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edges
nodes

domain nodes edges
world wide web webpages hyperlinks
scientific papers papers citations
power grids generating stations transmission lines
flights airports non-stop flights
friendships person friendship
food web species predation

networks - what are they?
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community detection

rule induction

graph generation

input graph

dendrogram grammar rules

family of similar graphs
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racial and social homophily

middle school

high school

caucasians

african americans



political homophily
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democrat blogs

republican blogs



!6

community detection

In a graph G(V,E), find a cover C = {C1, · · · , Ck} such that
[

i

Ci = V .
<latexit sha1_base64="KPBN4sWCULxNs1uts0okfXlcWhg="></latexit><latexit sha1_base64="4P8uLcyagq/Huq6GB1zvavRVJ7Y="></latexit><latexit sha1_base64="4P8uLcyagq/Huq6GB1zvavRVJ7Y="></latexit><latexit sha1_base64="e1vcHYO+gEwlHLuRmXWvsG2S2AQ="></latexit>

disjoint overlapping

Ci \ Cj = ; 8i, j
<latexit sha1_base64="LIk+YmxHVZYWmvpXZ3liapY6gRQ=">AAACD3icbVA9SwNBEJ3z2/gVtbRZDIqFhDsbbQQhjaWC0UAuHHubSbLJ3ge7c0IIEX+Ajf/A3yCChSK2thaC/8ZNYqHGB8M83ptldl6YKmnIdT+dicmp6ZnZufncwuLS8kp+de3cJJkWWBaJSnQl5AaVjLFMkhRWUo08ChVehJ3SwL+4RG1kEp9RN8VaxJuxbEjByUpBfrsUSOYLnrJS0GaHzMcopa5BurryG4nmSjG5y9pBvuAW3SHYOPG+SeFo++HjDgBOgvy7X09EFmFMQnFjqp6bUq3HNUmhsJ/zM4MpFx3exKqlMY/Q1HrDe/psyyp1ZtfbiokN1Z8vejwyphuFdjLi1DJ/vYH4n1fNqHFQ68k4zQhjMVrUyBSjhA3CYXWpUZDqWsKFlvavTLS45oJshDkbgvf35HFyvlf03KJ3atMoXcMQc7ABm7ADHuzDERzDCZRBwA3cwxM8O7fOo/PivI5GJ5xRh3X4BeftC8FYnoY=</latexit><latexit sha1_base64="XOhp/c/l3dvcefa/DYvj+QIKi8g="></latexit><latexit sha1_base64="XOhp/c/l3dvcefa/DYvj+QIKi8g="></latexit><latexit sha1_base64="EdFsc2RCR0YkMdUfp9U1s3h0R5Y=">AAACD3icbVC7SgNBFJ2NrxhfUUubwaBYSNi10UYIpLGMYB6QDcvs5CaZZPbBzF1hCQl+gI2/YmOhiK2tnX/j5FFo4oELh3Pu5d57/FgKjbb9bWVWVtfWN7Kbua3tnd29/P5BTUeJ4lDlkYxUw2capAihigIlNGIFLPAl1P1BeeLX70FpEYV3mMbQClg3FB3BGRrJy5+WPUFdzmJa9vr0mroQxJhqwPHY7USKSUnFOe17+YJdtKegy8SZkwKZo+Llv9x2xJMAQuSSad107BhbQ6ZQcAmjnJtoiBkfsC40DQ1ZALo1nP4zoidGaVOz3lSIdKr+nhiyQOs08E1nwLCnF72J+J/XTLBz1RqKME4QQj5b1EkkxYhOwqFtoYCjTA1hXAlzK+U9phhHE2HOhOAsvrxMahdFxy46t3ahVH6YxZElR+SYnBGHXJISuSEVUiWcPJJn8krerCfrxXq3PmatGWse4SH5A+vzB0v7m/Y=</latexit>

Ci \ Cj 6= ; 9 i, j
<latexit sha1_base64="lNKrc2ufCXsLcw6ZPiwnuXB0L6w=">AAACEXicbVA9SwNBEJ3zM8avqKXNYlAsJNzZaCmksYxgVMiFY28z0dW9vWN3TgzB4C+w8Q/4I2wsFLG1sxD8N24SC40+GObx3iw78+JMSUu+/+mNjU9MTk0XZoqzc/MLi6Wl5SOb5kZgXaQqNScxt6ikxjpJUniSGeRJrPA4vqj2/eNLNFam+pA6GTYTfqplWwpOTopKm9VIslDwjFWjcxZqZCEmGXUsUq8X4pXbwPbkFjuPSmW/4g/A/pLgm5T3Nh4+7gGgFpXew1Yq8gQ1CcWtbQR+Rs0uNySFwutimFvMuLjgp9hwVPMEbbM7uOiarTulxdqpcaWJDdSfL7o8sbaTxG4y4XRmR72++J/XyKm92+xKneWEWgw/aueKUcr68bCWNChIdRzhwki3KxNn3HBBLsSiCyEYPfkvOdquBH4lOHBpVG9ggAKswhpsQgA7sAf7UIM6CLiFB3iCZ+/Oe/RevNfh6Jg37LACv+C9fQFcDaAK</latexit><latexit sha1_base64="Q3kjEuqbs3fpT0i6rtwVkZZvLT8="></latexit><latexit sha1_base64="Q3kjEuqbs3fpT0i6rtwVkZZvLT8="></latexit><latexit sha1_base64="0kMDUaNpXTdyL0eSYhuXmu4onJM=">AAACEXicbVC7SgNBFJ2NrxhfUUubwSBYSNi10TKQxlLBPCC7LLOTGzPJ7Owyc1cMi8EvsPFXbCwUsbWz82+cPApfBy4czrmXe++JUikMuu6nU1hYXFpeKa6W1tY3NrfK2ztNk2SaQ4MnMtHtiBmQQkEDBUpopxpYHEloRcP6xG9dgzYiUZc4SiGI2ZUSPcEZWiksH9ZDQX3OUloPB9RXQH2IUxwZwPHYhxt7gRmLIzoIyxW36k5B/xJvTipkjvOw/OF3E57FoJBLZkzHc1MMcqZRcAm3JT8zkDI+ZFfQsVSxGEyQTz+6pQdW6dJeom0ppFP1+0TOYmNGcWQ7Y4Z989ubiP95nQx7p0EuVJohKD5b1MskxYRO4qFdoYGjHFnCuBb2Vsr7TDOONsSSDcH7/fJf0jyuem7Vu3ArtfrdLI4i2SP75JB45ITUyBk5Jw3CyT15JM/kxXlwnpxX523WWnDmEe6SH3DevwDmoZ16</latexit>
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popular techniques

spectral

• eigenvalues and eigenvectors of adjacency / Laplacian matrix 

traversal based

• discovery of local neighborhoods and bridges

greedy optimization

• agglomerative or divisive hierarchical clustering

information theory based

• graph compression through encodings

random walks

• distribution of node visits through multiple random walks



graph partitioning - cuts
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X
<latexit sha1_base64="W/8xn+VRwl0qyxMPNBXsvyYRV2U=">AAAB6HicbZA7SwNBFIXv+ozxFbW0GQyCVdi10c5AGssEzAOSJcxO7iZjZmeXmVkhLAF7GwtF7MSfYmVt5w+xd5JYaOKBYT7OucPce4NEcG1c99NZWl5ZXVvPbeQ3t7Z3dgt7+w0dp4phncUiVq2AahRcYt1wI7CVKKRRILAZDCuTvHmDSvNYXplRgn5E+5KHnFFjrVqrWyi6JXcqsgjeDxQv3r/eXgCg2i18dHoxSyOUhgmqddtzE+NnVBnOBI7znVRjQtmQ9rFtUdIItZ9NGx2TY+v0SBgre6QhU/f3i4xGWo+iwFZG1Az0fDYx/8vaqQnP/YzLJDUo2eyjMBXExGQyNelxhcyIkQXKFLe9EjagijJjd5O3S/DmR16ExmnJc0tezS2WK7cwVQ4O4QhOwIMzKMMlVKEODBDu4AEenWvn3nlynmelS87shgP4I+f1G2dhkLc=</latexit><latexit sha1_base64="o+9hbZ3rdbHE/U5KCC97fe2Gf18=">AAAB6HicbZA7SwNBFIXv+ozxFbW0WQxCqrBro52BNJYJmAckS5id3E3GzM4uM7NCWAL2FlooYutPsbK284do7WRjoYkHhvk45w5z7/VjzpR2nA9raXlldW09t5Hf3Nre2S3s7TdVlEiKDRrxSLZ9opAzgQ3NNMd2LJGEPseWP6pO89Y1SsUicanHMXohGQgWMEq0sertXqHolJ1M9iK4P1A8f/t8veuWvmq9wnu3H9EkRKEpJ0p1XCfWXkqkZpTjJN9NFMaEjsgAOwYFCVF5adboxD42Tt8OImmO0Hbm/n6RklCpceibypDooZrPpuZ/WSfRwZmXMhEnGgWdfRQk3NaRPZ3a7jOJVPOxAUIlM73adEgkodrsJm+W4M6PvAjNk7LrlN26U6xUbyBTDg7hCErgwilU4AJq0AAKCLfwAI/WlXVvPVnPs9Ila3bDAfyR9fINSQmSIA==</latexit><latexit sha1_base64="o+9hbZ3rdbHE/U5KCC97fe2Gf18=">AAAB6HicbZA7SwNBFIXv+ozxFbW0WQxCqrBro52BNJYJmAckS5id3E3GzM4uM7NCWAL2FlooYutPsbK284do7WRjoYkHhvk45w5z7/VjzpR2nA9raXlldW09t5Hf3Nre2S3s7TdVlEiKDRrxSLZ9opAzgQ3NNMd2LJGEPseWP6pO89Y1SsUicanHMXohGQgWMEq0sertXqHolJ1M9iK4P1A8f/t8veuWvmq9wnu3H9EkRKEpJ0p1XCfWXkqkZpTjJN9NFMaEjsgAOwYFCVF5adboxD42Tt8OImmO0Hbm/n6RklCpceibypDooZrPpuZ/WSfRwZmXMhEnGgWdfRQk3NaRPZ3a7jOJVPOxAUIlM73adEgkodrsJm+W4M6PvAjNk7LrlN26U6xUbyBTDg7hCErgwilU4AJq0AAKCLfwAI/WlXVvPVnPs9Ila3bDAfyR9fINSQmSIA==</latexit><latexit sha1_base64="H//7sUOtr6UelMjx/3iT8hQgml4=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp2NloE0lgmYD0iOsLeZS9bs7h27e0I4AvY2ForY+pPs/DduPgpNfDDweG+GmXlRKrixvv/tbWxube/sFvaK+weHR8elk9OWSTLNsMkSkehORA0KrrBpuRXYSTVSGQlsR+PazG8/ojY8Ufd2kmIo6VDxmDNqndTo9Etlv+LPQdZJsCRlWKLeL331BgnLJCrLBDWmG/ipDXOqLWcCp8VeZjClbEyH2HVUUYkmzOeHTsmlUwYkTrQrZclc/T2RU2nMREauU1I7MqveTPzP62Y2vg1zrtLMomKLRXEmiE3I7Gsy4BqZFRNHKNPc3UrYiGrKrMum6EIIVl9eJ63rSuBXgoZfrtaeFnEU4Bwu4AoCuIEq3EEdmsAA4Rle4c178F68d+9j0brhLSM8gz/wPn8A2saNWQ==</latexit>

