HGQhFbP8fOv3HyKDTxwIXDOfdy7z1hIrixGH97S8srq2vruY385tb2zm5hb79u4lRTVqOxiHUzJIYJrljNcitYM9GMyFCwRjiojP3GI9OGx+reDhMWSNJTPOKUWCc93KJLdI1O0VWnUMQlPAFaJP6MFGGGaqfw1e7GNJVMWSqIMS0fJzbIiLacCjbKt1PDEkIHpMdajioimQmyycEjdOyULopi7UpZNFF/T2REGjOUoeuUxPbNvDcW//NaqY0ugoyrJLVM0emiKBXIxmj8PepyzagVQ0cI1dzdimifaEKtyyjvQvDnX14k9bOSj0v+HS6WK0/TOHJwCEdwAj6cQxluoAo1oCDhGV7hzdPei/fufUxbl7xZhAfwB97nDyOejww=</latexit>

k = 3
<latexit sha1_base64="QDZAqgP7kqXMTvViizATgFJ5K+w=">AAAB6nicbZC7SgNBFIbPxltcb1FLm8EgWIVdLbQJBm0sI5oLJEuYnZwkQ2Znl5lZISwBX8DGQhFb38Xezrdxcik0+sPAx/+fw5xzwkRwbTzvy8ktLa+sruXX3Y3Nre2dwu5eXcepYlhjsYhVM6QaBZdYM9wIbCYKaRQKbITDq0neuEeleSzvzCjBIKJ9yXucUWOt22H5tFMoeiVvKvIX/DkULz7c8gMAVDuFz3Y3ZmmE0jBBtW75XmKCjCrDmcCx2041JpQNaR9bFiWNUAfZdNQxObJOl/RiZZ80ZOr+7MhopPUoCm1lRM1AL2YT87+slZreeZBxmaQGJZt91EsFMTGZ7E26XCEzYmSBMsXtrIQNqKLM2Ou49gj+4sp/oX5S8i3feMXKJcyUhwM4hGPw4QwqcA1VqAGDPjzCM7w4wnlyXp23WWnOmffswy857981Oo88</latexit><latexit sha1_base64="YZVrQJKvQ9rW8TrMoQMQ+rCs1iI=">AAAB6nicbZDLSgMxFIbP1Fsdb1WXboJFcFVmdKGbYtGNy4r2Au1QMmmmDU0yQ5IRytBHcONCEZf6Lu7diG9jello6w+Bj/8/h5xzwoQzbTzv28ktLa+sruXX3Y3Nre2dwu5eXcepIrRGYh6rZog15UzSmmGG02aiKBYhp41wcDXOG/dUaRbLOzNMaCBwT7KIEWysdTson3YKRa/kTYQWwZ9B8eLDLSdvX261U/hsd2OSCioN4Vjrlu8lJsiwMoxwOnLbqaYJJgPcoy2LEguqg2wy6ggdWaeLoljZJw2auL87Miy0HorQVgps+no+G5v/Za3UROdBxmSSGirJ9KMo5cjEaLw36jJFieFDC5goZmdFpI8VJsZex7VH8OdXXoT6Scm3fOMVK5cwVR4O4BCOwYczqMA1VKEGBHrwAE/w7HDn0XlxXqelOWfWsw9/5Lz/ACbJkLA=</latexit><latexit sha1_base64="YZVrQJKvQ9rW8TrMoQMQ+rCs1iI=">AAAB6nicbZDLSgMxFIbP1Fsdb1WXboJFcFVmdKGbYtGNy4r2Au1QMmmmDU0yQ5IRytBHcONCEZf6Lu7diG9jello6w+Bj/8/h5xzwoQzbTzv28ktLa+sruXX3Y3Nre2dwu5eXcepIrRGYh6rZog15UzSmmGG02aiKBYhp41wcDXOG/dUaRbLOzNMaCBwT7KIEWysdTson3YKRa/kTYQWwZ9B8eLDLSdvX261U/hsd2OSCioN4Vjrlu8lJsiwMoxwOnLbqaYJJgPcoy2LEguqg2wy6ggdWaeLoljZJw2auL87Miy0HorQVgps+no+G5v/Za3UROdBxmSSGirJ9KMo5cjEaLw36jJFieFDC5goZmdFpI8VJsZex7VH8OdXXoT6Scm3fOMVK5cwVR4O4BCOwYczqMA1VKEGBHrwAE/w7HDn0XlxXqelOWfWsw9/5Lz/ACbJkLA=</latexit><latexit sha1_base64="YZVrQJKvQ9rW8TrMoQMQ+rCs1iI=">AAAB6nicbZDLSgMxFIbP1Fsdb1WXboJFcFVmdKGbYtGNy4r2Au1QMmmmDU0yQ5IRytBHcONCEZf6Lu7diG9jello6w+Bj/8/h5xzwoQzbTzv28ktLa+sruXX3Y3Nre2dwu5eXcepIrRGYh6rZog15UzSmmGG02aiKBYhp41wcDXOG/dUaRbLOzNMaCBwT7KIEWysdTson3YKRa/kTYQWwZ9B8eLDLSdvX261U/hsd2OSCioN4Vjrlu8lJsiwMoxwOnLbqaYJJgPcoy2LEguqg2wy6ggdWaeLoljZJw2auL87Miy0HorQVgps+no+G5v/Za3UROdBxmSSGirJ9KMo5cjEaLw36jJFieFDC5goZmdFpI8VJsZex7VH8OdXXoT6Scm3fOMVK5cwVR4O4BCOwYczqMA1VKEGBHrwAE/w7HDn0XlxXqelOWfWsw9/5Lz/ACbJkLA=</latexit><latexit sha1_base64="bNaWoh+qWj8H8cwbyWD5M25Zudo=">AAAB6nicbZA9SwNBEIbn4leMX1FLm8UgWIU7LWIjBG0sI5oPSI6wt9lLluztHbtzQjjyE2wsFLH1F9n5b9wkV2jiCwsP78ywM2+QSGHQdb+dwtr6xuZWcbu0s7u3f1A+PGqZONWMN1ksY90JqOFSKN5EgZJ3Es1pFEjeDsa3s3r7iWsjYvWIk4T7ER0qEQpG0VoP4+vLfrniVt25yCp4OVQgV6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrkVFI278bL7qlJxZZ0DCWNunkMzd3xMZjYyZRIHtjCiOzHJtZv5X66YYXvmZUEmKXLHFR2EqCcZkdjcZCM0ZyokFyrSwuxI2opoytOmUbAje8smr0Lqoepbv3Ur9Jo+jCCdwCufgQQ3qcAcNaAKDITzDK7w50nlx3p2PRWvByWeO4Y+czx/F841v</latexit>

k-smallest eigenvector values0

BBBBBBBBBBBBBBBB@

1 �0.378 0.521 �0.428

2 �0.178 0.418 0.463

3 �0.378 �0.521 �0.428

4 �0.332 0 0.104

5 �0.178 �0.418 0.463

6 0.291 0.232 0.172

7 0.291 �0.232 0.172

8 0.431 0 �0.26

9 0.431 0 �0.26

1

CCCCCCCCCCCCCCCCA

<latexit sha1_base64="26UbmXwxR/17zpzfTzGHulRfetA="></latexit><latexit sha1_base64="26UbmXwxR/17zpzfTzGHulRfetA="></latexit><latexit sha1_base64="26UbmXwxR/17zpzfTzGHulRfetA="></latexit><latexit sha1_base64="26UbmXwxR/17zpzfTzGHulRfetA="></latexit><latexit sha1_base64="26UbmXwxR/17zpzfTzGHulRfetA="></latexit>