Y
<latexit sha1_base64="yeOjshiomkHaftvYwZNZDLBN7hY=">AAAB6HicbZA7SwNBFIXvxleMr6ilzWAQrMKujXYG0lgmYB6SLGF2cjcZM/tgZlYIS8DexkIRO/GnWFnb+UPsnWwsNPHAMB/n3GHuvV4suNK2/WnllpZXVtfy64WNza3tneLuXlNFiWTYYJGIZNujCgUPsaG5FtiOJdLAE9jyRtVp3rpBqXgUXupxjG5AByH3OaPaWPWrXrFkl+1MZBGcHyidv3+9vQBArVf86PYjlgQYaiaoUh3HjrWbUqk5EzgpdBOFMWUjOsCOwZAGqNw0a3RCjozTJ34kzQk1ydzfL1IaKDUOPFMZUD1U89nU/C/rJNo/c1MexonGkM0+8hNBdESmU5M+l8i0GBugTHLTK2FDKinTZjcFswRnfuRFaJ6UHbvs1O1SpXoLmfJwAIdwDA6cQgUuoAYNYIBwBw/waF1b99aT9TwrzVmzG/bhj6zXb2jlkLg=</latexit><latexit sha1_base64="sw6pq07hZBHNtwSna8bIq0GKzM0=">AAAB6HicbZA7TwJBFIXv4gvxhVrabCQmVGTXRjtJaCwhkYeBDZkdLjAyO7uZmTUhGxJ7Cy00xtafYmVt5w/R2mGxUPAkk/lyzp3MvdePOFPacT6szNLyyupadj23sbm1vZPf3WuoMJYU6zTkoWz5RCFnAuuaaY6tSCIJfI5Nf1SZ5s1rlIqF4kKPI/QCMhCszyjRxqpddvMFp+SkshfB/YHC2dvn612n+FXt5t87vZDGAQpNOVGq7TqR9hIiNaMcJ7lOrDAidEQG2DYoSIDKS9JGJ/aRcXp2P5TmCG2n7u8XCQmUGge+qQyIHqr5bGr+l7Vj3T/1EiaiWKOgs4/6Mbd1aE+ntntMItV8bIBQyUyvNh0SSag2u8mZJbjzIy9C47jkOiW35hTKlRtIlYUDOIQiuHACZTiHKtSBAsItPMCjdWXdW0/W86w0Y81u2Ic/sl6+AUqNkiE=</latexit><latexit sha1_base64="sw6pq07hZBHNtwSna8bIq0GKzM0=">AAAB6HicbZA7TwJBFIXv4gvxhVrabCQmVGTXRjtJaCwhkYeBDZkdLjAyO7uZmTUhGxJ7Cy00xtafYmVt5w/R2mGxUPAkk/lyzp3MvdePOFPacT6szNLyyupadj23sbm1vZPf3WuoMJYU6zTkoWz5RCFnAuuaaY6tSCIJfI5Nf1SZ5s1rlIqF4kKPI/QCMhCszyjRxqpddvMFp+SkshfB/YHC2dvn612n+FXt5t87vZDGAQpNOVGq7TqR9hIiNaMcJ7lOrDAidEQG2DYoSIDKS9JGJ/aRcXp2P5TmCG2n7u8XCQmUGge+qQyIHqr5bGr+l7Vj3T/1EiaiWKOgs4/6Mbd1aE+ntntMItV8bIBQyUyvNh0SSag2u8mZJbjzIy9C47jkOiW35hTKlRtIlYUDOIQiuHACZTiHKtSBAsItPMCjdWXdW0/W86w0Y81u2Ic/sl6+AUqNkiE=</latexit><latexit sha1_base64="85j7tL8/lLfDAJofwDLjuUjAjGU=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5stAyksUzAfEhyhL3NXLJmb+/Y3RPCEbC3sVDE1p9k579xL0mhiQ8GHu/NMDMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWBSz/3OIyrNY3lnpgn6ER1JHnJGjZWa94Nyxa26c5B14i1JBZZoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s/mh87IhVWGJIyVLWnIXP09kdFI62kU2M6ImrFe9XLxP6+XmvDGz7hMUoOSLRaFqSAmJvnXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXpNt1KrPy3iKMIZnMMleHANNbiFBrSAAcIzvMKb8+C8OO/Ox6K14CwjPIU/cD5/ANxKjVo=</latexit>

degree

di =
X

j

Aij

<latexit sha1_base64="NOoe2GnBEkvs71QcgnIt6Bs4xv8=">AAACBnicbVDLSsNAFL3xWesr6lKEwSK4Kokb3QiVbgQ3FewDmhInk0k77eTBzEQoISK48VfcuFCKW7/BnX/jtHWhrQcu93DOHebe4yWcSWVZX8bC4tLyymphrbi+sbm1be7sNmScCkLrJOaxaHlYUs4iWldMcdpKBMWhx2nTG1THfvOOCsni6EYNE9oJcTdiASNYack1D3yXoXPkyDR0s37uhFj1vCC7yN2M9XPXLFllawI0T+wfUqpcje5vAaDmmp+OH5M0pJEiHEvZtq1EdTIsFCOc5kUnlTTBZIC7tK1phEMqO9nkjBwdacVHQSx0RQpN1N8vMhxKOQw9PTleU856Y/E/r52q4KyTsShJFY3I9KMg5UjFaJwJ8pmgRPGhJpgIpndFpIcFJkonV9Qh2LMnz5PGSdm2yva1TqP6ABMUYB8O4RhsOIUKXEIN6kDgEZ7hFd6MJ+PFGBnv09EFY9phD/7A+PgGbG6btA==</latexit><latexit sha1_base64="w/f+4lbBA8eiBt3fH8KazHYoQaI=">AAACBnicbVDLSgMxFL1TX7W+qi5FCBbBVZlxoxuh2o3gpoJ9QFuHTJpp02YeJBmhDCOCG39FFyJKces3uPNvzLQutPXA5R7OuSH3HifkTCrT/DIyc/MLi0vZ5dzK6tr6Rn5zqyaDSBBaJQEPRMPBknLm06piitNGKCj2HE7rzqCc+vUbKiQL/Cs1DGnbw12fuYxgpSU7v9uxGTpBLRl5dtxPWh5WPceNTxM7Zv3EzhfMojkGmiXWDymULka3108vZxU7/9nqBCTyqK8Ix1I2LTNU7RgLxQinSa4VSRpiMsBd2tTUxx6V7Xh8RoL2tdJBbiB0+QqN1d8vYuxJOfQcPZmuKae9VPzPa0bKPW7HzA8jRX0y+ciNOFIBSjNBHSYoUXyoCSaC6V0R6WGBidLJ5XQI1vTJs6R2WLTMonWp0yjfwRhZ2IE9OAALjqAE51CBKhC4h0d4hTfjwXg2Rsb7ZDRjTDpswx8YH9+QrJ1O</latexit><latexit sha1_base64="w/f+4lbBA8eiBt3fH8KazHYoQaI=">AAACBnicbVDLSgMxFL1TX7W+qi5FCBbBVZlxoxuh2o3gpoJ9QFuHTJpp02YeJBmhDCOCG39FFyJKces3uPNvzLQutPXA5R7OuSH3HifkTCrT/DIyc/MLi0vZ5dzK6tr6Rn5zqyaDSBBaJQEPRMPBknLm06piitNGKCj2HE7rzqCc+vUbKiQL/Cs1DGnbw12fuYxgpSU7v9uxGTpBLRl5dtxPWh5WPceNTxM7Zv3EzhfMojkGmiXWDymULka3108vZxU7/9nqBCTyqK8Ix1I2LTNU7RgLxQinSa4VSRpiMsBd2tTUxx6V7Xh8RoL2tdJBbiB0+QqN1d8vYuxJOfQcPZmuKae9VPzPa0bKPW7HzA8jRX0y+ciNOFIBSjNBHSYoUXyoCSaC6V0R6WGBidLJ5XQI1vTJs6R2WLTMonWp0yjfwRhZ2IE9OAALjqAE51CBKhC4h0d4hTfjwXg2Rsb7ZDRjTDpswx8YH9+QrJ1O</latexit><latexit sha1_base64="XaYWUiUC3jwZ07/EmA0sX1OiPNU=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiRudCNUunFZwT6gKWEymbTTzkzCzEQoISC48VfcuFDErd/gzr9x0nahrQcuHM65l3vvCRJGlXacb6u0srq2vlHerGxt7+zu2fsHbRWnEpMWjlksuwFShFFBWppqRrqJJIgHjHSCcaPwO/dEKhqLOz1JSJ+jgaARxUgbybePQ5/CK+iplPvZKPc40sMgyq5zP6Oj3LerTs2ZAi4Td06qYI6mb395YYxTToTGDCnVc51E9zMkNcWM5BUvVSRBeIwGpGeoQJyofjZ9I4enRglhFEtTQsOp+nsiQ1ypCQ9MZ3GmWvQK8T+vl+rosp9RkaSaCDxbFKUM6hgWmcCQSoI1mxiCsKTmVoiHSCKsTXIVE4K7+PIyaZ/XXKfm3jrVeuNhFkcZHIETcAZccAHq4AY0QQtg8AiewSt4s56sF+vd+pi1lqx5hIfgD6zPH5AomZY=</latexit>

volume

vol(X) =
X

j2X

di
<latexit sha1_base64="omkXpEG+Fozst7z6gbvc8ZDrvyI=">AAACDHicbVA/SwMxHP1d/Vfrv2pHl2AR6lLuXHQRCl0cHCrY9qBXSi7NtbG53JHkCuUouLr4VVwcFHH1A7i5+VFMrw7a+iDk8d4L+f2eH3OmtG1/WrmV1bX1jfxmYWt7Z3evuH/QUlEiCW2SiEfS9bGinAna1Exz6saS4tDntO2P6jO/PaZSsUjc6ElMuyEeCBYwgrWResWyF2I9VEE6jvi04p6gC+SpJOylt8hjArnTfo+ZlF21M6Bl4vyQcu3KKn0BQKNX/PD6EUlCKjThWKmOY8e6m2KpGeF0WvASRWNMRnhAO4YKHFLVTbNlpujYKH0URNIcoVGm/n6R4lCpSeibZDb6ojcT//M6iQ7OuykTcaKpIPOPgoQjHaFZM6jPJCWaTwzBRDIzKyJDLDHRpr+CKcFZXHmZtE6rjl11rk0b9TvIkIdDOIIKOHAGNbiEBjSBwD08wjO8WA/Wk/Vqvc2jOWt+Qwn+wHr/BuQWnL0=</latexit><latexit sha1_base64="3DQVTnulyiN3OqYU7CfW3NPKzOg=">AAACDHicbVC7SgNBFL0bXzG+oiltBoMQm7Bro40QSGNhEcE8IBvC7GQ2GTM7u8zMBsISsLXxV7SwUMTWDxAsrPwVJxsLTTwwzOGcM8y9x4s4U9q2P63M0vLK6lp2PbexubW9k9/da6gwloTWSchD2fKwopwJWtdMc9qKJMWBx2nTG1anfnNEpWKhuNLjiHYC3BfMZwRrI3XzRTfAeqD8ZBTySal1hM6Qq+Kgm1wjlwnUmvS6zKTssp0CLRLnhxQrF1bh6+ED1br5d7cXkjigQhOOlWo7dqQ7CZaaEU4nOTdWNMJkiPu0bajAAVWdJF1mgg6N0kN+KM0RGqXq7xcJDpQaB55JpqPPe1PxP68da/+0kzARxZoKMvvIjznSIZo2g3pMUqL52BBMJDOzIjLAEhNt+suZEpz5lRdJ47js2GXn0rRRvYEUWdiHAyiBAydQgXOoQR0I3MI9PMGzdWc9Wi/W6yyasWY3FOAPrLdvFemeYQ==</latexit><latexit sha1_base64="3DQVTnulyiN3OqYU7CfW3NPKzOg=">AAACDHicbVC7SgNBFL0bXzG+oiltBoMQm7Bro40QSGNhEcE8IBvC7GQ2GTM7u8zMBsISsLXxV7SwUMTWDxAsrPwVJxsLTTwwzOGcM8y9x4s4U9q2P63M0vLK6lp2PbexubW9k9/da6gwloTWSchD2fKwopwJWtdMc9qKJMWBx2nTG1anfnNEpWKhuNLjiHYC3BfMZwRrI3XzRTfAeqD8ZBTySal1hM6Qq+Kgm1wjlwnUmvS6zKTssp0CLRLnhxQrF1bh6+ED1br5d7cXkjigQhOOlWo7dqQ7CZaaEU4nOTdWNMJkiPu0bajAAVWdJF1mgg6N0kN+KM0RGqXq7xcJDpQaB55JpqPPe1PxP68da/+0kzARxZoKMvvIjznSIZo2g3pMUqL52BBMJDOzIjLAEhNt+suZEpz5lRdJ47js2GXn0rRRvYEUWdiHAyiBAydQgXOoQR0I3MI9PMGzdWc9Wi/W6yyasWY3FOAPrLdvFemeYQ==</latexit><latexit sha1_base64="N8S4Nxx4kjgGyfhUgE17cJiwrOE=">AAACDHicbVBPS8MwHE3nvzn/TT16CQ5hXkbrRS/CYBePE9xWWEdJ03SLS9KSpINRCl69+FW8eFDEqx/Am9/GrNtBNx8EHu+98Pv9XpAwqrRtf1ultfWNza3ydmVnd2//oHp41FVxKjHp4JjF0g2QIowK0tFUM+ImkiAeMNILxq2Z35sQqWgs7vQ0IQOOhoJGFCNtJL9a8zjSIxVlk5jldfccXkNPpdzP7qFHBXTz0KcmZTfsAnCVOAtSAwu0/eqXF8Y45URozJBSfcdO9CBDUlPMSF7xUkUShMdoSPqGCsSJGmTFMTk8M0oIo1iaJzQs1N8/MsSVmvLAJIvVl72Z+J/XT3V0NcioSFJNBJ4PilIGdQxnzcCQSoI1mxqCsKRmV4hHSCKsTX8VU4KzfPIq6V40HLvh3Nq1ZuthXkcZnIBTUAcOuARNcAPaoAMweATP4BW8WU/Wi/VufcyjJWtR4TH4A+vzB93/mz0=</latexit>

cut

cut(X,Y ) =
X

i2X, j2Y

Aij

<latexit sha1_base64="6wW6Ng2byp9jCGRP3D8aP9HFcIA="></latexit><latexit sha1_base64="DTBpIxbLc3aiCGMDxUep22qAFPM="></latexit><latexit sha1_base64="DTBpIxbLc3aiCGMDxUep22qAFPM="></latexit><latexit sha1_base64="WUnBr3AGt51B8b7MrnAxDr1IUI4="></latexit>
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min cut is not necessarily the best cut

minimum cut

a better cut

graph partitioning - cuts



conductance
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degree

di =
X

j

Aij

<latexit sha1_base64="NOoe2GnBEkvs71QcgnIt6Bs4xv8=">AAACBnicbVDLSsNAFL3xWesr6lKEwSK4Kokb3QiVbgQ3FewDmhInk0k77eTBzEQoISK48VfcuFCKW7/BnX/jtHWhrQcu93DOHebe4yWcSWVZX8bC4tLyymphrbi+sbm1be7sNmScCkLrJOaxaHlYUs4iWldMcdpKBMWhx2nTG1THfvOOCsni6EYNE9oJcTdiASNYack1D3yXoXPkyDR0s37uhFj1vCC7yN2M9XPXLFllawI0T+wfUqpcje5vAaDmmp+OH5M0pJEiHEvZtq1EdTIsFCOc5kUnlTTBZIC7tK1phEMqO9nkjBwdacVHQSx0RQpN1N8vMhxKOQw9PTleU856Y/E/r52q4KyTsShJFY3I9KMg5UjFaJwJ8pmgRPGhJpgIpndFpIcFJkonV9Qh2LMnz5PGSdm2yva1TqP6ABMUYB8O4RhsOIUKXEIN6kDgEZ7hFd6MJ+PFGBnv09EFY9phD/7A+PgGbG6btA==</latexit><latexit sha1_base64="w/f+4lbBA8eiBt3fH8KazHYoQaI=">AAACBnicbVDLSgMxFL1TX7W+qi5FCBbBVZlxoxuh2o3gpoJ9QFuHTJpp02YeJBmhDCOCG39FFyJKces3uPNvzLQutPXA5R7OuSH3HifkTCrT/DIyc/MLi0vZ5dzK6tr6Rn5zqyaDSBBaJQEPRMPBknLm06piitNGKCj2HE7rzqCc+vUbKiQL/Cs1DGnbw12fuYxgpSU7v9uxGTpBLRl5dtxPWh5WPceNTxM7Zv3EzhfMojkGmiXWDymULka3108vZxU7/9nqBCTyqK8Ix1I2LTNU7RgLxQinSa4VSRpiMsBd2tTUxx6V7Xh8RoL2tdJBbiB0+QqN1d8vYuxJOfQcPZmuKae9VPzPa0bKPW7HzA8jRX0y+ciNOFIBSjNBHSYoUXyoCSaC6V0R6WGBidLJ5XQI1vTJs6R2WLTMonWp0yjfwRhZ2IE9OAALjqAE51CBKhC4h0d4hTfjwXg2Rsb7ZDRjTDpswx8YH9+QrJ1O</latexit><latexit sha1_base64="w/f+4lbBA8eiBt3fH8KazHYoQaI=">AAACBnicbVDLSgMxFL1TX7W+qi5FCBbBVZlxoxuh2o3gpoJ9QFuHTJpp02YeJBmhDCOCG39FFyJKces3uPNvzLQutPXA5R7OuSH3HifkTCrT/DIyc/MLi0vZ5dzK6tr6Rn5zqyaDSBBaJQEPRMPBknLm06piitNGKCj2HE7rzqCc+vUbKiQL/Cs1DGnbw12fuYxgpSU7v9uxGTpBLRl5dtxPWh5WPceNTxM7Zv3EzhfMojkGmiXWDymULka3108vZxU7/9nqBCTyqK8Ix1I2LTNU7RgLxQinSa4VSRpiMsBd2tTUxx6V7Xh8RoL2tdJBbiB0+QqN1d8vYuxJOfQcPZmuKae9VPzPa0bKPW7HzA8jRX0y+ciNOFIBSjNBHSYoUXyoCSaC6V0R6WGBidLJ5XQI1vTJs6R2WLTMonWp0yjfwRhZ2IE9OAALjqAE51CBKhC4h0d4hTfjwXg2Rsb7ZDRjTDpswx8YH9+QrJ1O</latexit><latexit sha1_base64="XaYWUiUC3jwZ07/EmA0sX1OiPNU=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiRudCNUunFZwT6gKWEymbTTzkzCzEQoISC48VfcuFDErd/gzr9x0nahrQcuHM65l3vvCRJGlXacb6u0srq2vlHerGxt7+zu2fsHbRWnEpMWjlksuwFShFFBWppqRrqJJIgHjHSCcaPwO/dEKhqLOz1JSJ+jgaARxUgbybePQ5/CK+iplPvZKPc40sMgyq5zP6Oj3LerTs2ZAi4Td06qYI6mb395YYxTToTGDCnVc51E9zMkNcWM5BUvVSRBeIwGpGeoQJyofjZ9I4enRglhFEtTQsOp+nsiQ1ypCQ9MZ3GmWvQK8T+vl+rosp9RkaSaCDxbFKUM6hgWmcCQSoI1mxiCsKTmVoiHSCKsTXIVE4K7+PIyaZ/XXKfm3jrVeuNhFkcZHIETcAZccAHq4AY0QQtg8AiewSt4s56sF+vd+pi1lqx5hIfgD6zPH5AomZY=</latexit>