pseudocode
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python implementation
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import networkx as nx; import numpy as np 
import scipy.sparse.linalg; from sklearn.cluster import KMeans  

def k_way_spectral(G, k): 
    clusters = [] 
    if G.order() < k: 
        clusters = list(G.nodes()) 
    else: 
        L = nx.laplacian_matrix(G) 
        # compute the first k + 1 eigenvectors 
        _, eigenvecs = scipy.sparse.linalg.eigsh(L, k=k+1, which='SM')   
        eigenvecs = eigenvecs[:, 1:] # discard the first trivial eigenvector 
        # normalize each row by its norm  
        eigenvecs = np.apply_along_axis(lambda x: x / np.linalg.norm(x),  
                                        axis=1, arr=eigenvecs)  
        # run K-means 
        kmeans = KMeans(n_clusters=k).fit(eigenvecs) 
        cluster_labels = kmeans.labels_ 
        clusters = [[] for _ in range(max(cluster_labels) + 1)] 
        for node_id, cluster_id in zip(G.nodes(), cluster_labels): 
            clusters[cluster_id].append(node_id) 
    return clusters



conductance

!13

degree

di =
X

j

Aij

<latexit sha1_base64="NOoe2GnBEkvs71QcgnIt6Bs4xv8=">AAACBnicbVDLSsNAFL3xWesr6lKEwSK4Kokb3QiVbgQ3FewDmhInk0k77eTBzEQoISK48VfcuFCKW7/BnX/jtHWhrQcu93DOHebe4yWcSWVZX8bC4tLyymphrbi+sbm1be7sNmScCkLrJOaxaHlYUs4iWldMcdpKBMWhx2nTG1THfvOOCsni6EYNE9oJcTdiASNYack1D3yXoXPkyDR0s37uhFj1vCC7yN2M9XPXLFllawI0T+wfUqpcje5vAaDmmp+OH5M0pJEiHEvZtq1EdTIsFCOc5kUnlTTBZIC7tK1phEMqO9nkjBwdacVHQSx0RQpN1N8vMhxKOQw9PTleU856Y/E/r52q4KyTsShJFY3I9KMg5UjFaJwJ8pmgRPGhJpgIpndFpIcFJkonV9Qh2LMnz5PGSdm2yva1TqP6ABMUYB8O4RhsOIUKXEIN6kDgEZ7hFd6MJ+PFGBnv09EFY9phD/7A+PgGbG6btA==</latexit><latexit sha1_base64="w/f+4lbBA8eiBt3fH8KazHYoQaI=">AAACBnicbVDLSgMxFL1TX7W+qi5FCBbBVZlxoxuh2o3gpoJ9QFuHTJpp02YeJBmhDCOCG39FFyJKces3uPNvzLQutPXA5R7OuSH3HifkTCrT/DIyc/MLi0vZ5dzK6tr6Rn5zqyaDSBBaJQEPRMPBknLm06piitNGKCj2HE7rzqCc+vUbKiQL/Cs1DGnbw12fuYxgpSU7v9uxGTpBLRl5dtxPWh5WPceNTxM7Zv3EzhfMojkGmiXWDymULka3108vZxU7/9nqBCTyqK8Ix1I2LTNU7RgLxQinSa4VSRpiMsBd2tTUxx6V7Xh8RoL2tdJBbiB0+QqN1d8vYuxJOfQcPZmuKae9VPzPa0bKPW7HzA8jRX0y+ciNOFIBSjNBHSYoUXyoCSaC6V0R6WGBidLJ5XQI1vTJs6R2WLTMonWp0yjfwRhZ2IE9OAALjqAE51CBKhC4h0d4hTfjwXg2Rsb7ZDRjTDpswx8YH9+QrJ1O</latexit><latexit sha1_base64="w/f+4lbBA8eiBt3fH8KazHYoQaI=">AAACBnicbVDLSgMxFL1TX7W+qi5FCBbBVZlxoxuh2o3gpoJ9QFuHTJpp02YeJBmhDCOCG39FFyJKces3uPNvzLQutPXA5R7OuSH3HifkTCrT/DIyc/MLi0vZ5dzK6tr6Rn5zqyaDSBBaJQEPRMPBknLm06piitNGKCj2HE7rzqCc+vUbKiQL/Cs1DGnbw12fuYxgpSU7v9uxGTpBLRl5dtxPWh5WPceNTxM7Zv3EzhfMojkGmiXWDymULka3108vZxU7/9nqBCTyqK8Ix1I2LTNU7RgLxQinSa4VSRpiMsBd2tTUxx6V7Xh8RoL2tdJBbiB0+QqN1d8vYuxJOfQcPZmuKae9VPzPa0bKPW7HzA8jRX0y+ciNOFIBSjNBHSYoUXyoCSaC6V0R6WGBidLJ5XQI1vTJs6R2WLTMonWp0yjfwRhZ2IE9OAALjqAE51CBKhC4h0d4hTfjwXg2Rsb7ZDRjTDpswx8YH9+QrJ1O</latexit><latexit sha1_base64="XaYWUiUC3jwZ07/EmA0sX1OiPNU=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiRudCNUunFZwT6gKWEymbTTzkzCzEQoISC48VfcuFDErd/gzr9x0nahrQcuHM65l3vvCRJGlXacb6u0srq2vlHerGxt7+zu2fsHbRWnEpMWjlksuwFShFFBWppqRrqJJIgHjHSCcaPwO/dEKhqLOz1JSJ+jgaARxUgbybePQ5/CK+iplPvZKPc40sMgyq5zP6Oj3LerTs2ZAi4Td06qYI6mb395YYxTToTGDCnVc51E9zMkNcWM5BUvVSRBeIwGpGeoQJyofjZ9I4enRglhFEtTQsOp+nsiQ1ypCQ9MZ3GmWvQK8T+vl+rosp9RkaSaCDxbFKUM6hgWmcCQSoI1mxiCsKTmVoiHSCKsTXIVE4K7+PIyaZ/XXKfm3jrVeuNhFkcZHIETcAZccAHq4AY0QQtg8AiewSt4s56sF+vd+pi1lqx5hIfgD6zPH5AomZY=</latexit>