volume

vol(X) =
X

j2X

di
<latexit sha1_base64="omkXpEG+Fozst7z6gbvc8ZDrvyI=">AAACDHicbVA/SwMxHP1d/Vfrv2pHl2AR6lLuXHQRCl0cHCrY9qBXSi7NtbG53JHkCuUouLr4VVwcFHH1A7i5+VFMrw7a+iDk8d4L+f2eH3OmtG1/WrmV1bX1jfxmYWt7Z3evuH/QUlEiCW2SiEfS9bGinAna1Exz6saS4tDntO2P6jO/PaZSsUjc6ElMuyEeCBYwgrWResWyF2I9VEE6jvi04p6gC+SpJOylt8hjArnTfo+ZlF21M6Bl4vyQcu3KKn0BQKNX/PD6EUlCKjThWKmOY8e6m2KpGeF0WvASRWNMRnhAO4YKHFLVTbNlpujYKH0URNIcoVGm/n6R4lCpSeibZDb6ojcT//M6iQ7OuykTcaKpIPOPgoQjHaFZM6jPJCWaTwzBRDIzKyJDLDHRpr+CKcFZXHmZtE6rjl11rk0b9TvIkIdDOIIKOHAGNbiEBjSBwD08wjO8WA/Wk/Vqvc2jOWt+Qwn+wHr/BuQWnL0=</latexit><latexit sha1_base64="3DQVTnulyiN3OqYU7CfW3NPKzOg=">AAACDHicbVC7SgNBFL0bXzG+oiltBoMQm7Bro40QSGNhEcE8IBvC7GQ2GTM7u8zMBsISsLXxV7SwUMTWDxAsrPwVJxsLTTwwzOGcM8y9x4s4U9q2P63M0vLK6lp2PbexubW9k9/da6gwloTWSchD2fKwopwJWtdMc9qKJMWBx2nTG1anfnNEpWKhuNLjiHYC3BfMZwRrI3XzRTfAeqD8ZBTySal1hM6Qq+Kgm1wjlwnUmvS6zKTssp0CLRLnhxQrF1bh6+ED1br5d7cXkjigQhOOlWo7dqQ7CZaaEU4nOTdWNMJkiPu0bajAAVWdJF1mgg6N0kN+KM0RGqXq7xcJDpQaB55JpqPPe1PxP68da/+0kzARxZoKMvvIjznSIZo2g3pMUqL52BBMJDOzIjLAEhNt+suZEpz5lRdJ47js2GXn0rRRvYEUWdiHAyiBAydQgXOoQR0I3MI9PMGzdWc9Wi/W6yyasWY3FOAPrLdvFemeYQ==</latexit><latexit sha1_base64="3DQVTnulyiN3OqYU7CfW3NPKzOg=">AAACDHicbVC7SgNBFL0bXzG+oiltBoMQm7Bro40QSGNhEcE8IBvC7GQ2GTM7u8zMBsISsLXxV7SwUMTWDxAsrPwVJxsLTTwwzOGcM8y9x4s4U9q2P63M0vLK6lp2PbexubW9k9/da6gwloTWSchD2fKwopwJWtdMc9qKJMWBx2nTG1anfnNEpWKhuNLjiHYC3BfMZwRrI3XzRTfAeqD8ZBTySal1hM6Qq+Kgm1wjlwnUmvS6zKTssp0CLRLnhxQrF1bh6+ED1br5d7cXkjigQhOOlWo7dqQ7CZaaEU4nOTdWNMJkiPu0bajAAVWdJF1mgg6N0kN+KM0RGqXq7xcJDpQaB55JpqPPe1PxP68da/+0kzARxZoKMvvIjznSIZo2g3pMUqL52BBMJDOzIjLAEhNt+suZEpz5lRdJ47js2GXn0rRRvYEUWdiHAyiBAydQgXOoQR0I3MI9PMGzdWc9Wi/W6yyasWY3FOAPrLdvFemeYQ==</latexit><latexit sha1_base64="N8S4Nxx4kjgGyfhUgE17cJiwrOE=">AAACDHicbVBPS8MwHE3nvzn/TT16CQ5hXkbrRS/CYBePE9xWWEdJ03SLS9KSpINRCl69+FW8eFDEqx/Am9/GrNtBNx8EHu+98Pv9XpAwqrRtf1ultfWNza3ydmVnd2//oHp41FVxKjHp4JjF0g2QIowK0tFUM+ImkiAeMNILxq2Z35sQqWgs7vQ0IQOOhoJGFCNtJL9a8zjSIxVlk5jldfccXkNPpdzP7qFHBXTz0KcmZTfsAnCVOAtSAwu0/eqXF8Y45URozJBSfcdO9CBDUlPMSF7xUkUShMdoSPqGCsSJGmTFMTk8M0oIo1iaJzQs1N8/MsSVmvLAJIvVl72Z+J/XT3V0NcioSFJNBJ4PilIGdQxnzcCQSoI1mxqCsKRmV4hHSCKsTX8VU4KzfPIq6V40HLvh3Nq1ZuthXkcZnIBTUAcOuARNcAPaoAMweATP4BW8WU/Wi/VufcyjJWtR4TH4A+vzB93/mz0=</latexit>

X
<latexit sha1_base64="W/8xn+VRwl0qyxMPNBXsvyYRV2U=">AAAB6HicbZA7SwNBFIXv+ozxFbW0GQyCVdi10c5AGssEzAOSJcxO7iZjZmeXmVkhLAF7GwtF7MSfYmVt5w+xd5JYaOKBYT7OucPce4NEcG1c99NZWl5ZXVvPbeQ3t7Z3dgt7+w0dp4phncUiVq2AahRcYt1wI7CVKKRRILAZDCuTvHmDSvNYXplRgn5E+5KHnFFjrVqrWyi6JXcqsgjeDxQv3r/eXgCg2i18dHoxSyOUhgmqddtzE+NnVBnOBI7znVRjQtmQ9rFtUdIItZ9NGx2TY+v0SBgre6QhU/f3i4xGWo+iwFZG1Az0fDYx/8vaqQnP/YzLJDUo2eyjMBXExGQyNelxhcyIkQXKFLe9EjagijJjd5O3S/DmR16ExmnJc0tezS2WK7cwVQ4O4QhOwIMzKMMlVKEODBDu4AEenWvn3nlynmelS87shgP4I+f1G2dhkLc=</latexit><latexit sha1_base64="o+9hbZ3rdbHE/U5KCC97fe2Gf18=">AAAB6HicbZA7SwNBFIXv+ozxFbW0WQxCqrBro52BNJYJmAckS5id3E3GzM4uM7NCWAL2FlooYutPsbK284do7WRjoYkHhvk45w5z7/VjzpR2nA9raXlldW09t5Hf3Nre2S3s7TdVlEiKDRrxSLZ9opAzgQ3NNMd2LJGEPseWP6pO89Y1SsUicanHMXohGQgWMEq0sertXqHolJ1M9iK4P1A8f/t8veuWvmq9wnu3H9EkRKEpJ0p1XCfWXkqkZpTjJN9NFMaEjsgAOwYFCVF5adboxD42Tt8OImmO0Hbm/n6RklCpceibypDooZrPpuZ/WSfRwZmXMhEnGgWdfRQk3NaRPZ3a7jOJVPOxAUIlM73adEgkodrsJm+W4M6PvAjNk7LrlN26U6xUbyBTDg7hCErgwilU4AJq0AAKCLfwAI/WlXVvPVnPs9Ila3bDAfyR9fINSQmSIA==</latexit><latexit sha1_base64="o+9hbZ3rdbHE/U5KCC97fe2Gf18=">AAAB6HicbZA7SwNBFIXv+ozxFbW0WQxCqrBro52BNJYJmAckS5id3E3GzM4uM7NCWAL2FlooYutPsbK284do7WRjoYkHhvk45w5z7/VjzpR2nA9raXlldW09t5Hf3Nre2S3s7TdVlEiKDRrxSLZ9opAzgQ3NNMd2LJGEPseWP6pO89Y1SsUicanHMXohGQgWMEq0sertXqHolJ1M9iK4P1A8f/t8veuWvmq9wnu3H9EkRKEpJ0p1XCfWXkqkZpTjJN9NFMaEjsgAOwYFCVF5adboxD42Tt8OImmO0Hbm/n6RklCpceibypDooZrPpuZ/WSfRwZmXMhEnGgWdfRQk3NaRPZ3a7jOJVPOxAUIlM73adEgkodrsJm+W4M6PvAjNk7LrlN26U6xUbyBTDg7hCErgwilU4AJq0AAKCLfwAI/WlXVvPVnPs9Ila3bDAfyR9fINSQmSIA==</latexit><latexit sha1_base64="H//7sUOtr6UelMjx/3iT8hQgml4=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp2NloE0lgmYD0iOsLeZS9bs7h27e0I4AvY2ForY+pPs/DduPgpNfDDweG+GmXlRKrixvv/tbWxube/sFvaK+weHR8elk9OWSTLNsMkSkehORA0KrrBpuRXYSTVSGQlsR+PazG8/ojY8Ufd2kmIo6VDxmDNqndTo9Etlv+LPQdZJsCRlWKLeL331BgnLJCrLBDWmG/ipDXOqLWcCp8VeZjClbEyH2HVUUYkmzOeHTsmlUwYkTrQrZclc/T2RU2nMREauU1I7MqveTPzP62Y2vg1zrtLMomKLRXEmiE3I7Gsy4BqZFRNHKNPc3UrYiGrKrMum6EIIVl9eJ63rSuBXgoZfrtaeFnEU4Bwu4AoCuIEq3EEdmsAA4Rle4c178F68d+9j0brhLSM8gz/wPn8A2saNWQ==</latexit>

cut

cut(X,Y ) =
X

i2X, j2Y

Aij

<latexit sha1_base64="6wW6Ng2byp9jCGRP3D8aP9HFcIA="></latexit><latexit sha1_base64="DTBpIxbLc3aiCGMDxUep22qAFPM="></latexit><latexit sha1_base64="DTBpIxbLc3aiCGMDxUep22qAFPM="></latexit><latexit sha1_base64="WUnBr3AGt51B8b7MrnAxDr1IUI4="></latexit>