volume

vol(X) =
X

j2X

di
<latexit sha1_base64="omkXpEG+Fozst7z6gbvc8ZDrvyI=">AAACDHicbVA/SwMxHP1d/Vfrv2pHl2AR6lLuXHQRCl0cHCrY9qBXSi7NtbG53JHkCuUouLr4VVwcFHH1A7i5+VFMrw7a+iDk8d4L+f2eH3OmtG1/WrmV1bX1jfxmYWt7Z3evuH/QUlEiCW2SiEfS9bGinAna1Exz6saS4tDntO2P6jO/PaZSsUjc6ElMuyEeCBYwgrWResWyF2I9VEE6jvi04p6gC+SpJOylt8hjArnTfo+ZlF21M6Bl4vyQcu3KKn0BQKNX/PD6EUlCKjThWKmOY8e6m2KpGeF0WvASRWNMRnhAO4YKHFLVTbNlpujYKH0URNIcoVGm/n6R4lCpSeibZDb6ojcT//M6iQ7OuykTcaKpIPOPgoQjHaFZM6jPJCWaTwzBRDIzKyJDLDHRpr+CKcFZXHmZtE6rjl11rk0b9TvIkIdDOIIKOHAGNbiEBjSBwD08wjO8WA/Wk/Vqvc2jOWt+Qwn+wHr/BuQWnL0=</latexit><latexit sha1_base64="3DQVTnulyiN3OqYU7CfW3NPKzOg=">AAACDHicbVC7SgNBFL0bXzG+oiltBoMQm7Bro40QSGNhEcE8IBvC7GQ2GTM7u8zMBsISsLXxV7SwUMTWDxAsrPwVJxsLTTwwzOGcM8y9x4s4U9q2P63M0vLK6lp2PbexubW9k9/da6gwloTWSchD2fKwopwJWtdMc9qKJMWBx2nTG1anfnNEpWKhuNLjiHYC3BfMZwRrI3XzRTfAeqD8ZBTySal1hM6Qq+Kgm1wjlwnUmvS6zKTssp0CLRLnhxQrF1bh6+ED1br5d7cXkjigQhOOlWo7dqQ7CZaaEU4nOTdWNMJkiPu0bajAAVWdJF1mgg6N0kN+KM0RGqXq7xcJDpQaB55JpqPPe1PxP68da/+0kzARxZoKMvvIjznSIZo2g3pMUqL52BBMJDOzIjLAEhNt+suZEpz5lRdJ47js2GXn0rRRvYEUWdiHAyiBAydQgXOoQR0I3MI9PMGzdWc9Wi/W6yyasWY3FOAPrLdvFemeYQ==</latexit><latexit sha1_base64="3DQVTnulyiN3OqYU7CfW3NPKzOg=">AAACDHicbVC7SgNBFL0bXzG+oiltBoMQm7Bro40QSGNhEcE8IBvC7GQ2GTM7u8zMBsISsLXxV7SwUMTWDxAsrPwVJxsLTTwwzOGcM8y9x4s4U9q2P63M0vLK6lp2PbexubW9k9/da6gwloTWSchD2fKwopwJWtdMc9qKJMWBx2nTG1anfnNEpWKhuNLjiHYC3BfMZwRrI3XzRTfAeqD8ZBTySal1hM6Qq+Kgm1wjlwnUmvS6zKTssp0CLRLnhxQrF1bh6+ED1br5d7cXkjigQhOOlWo7dqQ7CZaaEU4nOTdWNMJkiPu0bajAAVWdJF1mgg6N0kN+KM0RGqXq7xcJDpQaB55JpqPPe1PxP68da/+0kzARxZoKMvvIjznSIZo2g3pMUqL52BBMJDOzIjLAEhNt+suZEpz5lRdJ47js2GXn0rRRvYEUWdiHAyiBAydQgXOoQR0I3MI9PMGzdWc9Wi/W6yyasWY3FOAPrLdvFemeYQ==</latexit><latexit sha1_base64="N8S4Nxx4kjgGyfhUgE17cJiwrOE=">AAACDHicbVBPS8MwHE3nvzn/TT16CQ5hXkbrRS/CYBePE9xWWEdJ03SLS9KSpINRCl69+FW8eFDEqx/Am9/GrNtBNx8EHu+98Pv9XpAwqrRtf1ultfWNza3ydmVnd2//oHp41FVxKjHp4JjF0g2QIowK0tFUM+ImkiAeMNILxq2Z35sQqWgs7vQ0IQOOhoJGFCNtJL9a8zjSIxVlk5jldfccXkNPpdzP7qFHBXTz0KcmZTfsAnCVOAtSAwu0/eqXF8Y45URozJBSfcdO9CBDUlPMSF7xUkUShMdoSPqGCsSJGmTFMTk8M0oIo1iaJzQs1N8/MsSVmvLAJIvVl72Z+J/XT3V0NcioSFJNBJ4PilIGdQxnzcCQSoI1mxqCsKRmV4hHSCKsTX8VU4KzfPIq6V40HLvh3Nq1ZuthXkcZnIBTUAcOuARNcAPaoAMweATP4BW8WU/Wi/VufcyjJWtR4TH4A+vzB93/mz0=</latexit>

X
<latexit sha1_base64="W/8xn+VRwl0qyxMPNBXsvyYRV2U=">AAAB6HicbZA7SwNBFIXv+ozxFbW0GQyCVdi10c5AGssEzAOSJcxO7iZjZmeXmVkhLAF7GwtF7MSfYmVt5w+xd5JYaOKBYT7OucPce4NEcG1c99NZWl5ZXVvPbeQ3t7Z3dgt7+w0dp4phncUiVq2AahRcYt1wI7CVKKRRILAZDCuTvHmDSvNYXplRgn5E+5KHnFFjrVqrWyi6JXcqsgjeDxQv3r/eXgCg2i18dHoxSyOUhgmqddtzE+NnVBnOBI7znVRjQtmQ9rFtUdIItZ9NGx2TY+v0SBgre6QhU/f3i4xGWo+iwFZG1Az0fDYx/8vaqQnP/YzLJDUo2eyjMBXExGQyNelxhcyIkQXKFLe9EjagijJjd5O3S/DmR16ExmnJc0tezS2WK7cwVQ4O4QhOwIMzKMMlVKEODBDu4AEenWvn3nlynmelS87shgP4I+f1G2dhkLc=</latexit><latexit sha1_base64="o+9hbZ3rdbHE/U5KCC97fe2Gf18=">AAAB6HicbZA7SwNBFIXv+ozxFbW0WQxCqrBro52BNJYJmAckS5id3E3GzM4uM7NCWAL2FlooYutPsbK284do7WRjoYkHhvk45w5z7/VjzpR2nA9raXlldW09t5Hf3Nre2S3s7TdVlEiKDRrxSLZ9opAzgQ3NNMd2LJGEPseWP6pO89Y1SsUicanHMXohGQgWMEq0sertXqHolJ1M9iK4P1A8f/t8veuWvmq9wnu3H9EkRKEpJ0p1XCfWXkqkZpTjJN9NFMaEjsgAOwYFCVF5adboxD42Tt8OImmO0Hbm/n6RklCpceibypDooZrPpuZ/WSfRwZmXMhEnGgWdfRQk3NaRPZ3a7jOJVPOxAUIlM73adEgkodrsJm+W4M6PvAjNk7LrlN26U6xUbyBTDg7hCErgwilU4AJq0AAKCLfwAI/WlXVvPVnPs9Ila3bDAfyR9fINSQmSIA==</latexit><latexit sha1_base64="o+9hbZ3rdbHE/U5KCC97fe2Gf18=">AAAB6HicbZA7SwNBFIXv+ozxFbW0WQxCqrBro52BNJYJmAckS5id3E3GzM4uM7NCWAL2FlooYutPsbK284do7WRjoYkHhvk45w5z7/VjzpR2nA9raXlldW09t5Hf3Nre2S3s7TdVlEiKDRrxSLZ9opAzgQ3NNMd2LJGEPseWP6pO89Y1SsUicanHMXohGQgWMEq0sertXqHolJ1M9iK4P1A8f/t8veuWvmq9wnu3H9EkRKEpJ0p1XCfWXkqkZpTjJN9NFMaEjsgAOwYFCVF5adboxD42Tt8OImmO0Hbm/n6RklCpceibypDooZrPpuZ/WSfRwZmXMhEnGgWdfRQk3NaRPZ3a7jOJVPOxAUIlM73adEgkodrsJm+W4M6PvAjNk7LrlN26U6xUbyBTDg7hCErgwilU4AJq0AAKCLfwAI/WlXVvPVnPs9Ila3bDAfyR9fINSQmSIA==</latexit><latexit sha1_base64="H//7sUOtr6UelMjx/3iT8hQgml4=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp2NloE0lgmYD0iOsLeZS9bs7h27e0I4AvY2ForY+pPs/DduPgpNfDDweG+GmXlRKrixvv/tbWxube/sFvaK+weHR8elk9OWSTLNsMkSkehORA0KrrBpuRXYSTVSGQlsR+PazG8/ojY8Ufd2kmIo6VDxmDNqndTo9Etlv+LPQdZJsCRlWKLeL331BgnLJCrLBDWmG/ipDXOqLWcCp8VeZjClbEyH2HVUUYkmzOeHTsmlUwYkTrQrZclc/T2RU2nMREauU1I7MqveTPzP62Y2vg1zrtLMomKLRXEmiE3I7Gsy4BqZFRNHKNPc3UrYiGrKrMum6EIIVl9eJ63rSuBXgoZfrtaeFnEU4Bwu4AoCuIEq3EEdmsAA4Rle4c178F68d+9j0brhLSM8gz/wPn8A2saNWQ==</latexit>