conductance

Y = V \X
<latexit sha1_base64="D1xKamK4zAe2dn+YJ9xgDWKArJ8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzLjRjdCoRuXFexD2qFm0rQNTTJDklHKWPBH3LhQxK1fIm5c+yOmUxfaeuByD+fcS25OGHOmjed9Orml5ZXVtfx6YWNza3vHLe42dJQoQusk4pFqhVhTziStG2Y4bcWKYhFy2gxH1anfvKFKs0hemnFMA4EHkvUZwcZKXbd4hc5QA3U0NYLJRKNW1y15ZS8DWiT+DylVSl8f1wBQ67rvnV5EEkGlIRxr3fa92AQpVoYRTieFTqJpjMkID2jbUokF1UGanT5Bh1bpoX6kbEmDMvX3RoqF1mMR2kmBzVDPe1PxP6+dmP5pkDIZJ4ZKMnuon3BkIjTNAfWYosTwsSWYKGZvRWSIFSbGplWwIfjzX14kjeOy75X9C5tG9R4y5GEfDuAIfDiBCpxDDepA4BYe4AmenTvn0XlxXmejOWfWYQ/+wHn7Bhg6leQ=</latexit><latexit sha1_base64="GYWHYOyVyRf7BqiMnhHbvnNJee8=">AAAB+nicbVC7SgNBFL0bXzG+NlraDAbFKuzaaCME0lhGMA9JljA7mU2GzM4uM7NKWAN2foWNhSK29v6D2Fj7I042Fpp44HIP59zL3Dl+zJnSjvNp5RYWl5ZX8quFtfWNzS27uN1QUSIJrZOIR7LlY0U5E7Sumea0FUuKQ5/Tpj+sTvzmFZWKReJCj2LqhbgvWMAI1kbq2sVLdIoaqKOoDplIFGp17ZJTdjKgeeL+kFKl9PUxPHi7q3Xt904vIklIhSYcK9V2nVh7KZaaEU7HhU6iaIzJEPdp21CBQ6q8NDt9jPaN0kNBJE0JjTL190aKQ6VGoW8mQ6wHatabiP957UQHJ17KRJxoKsj0oSDhSEdokgPqMUmJ5iNDMJHM3IrIAEtMtEmrYEJwZ788TxpHZdcpu+cmjeotZMjDLuzBIbhwDBU4gxrUgcA13MMjPFk31oP1bL1MR3PWtMMO/IH1+g0NB5db</latexit><latexit sha1_base64="GYWHYOyVyRf7BqiMnhHbvnNJee8=">AAAB+nicbVC7SgNBFL0bXzG+NlraDAbFKuzaaCME0lhGMA9JljA7mU2GzM4uM7NKWAN2foWNhSK29v6D2Fj7I042Fpp44HIP59zL3Dl+zJnSjvNp5RYWl5ZX8quFtfWNzS27uN1QUSIJrZOIR7LlY0U5E7Sumea0FUuKQ5/Tpj+sTvzmFZWKReJCj2LqhbgvWMAI1kbq2sVLdIoaqKOoDplIFGp17ZJTdjKgeeL+kFKl9PUxPHi7q3Xt904vIklIhSYcK9V2nVh7KZaaEU7HhU6iaIzJEPdp21CBQ6q8NDt9jPaN0kNBJE0JjTL190aKQ6VGoW8mQ6wHatabiP957UQHJ17KRJxoKsj0oSDhSEdokgPqMUmJ5iNDMJHM3IrIAEtMtEmrYEJwZ788TxpHZdcpu+cmjeotZMjDLuzBIbhwDBU4gxrUgcA13MMjPFk31oP1bL1MR3PWtMMO/IH1+g0NB5db</latexit><latexit sha1_base64="ctpuPR/bnmsQdizH3S2d3+iAH2E=">AAAB+nicbZBLSwMxFIUz9VXra6pLN8EiuCozbnQjFLpxWcE+pC0lk95pQzOZIbmjlLHgH3HjQhG3/hJ3/hvTx0JbDwQ+zrkhNydIpDDoed9Obm19Y3Mrv13Y2d3bP3CLhw0Tp5pDnccy1q2AGZBCQR0FSmglGlgUSGgGo+o0b96DNiJWtzhOoBuxgRKh4Ayt1XOLd/SKNmjHAEZCpYa2em7JK3sz0VXwF1AiC9V67lenH/M0AoVcMmPavpdgN2MaBZcwKXRSAwnjIzaAtkXFIjDdbLb6hJ5ap0/DWNujkM7c3zcyFhkzjgI7GTEcmuVsav6XtVMML7uZUEmKoPj8oTCVFGM67YH2hQaOcmyBcS3srpQPmWYcbVsFW4K//OVVaJyXfa/s33ilSvVpXkeeHJMTckZ8ckEq5JrUSJ1w8kCeySt5cx6dF+fd+ZiP5pxFhUfkj5zPH8ALk2o=</latexit>

�(X) =
cut(X,V \X)

min{vol(X), vol(V \X)}
<latexit sha1_base64="OX96pw0RI7oVgrumMxlYRyYoMsk="></latexit><latexit sha1_base64="keJLgygMFVty3RMFPCJ6Eeb7MR4="></latexit><latexit sha1_base64="keJLgygMFVty3RMFPCJ6Eeb7MR4="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="BKUTT2R+DC3IVbBOYcp+b5OZ3LY="></latexit><latexit sha1_base64="BKUTT2R+DC3IVbBOYcp+b5OZ3LY="></latexit><latexit sha1_base64="iVx5DuRadLCXAcGzqJDBqEDB858="></latexit><latexit sha1_base64="iVx5DuRadLCXAcGzqJDBqEDB858="></latexit><latexit sha1_base64="keJLgygMFVty3RMFPCJ6Eeb7MR4="></latexit><latexit sha1_base64="keJLgygMFVty3RMFPCJ6Eeb7MR4="></latexit><latexit sha1_base64="keJLgygMFVty3RMFPCJ6Eeb7MR4="></latexit><latexit sha1_base64="keJLgygMFVty3RMFPCJ6Eeb7MR4="></latexit><latexit sha1_base64="iVx5DuRadLCXAcGzqJDBqEDB858="></latexit>

ncut(X) =
cut(X,V \X)

vol(X)
+

cut(X,V \X)

vol(V \X)
<latexit sha1_base64="lp27EqJXyvNIeIDa0Znvx2CHvMs="></latexit><latexit sha1_base64="zW9WBmrv8FpgVPL58Ecq1p1bbwo="></latexit><latexit sha1_base64="zW9WBmrv8FpgVPL58Ecq1p1bbwo="></latexit><latexit sha1_base64="lBrdKTq9r4HpE9uYFcuWLj3J1K4="></latexit>

normalized cut

graph partitioning - quality measures

Kannan, R., Vempala, S., & Vetta, A. (2004). On clusterings: Good, bad and spectral. Journal of the ACM (JACM), 51(3), 497-515
Shi, J., & Malik, J. (2000). Normalized cuts and image segmentation. IEEE Transactions on pattern analysis and machine intelligence, 22(8), 888-905.



example network
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1 2 3 4 5 6 7 8 9

1 0 1 1 0 1 0 0 0 0
2 1 0 0 1 1 0 1 0 0
3 1 0 0 1 1 0 0 0 0
4 0 1 1 0 1 0 0 0 1
5 1 1 1 1 0 0 0 0 0
6 0 0 0 0 0 0 1 1 1
7 0 1 0 0 0 1 0 1 1
8 0 0 0 0 0 1 1 0 1
9 0 0 0 1 0 1 1 1 0

A
<latexit sha1_base64="F6Dw293pC0CNiomo0utEpDy2JRQ=">AAAB6HicbZA7SwNBFIXvxleMr6ilzWAQrMKujXZG0lgmYB6QLGF2cjcZM/tgZlYIS8DexkIRO/GnWFnb+UPsnWwsNPHAMB/n3GHuvV4suNK2/WnllpZXVtfy64WNza3tneLuXlNFiWTYYJGIZNujCgUPsaG5FtiOJdLAE9jyRtVp3rpBqXgUXulxjG5AByH3OaPaWPWLXrFkl+1MZBGcHyidv3+9vQBArVf86PYjlgQYaiaoUh3HjrWbUqk5EzgpdBOFMWUjOsCOwZAGqNw0a3RCjozTJ34kzQk1ydzfL1IaKDUOPFMZUD1U89nU/C/rJNo/c1MexonGkM0+8hNBdESmU5M+l8i0GBugTHLTK2FDKinTZjcFswRnfuRFaJ6UHbvs1O1SpXoLmfJwAIdwDA6cQgUuoQYNYIBwBw/waF1b99aT9TwrzVmzG/bhj6zXb0SFkKA=</latexit><latexit sha1_base64="6Bhi84hcQSzgXpol6tfgvzEokYo=">AAAB6HicbZA7SwNBFIXvxleMr6ilzWAQUoVdG+2MpLFMwDwgWcLs5CYZM/tgZlYIS8DeQgtFbP0pVtZ2/hCtnWwsNPHAMB/n3GHuvV4kuNK2/WFllpZXVtey67mNza3tnfzuXkOFsWRYZ6EIZcujCgUPsK65FtiKJFLfE9j0RpVp3rxGqXgYXOpxhK5PBwHvc0a1sWrn3XzBLtmpyCI4P1A4e/t8vesUv6rd/HunF7LYx0AzQZVqO3ak3YRKzZnASa4TK4woG9EBtg0G1EflJmmjE3JknB7ph9KcQJPU/f0iob5SY98zlT7VQzWfTc3/snas+6duwoMo1hiw2Uf9WBAdkunUpMclMi3GBiiT3PRK2JBKyrTZTc4swZkfeREaxyXHLjk1u1Cu3ECqLBzAIRTBgRMowwVUoQ4MEG7hAR6tK+veerKeZ6UZa3bDPvyR9fINJi2SCQ==</latexit><latexit sha1_base64="6Bhi84hcQSzgXpol6tfgvzEokYo=">AAAB6HicbZA7SwNBFIXvxleMr6ilzWAQUoVdG+2MpLFMwDwgWcLs5CYZM/tgZlYIS8DeQgtFbP0pVtZ2/hCtnWwsNPHAMB/n3GHuvV4kuNK2/WFllpZXVtey67mNza3tnfzuXkOFsWRYZ6EIZcujCgUPsK65FtiKJFLfE9j0RpVp3rxGqXgYXOpxhK5PBwHvc0a1sWrn3XzBLtmpyCI4P1A4e/t8vesUv6rd/HunF7LYx0AzQZVqO3ak3YRKzZnASa4TK4woG9EBtg0G1EflJmmjE3JknB7ph9KcQJPU/f0iob5SY98zlT7VQzWfTc3/snas+6duwoMo1hiw2Uf9WBAdkunUpMclMi3GBiiT3PRK2JBKyrTZTc4swZkfeREaxyXHLjk1u1Cu3ECqLBzAIRTBgRMowwVUoQ4MEG7hAR6tK+veerKeZ6UZa3bDPvyR9fINJi2SCQ==</latexit><latexit sha1_base64="YXO3e60gCwM21bRXjhkVGjRINs0=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5stIyksUzAfEByhL3NXLJmb+/Y3RPCEbC3sVDE1p9k579xL0mhiQ8GHu/NMDMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWBSz/3OIyrNY3lvpgn6ER1JHnJGjZWat4Nyxa26c5B14i1JBZZoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s/mh87IhVWGJIyVLWnIXP09kdFI62kU2M6ImrFe9XLxP6+XmvDGz7hMUoOSLRaFqSAmJvnXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXpNt1KrPy3iKMIZnMMleHANNbiDBrSAAcIzvMKb8+C8OO/Ox6K14CwjPIU/cD5/ALfqjUI=</latexit>