cut

cut(X,Y ) =
X

i2X, j2Y

Aij

<latexit sha1_base64="6wW6Ng2byp9jCGRP3D8aP9HFcIA="></latexit><latexit sha1_base64="DTBpIxbLc3aiCGMDxUep22qAFPM="></latexit><latexit sha1_base64="DTBpIxbLc3aiCGMDxUep22qAFPM="></latexit><latexit sha1_base64="WUnBr3AGt51B8b7MrnAxDr1IUI4="></latexit>

Y = V \X
<latexit sha1_base64="D1xKamK4zAe2dn+YJ9xgDWKArJ8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzLjRjdCoRuXFexD2qFm0rQNTTJDklHKWPBH3LhQxK1fIm5c+yOmUxfaeuByD+fcS25OGHOmjed9Orml5ZXVtfx6YWNza3vHLe42dJQoQusk4pFqhVhTziStG2Y4bcWKYhFy2gxH1anfvKFKs0hemnFMA4EHkvUZwcZKXbd4hc5QA3U0NYLJRKNW1y15ZS8DWiT+DylVSl8f1wBQ67rvnV5EEkGlIRxr3fa92AQpVoYRTieFTqJpjMkID2jbUokF1UGanT5Bh1bpoX6kbEmDMvX3RoqF1mMR2kmBzVDPe1PxP6+dmP5pkDIZJ4ZKMnuon3BkIjTNAfWYosTwsSWYKGZvRWSIFSbGplWwIfjzX14kjeOy75X9C5tG9R4y5GEfDuAIfDiBCpxDDepA4BYe4AmenTvn0XlxXmejOWfWYQ/+wHn7Bhg6leQ=</latexit><latexit sha1_base64="GYWHYOyVyRf7BqiMnhHbvnNJee8=">AAAB+nicbVC7SgNBFL0bXzG+NlraDAbFKuzaaCME0lhGMA9JljA7mU2GzM4uM7NKWAN2foWNhSK29v6D2Fj7I042Fpp44HIP59zL3Dl+zJnSjvNp5RYWl5ZX8quFtfWNzS27uN1QUSIJrZOIR7LlY0U5E7Sumea0FUuKQ5/Tpj+sTvzmFZWKReJCj2LqhbgvWMAI1kbq2sVLdIoaqKOoDplIFGp17ZJTdjKgeeL+kFKl9PUxPHi7q3Xt904vIklIhSYcK9V2nVh7KZaaEU7HhU6iaIzJEPdp21CBQ6q8NDt9jPaN0kNBJE0JjTL190aKQ6VGoW8mQ6wHatabiP957UQHJ17KRJxoKsj0oSDhSEdokgPqMUmJ5iNDMJHM3IrIAEtMtEmrYEJwZ788TxpHZdcpu+cmjeotZMjDLuzBIbhwDBU4gxrUgcA13MMjPFk31oP1bL1MR3PWtMMO/IH1+g0NB5db</latexit><latexit sha1_base64="GYWHYOyVyRf7BqiMnhHbvnNJee8=">AAAB+nicbVC7SgNBFL0bXzG+NlraDAbFKuzaaCME0lhGMA9JljA7mU2GzM4uM7NKWAN2foWNhSK29v6D2Fj7I042Fpp44HIP59zL3Dl+zJnSjvNp5RYWl5ZX8quFtfWNzS27uN1QUSIJrZOIR7LlY0U5E7Sumea0FUuKQ5/Tpj+sTvzmFZWKReJCj2LqhbgvWMAI1kbq2sVLdIoaqKOoDplIFGp17ZJTdjKgeeL+kFKl9PUxPHi7q3Xt904vIklIhSYcK9V2nVh7KZaaEU7HhU6iaIzJEPdp21CBQ6q8NDt9jPaN0kNBJE0JjTL190aKQ6VGoW8mQ6wHatabiP957UQHJ17KRJxoKsj0oSDhSEdokgPqMUmJ5iNDMJHM3IrIAEtMtEmrYEJwZ788TxpHZdcpu+cmjeotZMjDLuzBIbhwDBU4gxrUgcA13MMjPFk31oP1bL1MR3PWtMMO/IH1+g0NB5db</latexit><latexit sha1_base64="ctpuPR/bnmsQdizH3S2d3+iAH2E=">AAAB+nicbZBLSwMxFIUz9VXra6pLN8EiuCozbnQjFLpxWcE+pC0lk95pQzOZIbmjlLHgH3HjQhG3/hJ3/hvTx0JbDwQ+zrkhNydIpDDoed9Obm19Y3Mrv13Y2d3bP3CLhw0Tp5pDnccy1q2AGZBCQR0FSmglGlgUSGgGo+o0b96DNiJWtzhOoBuxgRKh4Ayt1XOLd/SKNmjHAEZCpYa2em7JK3sz0VXwF1AiC9V67lenH/M0AoVcMmPavpdgN2MaBZcwKXRSAwnjIzaAtkXFIjDdbLb6hJ5ap0/DWNujkM7c3zcyFhkzjgI7GTEcmuVsav6XtVMML7uZUEmKoPj8oTCVFGM67YH2hQaOcmyBcS3srpQPmWYcbVsFW4K//OVVaJyXfa/s33ilSvVpXkeeHJMTckZ8ckEq5JrUSJ1w8kCeySt5cx6dF+fd+ZiP5pxFhUfkj5zPH8ALk2o=</latexit>

conductance

�(X) =
cut(X,V \X)

min{vol(X), vol(V \X)}
<latexit sha1_base64="OX96pw0RI7oVgrumMxlYRyYoMsk="></latexit><latexit sha1_base64="keJLgygMFVty3RMFPCJ6Eeb7MR4="></latexit><latexit sha1_base64="keJLgygMFVty3RMFPCJ6Eeb7MR4="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="BKUTT2R+DC3IVbBOYcp+b5OZ3LY="></latexit><latexit sha1_base64="BKUTT2R+DC3IVbBOYcp+b5OZ3LY="></latexit><latexit sha1_base64="iVx5DuRadLCXAcGzqJDBqEDB858="></latexit><latexit sha1_base64="iVx5DuRadLCXAcGzqJDBqEDB858="></latexit><latexit sha1_base64="keJLgygMFVty3RMFPCJ6Eeb7MR4="></latexit><latexit sha1_base64="keJLgygMFVty3RMFPCJ6Eeb7MR4="></latexit><latexit sha1_base64="keJLgygMFVty3RMFPCJ6Eeb7MR4="></latexit><latexit sha1_base64="keJLgygMFVty3RMFPCJ6Eeb7MR4="></latexit><latexit sha1_base64="iVx5DuRadLCXAcGzqJDBqEDB858="></latexit>

quality measures - conductance

Kannan, R., Vempala, S., & Vetta, A. (2004). On clusterings: Good, bad and spectral. Journal of the ACM (JACM), 51(3), 497-515

lower is better!



quality measures - modularity

!14

Q(C) =
X

C2C

"
lC
|E| �

✓
kC
2|E|

◆2
#

<latexit sha1_base64="NB4ljTBVdnOLgmT48GXTa5K6jxs="></latexit><latexit sha1_base64="NB4ljTBVdnOLgmT48GXTa5K6jxs="></latexit><latexit sha1_base64="NB4ljTBVdnOLgmT48GXTa5K6jxs="></latexit><latexit sha1_base64="NB4ljTBVdnOLgmT48GXTa5K6jxs="></latexit><latexit sha1_base64="NB4ljTBVdnOLgmT48GXTa5K6jxs="></latexit>

number of edges inside cluster C
C = {C1, C2, · · · , Ck}

<latexit sha1_base64="/rzn+6/4YyJ0mbVuhBFTmYSp4UY=">AAACFXicbVBLS8NAGNz4rPEV9ehlsRE8lJL0ohehkIvHCvYBTQibzaZdunmwuxFKCPgbvPhXvHhQxKvgzX/jpu1BWwcWZme+j92ZIGNUSMv61tbWNza3tms7+u7e/sGhcXTcE2nOMenilKV8ECBBGE1IV1LJyCDjBMUBI/1g4lR+/55wQdPkTk4z4sVolNCIYiSV5BsN09TdGMlxEBROCa+hWzi+3YCO32pAF4epFNVl4pa6afpG3WpaM8BVYi9IHSzQ8Y0vN0xxHpNEYoaEGNpWJr0CcUkxI6Xu5oJkCE/QiAwVTVBMhFfMUpXwXCkhjFKuTiLhTP29UaBYiGkcqMkqgFj2KvE/b5jL6MoraJLlkiR4/lCUMyhTWFUEQ8oJlmyqCMKcqr9CPEYcYamK1FUJ9nLkVdJrNW3Fb1v1tvMwr6MGTsEZuAA2uARtcAM6oAsweATP4BW8aU/ai/aufcxH17RFhSfgD7TPH7Qdm8k=</latexit><latexit sha1_base64="/rzn+6/4YyJ0mbVuhBFTmYSp4UY=">AAACFXicbVBLS8NAGNz4rPEV9ehlsRE8lJL0ohehkIvHCvYBTQibzaZdunmwuxFKCPgbvPhXvHhQxKvgzX/jpu1BWwcWZme+j92ZIGNUSMv61tbWNza3tms7+u7e/sGhcXTcE2nOMenilKV8ECBBGE1IV1LJyCDjBMUBI/1g4lR+/55wQdPkTk4z4sVolNCIYiSV5BsN09TdGMlxEBROCa+hWzi+3YCO32pAF4epFNVl4pa6afpG3WpaM8BVYi9IHSzQ8Y0vN0xxHpNEYoaEGNpWJr0CcUkxI6Xu5oJkCE/QiAwVTVBMhFfMUpXwXCkhjFKuTiLhTP29UaBYiGkcqMkqgFj2KvE/b5jL6MoraJLlkiR4/lCUMyhTWFUEQ8oJlmyqCMKcqr9CPEYcYamK1FUJ9nLkVdJrNW3Fb1v1tvMwr6MGTsEZuAA2uARtcAM6oAsweATP4BW8aU/ai/aufcxH17RFhSfgD7TPH7Qdm8k=</latexit><latexit sha1_base64="/rzn+6/4YyJ0mbVuhBFTmYSp4UY=">AAACFXicbVBLS8NAGNz4rPEV9ehlsRE8lJL0ohehkIvHCvYBTQibzaZdunmwuxFKCPgbvPhXvHhQxKvgzX/jpu1BWwcWZme+j92ZIGNUSMv61tbWNza3tms7+u7e/sGhcXTcE2nOMenilKV8ECBBGE1IV1LJyCDjBMUBI/1g4lR+/55wQdPkTk4z4sVolNCIYiSV5BsN09TdGMlxEBROCa+hWzi+3YCO32pAF4epFNVl4pa6afpG3WpaM8BVYi9IHSzQ8Y0vN0xxHpNEYoaEGNpWJr0CcUkxI6Xu5oJkCE/QiAwVTVBMhFfMUpXwXCkhjFKuTiLhTP29UaBYiGkcqMkqgFj2KvE/b5jL6MoraJLlkiR4/lCUMyhTWFUEQ8oJlmyqCMKcqr9CPEYcYamK1FUJ9nLkVdJrNW3Fb1v1tvMwr6MGTsEZuAA2uARtcAM6oAsweATP4BW8aU/ai/aufcxH17RFhSfgD7TPH7Qdm8k=</latexit><latexit sha1_base64="/rzn+6/4YyJ0mbVuhBFTmYSp4UY=">AAACFXicbVBLS8NAGNz4rPEV9ehlsRE8lJL0ohehkIvHCvYBTQibzaZdunmwuxFKCPgbvPhXvHhQxKvgzX/jpu1BWwcWZme+j92ZIGNUSMv61tbWNza3tms7+u7e/sGhcXTcE2nOMenilKV8ECBBGE1IV1LJyCDjBMUBI/1g4lR+/55wQdPkTk4z4sVolNCIYiSV5BsN09TdGMlxEBROCa+hWzi+3YCO32pAF4epFNVl4pa6afpG3WpaM8BVYi9IHSzQ8Y0vN0xxHpNEYoaEGNpWJr0CcUkxI6Xu5oJkCE/QiAwVTVBMhFfMUpXwXCkhjFKuTiLhTP29UaBYiGkcqMkqgFj2KvE/b5jL6MoraJLlkiR4/lCUMyhTWFUEQ8oJlmyqCMKcqr9CPEYcYamK1FUJ9nLkVdJrNW3Fb1v1tvMwr6MGTsEZuAA2uARtcAM6oAsweATP4BW8aU/ai/aufcxH17RFhSfgD7TPH7Qdm8k=</latexit><latexit sha1_base64="/rzn+6/4YyJ0mbVuhBFTmYSp4UY=">AAACFXicbVBLS8NAGNz4rPEV9ehlsRE8lJL0ohehkIvHCvYBTQibzaZdunmwuxFKCPgbvPhXvHhQxKvgzX/jpu1BWwcWZme+j92ZIGNUSMv61tbWNza3tms7+u7e/sGhcXTcE2nOMenilKV8ECBBGE1IV1LJyCDjBMUBI/1g4lR+/55wQdPkTk4z4sVolNCIYiSV5BsN09TdGMlxEBROCa+hWzi+3YCO32pAF4epFNVl4pa6afpG3WpaM8BVYi9IHSzQ8Y0vN0xxHpNEYoaEGNpWJr0CcUkxI6Xu5oJkCE/QiAwVTVBMhFfMUpXwXCkhjFKuTiLhTP29UaBYiGkcqMkqgFj2KvE/b5jL6MoraJLlkiR4/lCUMyhTWFUEQ8oJlmyqCMKcqr9CPEYcYamK1FUJ9nLkVdJrNW3Fb1v1tvMwr6MGTsEZuAA2uARtcAM6oAsweATP4BW8aU/ai/aufcxH17RFhSfgD7TPH7Qdm8k=</latexit>