!12

1 2 3 4 5 6 7 8 9

1 1 1 1
2 1 1 1 1

3 1 1 1
4 1 1 1 1

5 1 1 1 1
6 1 1 1

7 1 1 1 1
8 1 1 1

9 1 1 1 1
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2

5

1 7 6

9 84

1 2 3 4 5 6 7 8 9

1 3
2 4

3 3
4 4

5 4
6 3

7 4
8 3

9 4

1 2 3 4 5 6 7 8 9

1 3 -1 -1 -1
2 -1 4 -1 -1 -1

3 -1 3 -1 -1
4 -1 -1 4 -1 -1

5 -1 -1 -1 -1 4
6 3 -1 -1 -1

7 -1 -1 4 -1 -1
8 -1 -1 3 -1

9 -1 -1 -1 -1 4

D
<latexit sha1_base64="CHUxMjjsn4zlMJ8QdoUw2fFxsaU=">AAAB6HicbZA7SwNBFIXvxleMr6ilzWAQrMKujXYGYmGZgHlAsoTZyd1kzOyDmVkhLAF7GwtF7MSfYmVt5w+xd7Kx0MQDw3ycc4e593qx4Erb9qeVW1peWV3Lrxc2Nre2d4q7e00VJZJhg0Uikm2PKhQ8xIbmWmA7lkgDT2DLG1WneesGpeJReKXHMboBHYTc54xqY9UvesWSXbYzkUVwfqB0/v719gIAtV7xo9uPWBJgqJmgSnUcO9ZuSqXmTOCk0E0UxpSN6AA7BkMaoHLTrNEJOTJOn/iRNCfUJHN/v0hpoNQ48ExlQPVQzWdT87+sk2j/zE15GCcaQzb7yE8E0RGZTk36XCLTYmyAMslNr4QNqaRMm90UzBKc+ZEXoXlSduyyU7dLleotZMrDARzCMThwChW4hBo0gAHCHTzAo3Vt3VtP1vOsNGfNbtiHP7JevwFJEZCj</latexit><latexit sha1_base64="eJhhF78hoC4wiKU/6VE4rNT5prM=">AAAB6HicbZA7SwNBFIXvxleMr6ilzWAQUoVdG+0MxMIyAfOAZAmzk5tkzOyDmVkhLAF7Cy0UsfWnWFnb+UO0drKx0MQDw3ycc4e593qR4Erb9oeVWVpeWV3Lruc2Nre2d/K7ew0VxpJhnYUilC2PKhQ8wLrmWmArkkh9T2DTG1WmefMapeJhcKnHEbo+HQS8zxnVxqqdd/MFu2SnIovg/EDh7O3z9a5T/Kp28++dXshiHwPNBFWq7diRdhMqNWcCJ7lOrDCibEQH2DYYUB+Vm6SNTsiRcXqkH0pzAk1S9/eLhPpKjX3PVPpUD9V8NjX/y9qx7p+6CQ+iWGPAZh/1Y0F0SKZTkx6XyLQYG6BMctMrYUMqKdNmNzmzBGd+5EVoHJccu+TU7EK5cgOpsnAAh1AEB06gDBdQhTowQLiFB3i0rqx768l6npVmrNkN+/BH1ss3KrmSDA==</latexit><latexit sha1_base64="eJhhF78hoC4wiKU/6VE4rNT5prM=">AAAB6HicbZA7SwNBFIXvxleMr6ilzWAQUoVdG+0MxMIyAfOAZAmzk5tkzOyDmVkhLAF7Cy0UsfWnWFnb+UO0drKx0MQDw3ycc4e593qR4Erb9oeVWVpeWV3Lruc2Nre2d/K7ew0VxpJhnYUilC2PKhQ8wLrmWmArkkh9T2DTG1WmefMapeJhcKnHEbo+HQS8zxnVxqqdd/MFu2SnIovg/EDh7O3z9a5T/Kp28++dXshiHwPNBFWq7diRdhMqNWcCJ7lOrDCibEQH2DYYUB+Vm6SNTsiRcXqkH0pzAk1S9/eLhPpKjX3PVPpUD9V8NjX/y9qx7p+6CQ+iWGPAZh/1Y0F0SKZTkx6XyLQYG6BMctMrYUMqKdNmNzmzBGd+5EVoHJccu+TU7EK5cgOpsnAAh1AEB06gDBdQhTowQLiFB3i0rqx768l6npVmrNkN+/BH1ss3KrmSDA==</latexit><latexit sha1_base64="QTmbebWzL7m0gqxqIYo8gxx/Hfo=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5stAzEwjIB8wHJEfY2c8mavb1jd08IR8DexkIRW3+Snf/GvSSFJj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJPfc7j6g0j+W9mSboR3QkecgZNVZq3g7KFbfqzkHWibckFViiMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj+bHzojF1YZkjBWtqQhc/X3REYjradRYDsjasZ61cvF/7xeasIbP+MySQ1KtlgUpoKYmORfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o13Uqt/rSIowhncA6X4ME11OAOGtACBgjP8ApvzoPz4rw7H4vWgrOM8BT+wPn8Abx2jUU=</latexit>

A
<latexit sha1_base64="F6Dw293pC0CNiomo0utEpDy2JRQ=">AAAB6HicbZA7SwNBFIXvxleMr6ilzWAQrMKujXZG0lgmYB6QLGF2cjcZM/tgZlYIS8DexkIRO/GnWFnb+UPsnWwsNPHAMB/n3GHuvV4suNK2/WnllpZXVtfy64WNza3tneLuXlNFiWTYYJGIZNujCgUPsaG5FtiOJdLAE9jyRtVp3rpBqXgUXulxjG5AByH3OaPaWPWLXrFkl+1MZBGcHyidv3+9vQBArVf86PYjlgQYaiaoUh3HjrWbUqk5EzgpdBOFMWUjOsCOwZAGqNw0a3RCjozTJ34kzQk1ydzfL1IaKDUOPFMZUD1U89nU/C/rJNo/c1MexonGkM0+8hNBdESmU5M+l8i0GBugTHLTK2FDKinTZjcFswRnfuRFaJ6UHbvs1O1SpXoLmfJwAIdwDA6cQgUuoQYNYIBwBw/waF1b99aT9TwrzVmzG/bhj6zXb0SFkKA=</latexit><latexit sha1_base64="6Bhi84hcQSzgXpol6tfgvzEokYo=">AAAB6HicbZA7SwNBFIXvxleMr6ilzWAQUoVdG+2MpLFMwDwgWcLs5CYZM/tgZlYIS8DeQgtFbP0pVtZ2/hCtnWwsNPHAMB/n3GHuvV4kuNK2/WFllpZXVtey67mNza3tnfzuXkOFsWRYZ6EIZcujCgUPsK65FtiKJFLfE9j0RpVp3rxGqXgYXOpxhK5PBwHvc0a1sWrn3XzBLtmpyCI4P1A4e/t8vesUv6rd/HunF7LYx0AzQZVqO3ak3YRKzZnASa4TK4woG9EBtg0G1EflJmmjE3JknB7ph9KcQJPU/f0iob5SY98zlT7VQzWfTc3/snas+6duwoMo1hiw2Uf9WBAdkunUpMclMi3GBiiT3PRK2JBKyrTZTc4swZkfeREaxyXHLjk1u1Cu3ECqLBzAIRTBgRMowwVUoQ4MEG7hAR6tK+veerKeZ6UZa3bDPvyR9fINJi2SCQ==</latexit><latexit sha1_base64="6Bhi84hcQSzgXpol6tfgvzEokYo=">AAAB6HicbZA7SwNBFIXvxleMr6ilzWAQUoVdG+2MpLFMwDwgWcLs5CYZM/tgZlYIS8DeQgtFbP0pVtZ2/hCtnWwsNPHAMB/n3GHuvV4kuNK2/WFllpZXVtey67mNza3tnfzuXkOFsWRYZ6EIZcujCgUPsK65FtiKJFLfE9j0RpVp3rxGqXgYXOpxhK5PBwHvc0a1sWrn3XzBLtmpyCI4P1A4e/t8vesUv6rd/HunF7LYx0AzQZVqO3ak3YRKzZnASa4TK4woG9EBtg0G1EflJmmjE3JknB7ph9KcQJPU/f0iob5SY98zlT7VQzWfTc3/snas+6duwoMo1hiw2Uf9WBAdkunUpMclMi3GBiiT3PRK2JBKyrTZTc4swZkfeREaxyXHLjk1u1Cu3ECqLBzAIRTBgRMowwVUoQ4MEG7hAR6tK+veerKeZ6UZa3bDPvyR9fINJi2SCQ==</latexit><latexit sha1_base64="YXO3e60gCwM21bRXjhkVGjRINs0=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5stIyksUzAfEByhL3NXLJmb+/Y3RPCEbC3sVDE1p9k579xL0mhiQ8GHu/NMDMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWBSz/3OIyrNY3lvpgn6ER1JHnJGjZWat4Nyxa26c5B14i1JBZZoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s/mh87IhVWGJIyVLWnIXP09kdFI62kU2M6ImrFe9XLxP6+XmvDGz7hMUoOSLRaFqSAmJvnXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXpNt1KrPy3iKMIZnMMleHANNbiDBrSAAcIzvMKb8+C8OO/Ox6K14CwjPIU/cD5/ALfqjUI=</latexit>

L
<latexit sha1_base64="qlIfdB6dOt/RanAZ3zecpgb6/gU=">AAAB6HicbZA7SwNBFIXvxleMr6ilzWAQrMKujXYG0lhYJGAekCxhdnI3GTP7YGZWCEvA3sZCETvxp1hZ2/lD7J1sLDTxwDAf59xh7r1eLLjStv1p5ZaWV1bX8uuFjc2t7Z3i7l5TRYlk2GCRiGTbowoFD7GhuRbYjiXSwBPY8kbVad66Qal4FF7pcYxuQAch9zmj2lj1y16xZJftTGQRnB8onb9/vb0AQK1X/Oj2I5YEGGomqFIdx461m1KpORM4KXQThTFlIzrAjsGQBqjcNGt0Qo6M0yd+JM0JNcnc3y9SGig1DjxTGVA9VPPZ1Pwv6yTaP3NTHsaJxpDNPvITQXREplOTPpfItBgboExy0ythQyop02Y3BbMEZ37kRWielB277NTtUqV6C5nycACHcAwOnEIFLqAGDWCAcAcP8GhdW/fWk/U8K81Zsxv24Y+s129VMZCr</latexit><latexit sha1_base64="m4JGYA5ANiu2nZeMaUPDk54t2Dk=">AAAB6HicbZA7SwNBFIXvxleMr6ilzWAQUoVdG+0MpLGwSMA8IFnC7OQmGTP7YGZWCEvA3kILRWz9KVbWdv4QrZ1sLDTxwDAf59xh7r1eJLjStv1hZZaWV1bXsuu5jc2t7Z387l5DhbFkWGehCGXLowoFD7CuuRbYiiRS3xPY9EaVad68Rql4GFzqcYSuTwcB73NGtbFqF918wS7ZqcgiOD9QOHv7fL3rFL+q3fx7pxey2MdAM0GVajt2pN2ESs2ZwEmuEyuMKBvRAbYNBtRH5SZpoxNyZJwe6YfSnECT1P39IqG+UmPfM5U+1UM1n03N/7J2rPunbsKDKNYYsNlH/VgQHZLp1KTHJTItxgYok9z0StiQSsq02U3OLMGZH3kRGsclxy45NbtQrtxAqiwcwCEUwYETKMM5VKEODBBu4QEerSvr3nqynmelGWt2wz78kfXyDTbZkhQ=</latexit><latexit sha1_base64="m4JGYA5ANiu2nZeMaUPDk54t2Dk=">AAAB6HicbZA7SwNBFIXvxleMr6ilzWAQUoVdG+0MpLGwSMA8IFnC7OQmGTP7YGZWCEvA3kILRWz9KVbWdv4QrZ1sLDTxwDAf59xh7r1eJLjStv1hZZaWV1bXsuu5jc2t7Z387l5DhbFkWGehCGXLowoFD7CuuRbYiiRS3xPY9EaVad68Rql4GFzqcYSuTwcB73NGtbFqF918wS7ZqcgiOD9QOHv7fL3rFL+q3fx7pxey2MdAM0GVajt2pN2ESs2ZwEmuEyuMKBvRAbYNBtRH5SZpoxNyZJwe6YfSnECT1P39IqG+UmPfM5U+1UM1n03N/7J2rPunbsKDKNYYsNlH/VgQHZLp1KTHJTItxgYok9z0StiQSsq02U3OLMGZH3kRGsclxy45NbtQrtxAqiwcwCEUwYETKMM5VKEODBBu4QEerSvr3nqynmelGWt2wz78kfXyDTbZkhQ=</latexit><latexit sha1_base64="2oIfmL2ztBO+W9p7iul58mIQOsM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5stAyksbBIwHxAcoS9zVyyZm/v2N0TwhGwt7FQxNafZOe/cS9JoYkPBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gUs/9ziMqzWN5b6YJ+hEdSR5yRo2VmneDcsWtunOQdeItSQWWaAzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrP5ofOyIVVhiSMlS1pyFz9PZHRSOtpFNjOiJqxXvVy8T+vl5rwxs+4TFKDki0WhakgJib512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2ldVz616TbdSqz8t4ijCGZzDJXhwDTW4hQa0gAHCM7zCm/PgvDjvzseiteAsIzyFP3A+fwDIlo1N</latexit>

L = D �A
<latexit sha1_base64="TilhL0vZEjx5UY1DWMLnpn24zcc=">AAAB8HicbVC7SgNBFL0bXzHxEbW0GQyCjWHXRhshEguLFBHMQ5Ilzk5mkyEzs8vMrBBCwD+wsLFQxNbPsfNvnGwsNPHA5R7OucPce4KYM21c98vJLC2vrK5l13P5jc2t7cLObkNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYFiZ+s17qjSL5I0ZxdQXuC9ZyAg2VrqtonN0iY7RRbdQdEtuCrRIvB9SLOcfq3cAUOsWPju9iCSCSkM41rrtubHxx1gZRjid5DqJpjEmQ9ynbUslFlT743ThCTq0Sg+FkbIlDUrV3y/GWGg9EoGdFNgM9Lw3Ff/z2okJz/wxk3FiqCSzj8KEIxOh6fWoxxQlho8swUQxuysiA6wwMTajnA3Bmz95kTROSp5b8q5tGpUHSJGFfTiAI/DgFMpwBTWoAwEBT/ACr45ynp035302mnFmHfbgD5yPbzJXkJI=</latexit><latexit sha1_base64="EXYKex3Ir9DJi8FPUVsmC9fY8Iw=">AAAB8HicbVDLSgMxFL3js7Y+qi7dBIvgxjLjRjdCpS5cdFHBPqQdSibNtKFJZkgyQikF/8CFG0FF3Po57vwA/8N06kJbD1zu4Zwbcu8JYs60cd1PZ2FxaXllNbOWza1vbG7lt3fqOkoUoTUS8Ug1A6wpZ5LWDDOcNmNFsQg4bQSD8sRv3FKlWSSvzTCmvsA9yUJGsLHSTQWdoQt0hM47+YJbdFOgeeL9kEIpd1+R4umr2sl/tLsRSQSVhnCsdctzY+OPsDKMcDrOthNNY0wGuEdblkosqPZH6cJjdGCVLgojZUsalKq/X4yw0HooAjspsOnrWW8i/ue1EhOe+iMm48RQSaYfhQlHJkKT61GXKUoMH1qCiWJ2V0T6WGFibEZZG4I3e/I8qR8XPbfoXdk0yneQIgN7sA+H4MEJlOASqlADAgIe4BleHOU8Oq/O23R0wZl22IU/cN6/Addrko0=</latexit><latexit sha1_base64="EXYKex3Ir9DJi8FPUVsmC9fY8Iw=">AAAB8HicbVDLSgMxFL3js7Y+qi7dBIvgxjLjRjdCpS5cdFHBPqQdSibNtKFJZkgyQikF/8CFG0FF3Po57vwA/8N06kJbD1zu4Zwbcu8JYs60cd1PZ2FxaXllNbOWza1vbG7lt3fqOkoUoTUS8Ug1A6wpZ5LWDDOcNmNFsQg4bQSD8sRv3FKlWSSvzTCmvsA9yUJGsLHSTQWdoQt0hM47+YJbdFOgeeL9kEIpd1+R4umr2sl/tLsRSQSVhnCsdctzY+OPsDKMcDrOthNNY0wGuEdblkosqPZH6cJjdGCVLgojZUsalKq/X4yw0HooAjspsOnrWW8i/ue1EhOe+iMm48RQSaYfhQlHJkKT61GXKUoMH1qCiWJ2V0T6WGFibEZZG4I3e/I8qR8XPbfoXdk0yneQIgN7sA+H4MEJlOASqlADAgIe4BleHOU8Oq/O23R0wZl22IU/cN6/Addrko0=</latexit><latexit sha1_base64="WdIfgNA384NPbNT3C7ulss4Ddh8=">AAAB8HicbVC7SgNBFL3rM8ZX1NJmMAg2hlkbbYRILCwsIpiHJEuYncwmQ2Zml5lZISwB/8HGQhFbP8fOv3HyKDTxwIXDOfdy7z1hIrixGH97S8srq2vruY385tb2zm5hb79u4lRTVqOxiHUzJIYJrljNcitYM9GMyFCwRjiojP3GI9OGx+reDhMWSNJTPOKUWCc93KJLdI1O0VWnUMQlPAFaJP6MFGGGaqfw1e7GNJVMWSqIMS0fJzbIiLacCjbKt1PDEkIHpMdajioimQmyycEjdOyULopi7UpZNFF/T2REGjOUoeuUxPbNvDcW//NaqY0ugoyrJLVM0emiKBXIxmj8PepyzagVQ0cI1dzdimifaEKtyyjvQvDnX14k9bOSj0v+HS6WK0/TOHJwCEdwAj6cQxluoAo1oCDhGV7hzdPei/fufUxbl7xZhAfwB97nDyOejww=</latexit>



!13

3

2

5

1 7 6

9 84

1 2 3 4 5 6 7 8 9

1 3 -1 -1 -1
2 -1 4 -1 -1 -1
3 -1 3 -1 -1
4 -1 -1 4 -1 -1
5 -1 -1 -1 -1 4
6 3 -1 -1 -1
7 -1 -1 4 -1 -1
8 -1 -1 3 -1
9 -1 -1 -1 -1 4