set of clusters Csum of degrees of nodes in cluster 

higher is better!

Q = 0.3671
<latexit sha1_base64="SC8RcSgMsy0t7S4bPoC8B/IL3h4=">AAAB8XicbZDLSgMxFIbP1Futt1GXCgaL4KrMKFg3QqEbly3YC7ZDzaSZNjSTGZKMUIaCD+HGhSJufRt3PoxgOnWhrQdCPv7/hJzz+zFnSjvOp5VbWl5ZXcuvFzY2t7Z37N29pooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb8UXXqt+6pVCwSN3ocUy/EA8ECRrA20m0dXSGndH5Rdnt20Sk5WaFFcH+gWDk6/LoDgFrP/uj2I5KEVGjCsVId14m1l2KpGeF0UugmisaYjPCAdgwKHFLlpdnEE3RilD4KImmO0ChTf79IcajUOPRNZ4j1UM17U/E/r5Po4NJLmYgTTQWZfRQkHOkITddHfSYp0XxsABPJzKyIDLHERJuQCiYEd37lRWielVzDdZNG9QGyysMBHMMpuFCGClxDDRpAQMAjPMOLpawn69V6m7XmrNkN+/CnrPdvK4uRMA==</latexit><latexit sha1_base64="tvWhz0pV42GFQYxfIfJe6eJCNNk=">AAAB8XicbZDLSgMxFIbP1Futt6pLBYNFcFVmFKwbodCN4KYFe8HpUDJppg3NZIYkI5RS8CHcdKGIW9/GnW/hCwimUxfaeiDk4/9PyDm/H3OmtG1/WJml5ZXVtex6bmNza3snv7vXUFEiCa2TiEey5WNFORO0rpnmtBVLikOf06Y/qEz95j2VikXiVg9j6oW4J1jACNZGuquhK2QXzy9KTidfsIt2WmgRnB8olI8Ov24+J261k39vdyOShFRowrFSrmPH2hthqRnhdJxrJ4rGmAxwj7oGBQ6p8kbpxGN0YpQuCiJpjtAoVX+/GOFQqWHom84Q676a96bif56b6ODSGzERJ5oKMvsoSDjSEZquj7pMUqL50AAmkplZEeljiYk2IeVMCM78yovQOCs6hmsmjcoDpJWFAziGU3CgBGW4hirUgYCAR3iCZ0tZE+vFep21ZqzZDfvwp6y3b5aekv8=</latexit><latexit sha1_base64="tvWhz0pV42GFQYxfIfJe6eJCNNk=">AAAB8XicbZDLSgMxFIbP1Futt6pLBYNFcFVmFKwbodCN4KYFe8HpUDJppg3NZIYkI5RS8CHcdKGIW9/GnW/hCwimUxfaeiDk4/9PyDm/H3OmtG1/WJml5ZXVtex6bmNza3snv7vXUFEiCa2TiEey5WNFORO0rpnmtBVLikOf06Y/qEz95j2VikXiVg9j6oW4J1jACNZGuquhK2QXzy9KTidfsIt2WmgRnB8olI8Ov24+J261k39vdyOShFRowrFSrmPH2hthqRnhdJxrJ4rGmAxwj7oGBQ6p8kbpxGN0YpQuCiJpjtAoVX+/GOFQqWHom84Q676a96bif56b6ODSGzERJ5oKMvsoSDjSEZquj7pMUqL50AAmkplZEeljiYk2IeVMCM78yovQOCs6hmsmjcoDpJWFAziGU3CgBGW4hirUgYCAR3iCZ0tZE+vFep21ZqzZDfvwp6y3b5aekv8=</latexit><latexit sha1_base64="tvWhz0pV42GFQYxfIfJe6eJCNNk=">AAAB8XicbZDLSgMxFIbP1Futt6pLBYNFcFVmFKwbodCN4KYFe8HpUDJppg3NZIYkI5RS8CHcdKGIW9/GnW/hCwimUxfaeiDk4/9PyDm/H3OmtG1/WJml5ZXVtex6bmNza3snv7vXUFEiCa2TiEey5WNFORO0rpnmtBVLikOf06Y/qEz95j2VikXiVg9j6oW4J1jACNZGuquhK2QXzy9KTidfsIt2WmgRnB8olI8Ov24+J261k39vdyOShFRowrFSrmPH2hthqRnhdJxrJ4rGmAxwj7oGBQ6p8kbpxGN0YpQuCiJpjtAoVX+/GOFQqWHom84Q676a96bif56b6ODSGzERJ5oKMvsoSDjSEZquj7pMUqL50AAmkplZEeljiYk2IeVMCM78yovQOCs6hmsmjcoDpJWFAziGU3CgBGW4hirUgYCAR3iCZ0tZE+vFep21ZqzZDfvwp6y3b5aekv8=</latexit><latexit sha1_base64="nOhm+TpZaU3HdPCKh8ks7BAf6U8=">AAAB8XicbZDLSgMxFIbPeK31VnXpJlgEV2VGwboRCt24bMFesB1KJs20oZnMkJwRylDwIdy4UMStb+POtzG9LLT1h8DHf0445/xBIoVB1/121tY3Nre2czv53b39g8PC0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjCqTuutR66NiNU9jhPuR3SgRCgYRWs91MktcUtX12WvVyi6JXcmsgreAoqwUK1X+Or2Y5ZGXCGT1JiO5yboZ1SjYJJP8t3U8ISyER3wjkVFI278bLbxhJxbp0/CWNunkMzc3z8yGhkzjgLbGVEcmuXa1Pyv1kkxvPEzoZIUuWLzQWEqCcZkej7pC80ZyrEFyrSwuxI2pJoytCHlbQje8smr0LwseZbrbrFSfZrHkYNTOIML8KAMFbiDGjSAgYJneIU3xzgvzrvzMW9dcxYRnsAfOZ8/royPWA==</latexit>

Q = 0.2675
<latexit sha1_base64="YEl1oR4YOys2mu29EwulWmh1u/M=">AAAB8XicbZDLSgMxFIbP1Futt6pLBYNFcFVmCrVuhEI3LluwF2yHmkkzbWgmMyQZoQwFH8KNC0Xc+jbufBjBdOpCWw+EfPz/CTnn9yLOlLbtTyuzsrq2vpHdzG1t7+zu5fcPWiqMJaFNEvJQdjysKGeCNjXTnHYiSXHgcdr2xrWZ376nUrFQ3OhJRN0ADwXzGcHaSLcNdIXsYumiUu7nC3bRTgstg/MDherJ8dcdANT7+Y/eICRxQIUmHCvVdexIuwmWmhFOp7lerGiEyRgPadegwAFVbpJOPEVnRhkgP5TmCI1S9feLBAdKTQLPdAZYj9SiNxP/87qx9i/dhIko1lSQ+Ud+zJEO0Wx9NGCSEs0nBjCRzMyKyAhLTLQJKWdCcBZXXoZWqegYbpg0ag+QVhaO4BTOwYEKVOEa6tAEAgIe4RleLGU9Wa/W27w1Y81vOIQ/Zb1/AzAUkTM=</latexit><latexit sha1_base64="bzFb5QlTVS7eO8GM6mbo17LWiiI=">AAAB8XicbZDLSgMxFIbPeK31VnWpYLAIrspMQetGKHQjuGnBXnA6lEyatqGZzJBkhDIUfAg3XSji1rdx51v4AoLp1IW2Hgj5+P8Tcs7vR5wpbdsf1tLyyuraemYju7m1vbOb29tvqDCWhNZJyEPZ8rGinAla10xz2ookxYHPadMfVqZ+855KxUJxq0cR9QLcF6zHCNZGuquhK2QXihel804ubxfstNAiOD+QLx8ffd18TtxqJ/fe7oYkDqjQhGOlXMeOtJdgqRnhdJxtx4pGmAxxn7oGBQ6o8pJ04jE6NUoX9UJpjtAoVX+/SHCg1CjwTWeA9UDNe1PxP8+Nde/SS5iIYk0FmX3UiznSIZquj7pMUqL5yAAmkplZERlgiYk2IWVNCM78yovQKBYcwzWTRuUB0srAIZzAGThQgjJcQxXqQEDAIzzBs6WsifVivc5al6zZDQfwp6y3b5snkwI=</latexit><latexit sha1_base64="bzFb5QlTVS7eO8GM6mbo17LWiiI=">AAAB8XicbZDLSgMxFIbPeK31VnWpYLAIrspMQetGKHQjuGnBXnA6lEyatqGZzJBkhDIUfAg3XSji1rdx51v4AoLp1IW2Hgj5+P8Tcs7vR5wpbdsf1tLyyuraemYju7m1vbOb29tvqDCWhNZJyEPZ8rGinAla10xz2ookxYHPadMfVqZ+855KxUJxq0cR9QLcF6zHCNZGuquhK2QXihel804ubxfstNAiOD+QLx8ffd18TtxqJ/fe7oYkDqjQhGOlXMeOtJdgqRnhdJxtx4pGmAxxn7oGBQ6o8pJ04jE6NUoX9UJpjtAoVX+/SHCg1CjwTWeA9UDNe1PxP8+Nde/SS5iIYk0FmX3UiznSIZquj7pMUqL5yAAmkplZERlgiYk2IWVNCM78yovQKBYcwzWTRuUB0srAIZzAGThQgjJcQxXqQEDAIzzBs6WsifVivc5al6zZDQfwp6y3b5snkwI=</latexit><latexit sha1_base64="bzFb5QlTVS7eO8GM6mbo17LWiiI=">AAAB8XicbZDLSgMxFIbPeK31VnWpYLAIrspMQetGKHQjuGnBXnA6lEyatqGZzJBkhDIUfAg3XSji1rdx51v4AoLp1IW2Hgj5+P8Tcs7vR5wpbdsf1tLyyuraemYju7m1vbOb29tvqDCWhNZJyEPZ8rGinAla10xz2ookxYHPadMfVqZ+855KxUJxq0cR9QLcF6zHCNZGuquhK2QXihel804ubxfstNAiOD+QLx8ffd18TtxqJ/fe7oYkDqjQhGOlXMeOtJdgqRnhdJxtx4pGmAxxn7oGBQ6o8pJ04jE6NUoX9UJpjtAoVX+/SHCg1CjwTWeA9UDNe1PxP8+Nde/SS5iIYk0FmX3UiznSIZquj7pMUqL5yAAmkplZERlgiYk2IWVNCM78yovQKBYcwzWTRuUB0srAIZzAGThQgjJcQxXqQEDAIzzBs6WsifVivc5al6zZDQfwp6y3b5snkwI=</latexit><latexit sha1_base64="yjGWiXvRFz1cRlQ8nlbqNOsq+zU=">AAAB8XicbZDLSgMxFIbP1Futt6pLN8EiuCozBa0bodCNyxbsBduhZNK0Dc1khuSMUIaCD+HGhSJufRt3vo3pZaGtPwQ+/nPCOecPYikMuu63k9nY3Nreye7m9vYPDo/yxydNEyWa8QaLZKTbATVcCsUbKFDydqw5DQPJW8G4Oqu3Hrk2IlL3OIm5H9KhEgPBKFrroU5uiVssXZevevmCW3TnIuvgLaEAS9V6+a9uP2JJyBUySY3peG6Mfko1Cib5NNdNDI8pG9Mh71hUNOTGT+cbT8mFdfpkEGn7FJK5+/tHSkNjJmFgO0OKI7Nam5n/1ToJDm78VKg4Qa7YYtAgkQQjMjuf9IXmDOXEAmVa2F0JG1FNGdqQcjYEb/XkdWiWip7luluoVJ8WcWThDM7hEjwoQwXuoAYNYKDgGV7hzTHOi/PufCxaM84ywlP4I+fzB7MVj1s=</latexit>N

ew
m

an
, M

. E
. (

20
06

). 
M

od
ul

ar
it

y 
an

d 
co

m
m

un
it

y 
st

ru
ct

ur
e 

in
 n

et
w

or
ks

. 
P

ro
ce

ed
in

gs
 o

f 
th

e 
n

a
ti

o
n

a
l 

a
ca

d
em

y 
o

f 
sc

ie
n

ce
s,

 1
0
3
(2

3)
, 8

57
7-

85
82

.



configuration model

!15
Chung, F., & Lu, L. (2002). Connected components in random graphs with given expected degree sequences. Annals of combinatorics, 6(2), 125-145.

http://tuvalu.santafe.edu/~aaronc/courses/5352/fall2013/csci5352_2013_L11.pdf

Generates a random graph that follows a given degree sequence

~k = {k1, k2, · · · , kl}
<latexit sha1_base64="pmXNUIkZBYnMCvmU7M4Wo9pwrgk=">AAACDXicbZDLSgMxFIbPeK31NurSTWgVBEuZ6UY3QtGNywr2Ap0yZNK0DZO5kGQKZZgXcOMr+AhuXCji1r0738ZM24W2/hD48p9zSM7vxZxJZVnfxsrq2vrGZmGruL2zu7dvHhy2ZJQIQpsk4pHoeFhSzkLaVExx2okFxYHHadvzb/J6e0yFZFF4ryYx7QV4GLIBI1hpyzVPnDElqZ+hK+SkvmtXkO/WKsgh/UjJ/MKRk7lm2apaU6FlsOdQrpec8ycAaLjml9OPSBLQUBGOpezaVqx6KRaKEU6zopNIGmPi4yHtagxxQGUvnW6ToVPt9NEgEvqECk3d3xMpDqScBJ7uDLAaycVabv5X6yZqcNlLWRgnioZk9tAg4UhFKI8G9ZmgRPGJBkwE039FZIQFJkoHWNQh2IsrL0OrVrU13+k0rmGmAhxDCc7Ahguowy00oAkEHuAZXuHNeDRejHfjY9a6YsxnjuCPjM8fjT6bbA==</latexit><latexit sha1_base64="y+g0J6GfgDOJMHC5lninyT62fVE=">AAACDXicbZC7TsMwFIadcivlFmBksVqQkKiqpAssSBUsjEWiF6mJIsdxWyvORbZTKYryAiwsPAgLAwixsrP1bXDaDtDyS5Y+/+cc2ed3Y0aFNIypVlpb39jcKm9Xdnb39g/0w6OuiBKOSQdHLOJ9FwnCaEg6kkpG+jEnKHAZ6bn+bVHvTQgXNAofZBoTO0CjkA4pRlJZjn5qTQjO/BxeQyvzHbMOfadZhxb2IimKC4NW7ug1o2HMBFfBXECtVbUunqettO3o35YX4SQgocQMCTEwjVjaGeKSYkbyipUIEiPsoxEZKAxRQISdzbbJ4ZlyPDiMuDqhhDP390SGAiHSwFWdAZJjsVwrzP9qg0QOr+yMhnEiSYjnDw0TBmUEi2igRznBkqUKEOZU/RXiMeIISxVgRYVgLq+8Ct1mw1R8r9K4AXOVwQmognNggkvQAnegDToAg0fwAt7Au/akvWof2ue8taQtZo7BH2lfP5aonPI=</latexit><latexit sha1_base64="y+g0J6GfgDOJMHC5lninyT62fVE=">AAACDXicbZC7TsMwFIadcivlFmBksVqQkKiqpAssSBUsjEWiF6mJIsdxWyvORbZTKYryAiwsPAgLAwixsrP1bXDaDtDyS5Y+/+cc2ed3Y0aFNIypVlpb39jcKm9Xdnb39g/0w6OuiBKOSQdHLOJ9FwnCaEg6kkpG+jEnKHAZ6bn+bVHvTQgXNAofZBoTO0CjkA4pRlJZjn5qTQjO/BxeQyvzHbMOfadZhxb2IimKC4NW7ug1o2HMBFfBXECtVbUunqettO3o35YX4SQgocQMCTEwjVjaGeKSYkbyipUIEiPsoxEZKAxRQISdzbbJ4ZlyPDiMuDqhhDP390SGAiHSwFWdAZJjsVwrzP9qg0QOr+yMhnEiSYjnDw0TBmUEi2igRznBkqUKEOZU/RXiMeIISxVgRYVgLq+8Ct1mw1R8r9K4AXOVwQmognNggkvQAnegDToAg0fwAt7Au/akvWof2ue8taQtZo7BH2lfP5aonPI=</latexit><latexit sha1_base64="y+g0J6GfgDOJMHC5lninyT62fVE=">AAACDXicbZC7TsMwFIadcivlFmBksVqQkKiqpAssSBUsjEWiF6mJIsdxWyvORbZTKYryAiwsPAgLAwixsrP1bXDaDtDyS5Y+/+cc2ed3Y0aFNIypVlpb39jcKm9Xdnb39g/0w6OuiBKOSQdHLOJ9FwnCaEg6kkpG+jEnKHAZ6bn+bVHvTQgXNAofZBoTO0CjkA4pRlJZjn5qTQjO/BxeQyvzHbMOfadZhxb2IimKC4NW7ug1o2HMBFfBXECtVbUunqettO3o35YX4SQgocQMCTEwjVjaGeKSYkbyipUIEiPsoxEZKAxRQISdzbbJ4ZlyPDiMuDqhhDP390SGAiHSwFWdAZJjsVwrzP9qg0QOr+yMhnEiSYjnDw0TBmUEi2igRznBkqUKEOZU/RXiMeIISxVgRYVgLq+8Ct1mw1R8r9K4AXOVwQmognNggkvQAnegDToAg0fwAt7Au/akvWof2ue8taQtZo7BH2lfP5aonPI=</latexit><latexit sha1_base64="vyBqxQ4bUrl8NakTVjSP11WwuOs=">AAACDXicbZC7TsMwFIadcivlFmBksShIDFWVdIEFqYKFsUj0IjVR5DhOa8VxItupVEV9ARZehYUBhFjZ2XgbnDYDtPySpc//OUf2+f2UUaks69uorK1vbG5Vt2s7u3v7B+bhUU8mmcCkixOWiIGPJGGUk66iipFBKgiKfUb6fnRb1PsTIiRN+IOapsSN0YjTkGKktOWZZ86E4DyawWvo5JFnN2DktRrQwUGiZHFh0Jl5Zt1qWnPBVbBLqINSHc/8coIEZzHhCjMk5dC2UuXmSCiKGZnVnEySFOEIjchQI0cxkW4+32YGz7UTwDAR+nAF5+7viRzFUk5jX3fGSI3lcq0w/6sNMxVeuTnlaaYIx4uHwoxBlcAiGhhQQbBiUw0IC6r/CvEYCYSVDrCmQ7CXV16FXqtpa7636u2bMo4qOAGn4ALY4BK0wR3ogC7A4BE8g1fwZjwZL8a78bForRjlzDH4I+PzB3q/meM=</latexit>



LFR benchmark

!16

Lancichinetti, A., Fortunato, S., & Radicchi, F. (2008). Benchmark graphs for testing community detection algorithms. Physical review E, 78(4), 046110.

generates graphs with tunable degree and community size distributions

1. number of nodes

2. average degree

3. power-law exponents for degree    and community sizes

4. mixing parameter 

n
⟨k⟩

γ β
μ



scaling results

!17

Average running times in seconds across 5 runs on graphs generated 
with the LFR benchmark with ⟨k⟩ = 16, γ = − 2, β = − 1, μ = 0.1



running time plot

!18



Title TextTitle TextTitle TextTitle Textparallelization plans

!19

numpy and scipy already use BLAS

the google research paper uses BLAS with MPI

use a parallel version of k-means - scikit-learn has that too! 😍

using a JIT compiler

parallelization plans



!20

thanks!