Lx = �x
<latexit sha1_base64="XcnIz74smTQ/fLfzPgKmyS9XyKg=">AAAB83icbVC7TsMwFL3hWcqrwMhiUSExVQkLLIhKXRgYikQfUhNVjuO0Vh0nsh3UKqrEV7AwUCFWfoKJmY0PYcdNGaDlSJaPzjlXvj5+wpnStv1pLS2vrK6tFzaKm1vbO7ulvf2milNJaIPEPJZtHyvKmaANzTSn7URSHPmctvxBbeq37qhULBa3epRQL8I9wUJGsDaSez28cLlJBxgNu6WyXbFzoEXi/JDy5fvX2wQA6t3ShxvEJI2o0IRjpTqOnWgvw1Izwum46KaKJpgMcI92DBU4osrL8p3H6NgoAQpjaY7QKFd/T2Q4UmoU+SYZYd1X895U/M/rpDo89zImklRTQWYPhSlHOkbTAlDAJCWajwzBRDKzKyJ9LDHRpqaiKcGZ//IiaZ5WHLvi3Njlau0echTgEI7gBBw4gypcQR0aQCCBB3iCiZVaj9az9TKLLlmzGw7gD6zXbyL1lSM=</latexit><latexit sha1_base64="A1nopGHkMI2CO7PJM0t3ED6H+eQ=">AAAB83icbVC7TsMwFL0pr1JeBUYWiwqpU5WwwIKo1IWBoUj0ITVR5Thua9VxIttBraJK/AEbCwMIsfITTMxsfAjMuCkDFI5k+eicc+Xr48ecKW3b71ZuYXFpeSW/Wlhb39jcKm7vNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57TlD2tTv3VFpWKRuNTjmHoh7gvWYwRrI7nnoxOXm3SA0ahbLNkVOwP6S5xvUjp9/Xi5ccuf9W7xzQ0ikoRUaMKxUh3HjrWXYqkZ4XRScBNFY0yGuE87hgocUuWl2c4TdGCUAPUiaY7QKFN/TqQ4VGoc+iYZYj1Q895U/M/rJLp37KVMxImmgswe6iUc6QhNC0ABk5RoPjYEE8nMrogMsMREm5oKpgRn/st/SfOw4tgV58IuVWvXkCEPe7APZXDgCKpwBnVoAIEYbuEeHqzEurMeradZNGfNbtiFX7CevwAEnZaM</latexit><latexit sha1_base64="A1nopGHkMI2CO7PJM0t3ED6H+eQ=">AAAB83icbVC7TsMwFL0pr1JeBUYWiwqpU5WwwIKo1IWBoUj0ITVR5Thua9VxIttBraJK/AEbCwMIsfITTMxsfAjMuCkDFI5k+eicc+Xr48ecKW3b71ZuYXFpeSW/Wlhb39jcKm7vNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57TlD2tTv3VFpWKRuNTjmHoh7gvWYwRrI7nnoxOXm3SA0ahbLNkVOwP6S5xvUjp9/Xi5ccuf9W7xzQ0ikoRUaMKxUh3HjrWXYqkZ4XRScBNFY0yGuE87hgocUuWl2c4TdGCUAPUiaY7QKFN/TqQ4VGoc+iYZYj1Q895U/M/rJLp37KVMxImmgswe6iUc6QhNC0ABk5RoPjYEE8nMrogMsMREm5oKpgRn/st/SfOw4tgV58IuVWvXkCEPe7APZXDgCKpwBnVoAIEYbuEeHqzEurMeradZNGfNbtiFX7CevwAEnZaM</latexit><latexit sha1_base64="HynpocolU973fU7yyIBE1gWnjZ8=">AAAB83icbVC7SgNBFL0bXzG+opY2g0GwCrs22giBNBYWEUwiJEuYnb2bDJmdXWZmJWEJ+BU2ForY+jN2/o2TR6GJBy4czjmXuXOCVHBtXPfbKaytb2xuFbdLO7t7+wflw6OWTjLFsMkSkaiHgGoUXGLTcCPwIVVI40BgOxjWp377EZXmibw34xT9mPYljzijxkrd29F1V9h0SMmoV664VXcGskq8BanAAo1e+asbJiyLURomqNYdz02Nn1NlOBM4KXUzjSllQ9rHjqWSxqj9fHbzhJxZJSRRouxIQ2bq742cxlqP48AmY2oGetmbiv95ncxEV37OZZoZlGz+UJQJYhIyLYCEXCEzYmwJZYrbWwkbUEWZsTWVbAne8pdXSeui6rlV786t1OpP8zqKcAKncA4eXEINbqABTWCQwjO8wpuTOS/Ou/MxjxacRYXH8AfO5w+WWpHF</latexit>

sorted eigenvalues
0

BBBBBBBBBBBB@

9.540 e� 17
6.498 e� 01

3.198
3.326
4

4.554
4.641
5.382
6.246

1

CCCCCCCCCCCCA

<latexit sha1_base64="UnhLOdPHVr4aNbaa1Vv+XjbjV5Y="></latexit><latexit sha1_base64="UnhLOdPHVr4aNbaa1Vv+XjbjV5Y="></latexit><latexit sha1_base64="UnhLOdPHVr4aNbaa1Vv+XjbjV5Y="></latexit><latexit sha1_base64="UnhLOdPHVr4aNbaa1Vv+XjbjV5Y="></latexit>

fiedler vector0

BBBBBBBBBBBBBBBB@

1 �0.378

2 �0.178

3 �0.378

4 �0.332

5 �0.178

6 0.291

7 0.291

8 0.431

9 0.431

1

CCCCCCCCCCCCCCCCA

<latexit sha1_base64="KuqnlTd1AEBo4wsCJuTVgmwSNro="></latexit><latexit sha1_base64="KuqnlTd1AEBo4wsCJuTVgmwSNro="></latexit><latexit sha1_base64="KuqnlTd1AEBo4wsCJuTVgmwSNro="></latexit><latexit sha1_base64="KuqnlTd1AEBo4wsCJuTVgmwSNro="></latexit>

L
<latexit sha1_base64="qlIfdB6dOt/RanAZ3zecpgb6/gU=">AAAB6HicbZA7SwNBFIXvxleMr6ilzWAQrMKujXYG0lhYJGAekCxhdnI3GTP7YGZWCEvA3sZCETvxp1hZ2/lD7J1sLDTxwDAf59xh7r1eLLjStv1p5ZaWV1bX8uuFjc2t7Z3i7l5TRYlk2GCRiGTbowoFD7GhuRbYjiXSwBPY8kbVad66Qal4FF7pcYxuQAch9zmj2lj1y16xZJftTGQRnB8onb9/vb0AQK1X/Oj2I5YEGGomqFIdx461m1KpORM4KXQThTFlIzrAjsGQBqjcNGt0Qo6M0yd+JM0JNcnc3y9SGig1DjxTGVA9VPPZ1Pwv6yTaP3NTHsaJxpDNPvITQXREplOTPpfItBgboExy0ythQyop02Y3BbMEZ37kRWielB277NTtUqV6C5nycACHcAwOnEIFLqAGDWCAcAcP8GhdW/fWk/U8K81Zsxv24Y+s129VMZCr</latexit><latexit sha1_base64="m4JGYA5ANiu2nZeMaUPDk54t2Dk=">AAAB6HicbZA7SwNBFIXvxleMr6ilzWAQUoVdG+0MpLGwSMA8IFnC7OQmGTP7YGZWCEvA3kILRWz9KVbWdv4QrZ1sLDTxwDAf59xh7r1eJLjStv1hZZaWV1bXsuu5jc2t7Z387l5DhbFkWGehCGXLowoFD7CuuRbYiiRS3xPY9EaVad68Rql4GFzqcYSuTwcB73NGtbFqF918wS7ZqcgiOD9QOHv7fL3rFL+q3fx7pxey2MdAM0GVajt2pN2ESs2ZwEmuEyuMKBvRAbYNBtRH5SZpoxNyZJwe6YfSnECT1P39IqG+UmPfM5U+1UM1n03N/7J2rPunbsKDKNYYsNlH/VgQHZLp1KTHJTItxgYok9z0StiQSsq02U3OLMGZH3kRGsclxy45NbtQrtxAqiwcwCEUwYETKMM5VKEODBBu4QEerSvr3nqynmelGWt2wz78kfXyDTbZkhQ=</latexit><latexit sha1_base64="m4JGYA5ANiu2nZeMaUPDk54t2Dk=">AAAB6HicbZA7SwNBFIXvxleMr6ilzWAQUoVdG+0MpLGwSMA8IFnC7OQmGTP7YGZWCEvA3kILRWz9KVbWdv4QrZ1sLDTxwDAf59xh7r1eJLjStv1hZZaWV1bXsuu5jc2t7Z387l5DhbFkWGehCGXLowoFD7CuuRbYiiRS3xPY9EaVad68Rql4GFzqcYSuTwcB73NGtbFqF918wS7ZqcgiOD9QOHv7fL3rFL+q3fx7pxey2MdAM0GVajt2pN2ESs2ZwEmuEyuMKBvRAbYNBtRH5SZpoxNyZJwe6YfSnECT1P39IqG+UmPfM5U+1UM1n03N/7J2rPunbsKDKNYYsNlH/VgQHZLp1KTHJTItxgYok9z0StiQSsq02U3OLMGZH3kRGsclxy45NbtQrtxAqiwcwCEUwYETKMM5VKEODBBu4QEerSvr3nqynmelGWt2wz78kfXyDTbZkhQ=</latexit><latexit sha1_base64="2oIfmL2ztBO+W9p7iul58mIQOsM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5stAyksbBIwHxAcoS9zVyyZm/v2N0TwhGwt7FQxNafZOe/cS9JoYkPBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gUs/9ziMqzWN5b6YJ+hEdSR5yRo2VmneDcsWtunOQdeItSQWWaAzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrP5ofOyIVVhiSMlS1pyFz9PZHRSOtpFNjOiJqxXvVy8T+vl5rwxs+4TFKDki0WhakgJib512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2ldVz616TbdSqz8t4ijCGZzDJXhwDTW4hQa0gAHCM7zCm/PgvDjvzseiteAsIzyFP3A+fwDIlo1N</latexit>
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recursive bipartitions 

• hierarchical divisive clustering based on median / fixed value

• disadvantages: unstable, computationally expensive

clustering multiple eigenvectors

• spectral embedding of nodes and then k-means

• more efficient than recursive bipartitions

!15

k-way partitions
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O(n3)
<latexit sha1_base64="uU1hQRk7QLraeenoXkpbNMK5YqE=">AAAB+XicbVC7TsMwFL3hWcorwMhiUSGVpUpggLFSFzaKRB9SG4rjOq1Vx4lsp1IVVeJDWBhAiJU/QSzM/AhOygAtR7J8dM698vHxY86UdpxPa2l5ZXVtvbBR3Nza3tm19/abKkokoQ0S8Ui2fawoZ4I2NNOctmNJcehz2vJHtcxvjalULBI3ehJTL8QDwQJGsDZSz7a7IdZDgnl6NS2L27OTnl1yKk4OtEjcH1Kqlr4+7gCg3rPfu/2IJCEVmnCsVMd1Yu2lWGpGOJ0Wu4miMSYjPKAdQwUOqfLSPPkUHRulj4JImiM0ytXfGykOlZqEvpnMcqp5LxP/8zqJDi68lIk40VSQ2UNBwpGOUFYD6jNJieYTQzCRzGRFZIglJtqUVTQluPNfXiTN04rrVNxr00btHnIU4BCOoAwunEMVLqEODSAwhgd4gmcrtR6tF+t1NrpkzW44gD+w3r4BSkeWDw==</latexit><latexit sha1_base64="XHmefXttSMFVwXN2RSNN/iTgrM8=">AAAB+XicbVC7TsMwFL3hWcorwMhiUYHKUiUwwFipCxtFog+pLZXjOq1Vx4lsp1IVVWLjJ1gYQIiVD+AfEAszP4KTMkDLkSwfnXOvfHy8iDOlHefTWlhcWl5Zza3l1zc2t7btnd26CmNJaI2EPJRNDyvKmaA1zTSnzUhSHHicNrxhJfUbIyoVC8W1Hke0E+C+YD4jWBupa9vtAOsBwTy5nBTFzelx1y44JScDmifuDymUC18fw6O3u2rXfm/3QhIHVGjCsVIt14l0J8FSM8LpJN+OFY0wGeI+bRkqcEBVJ8mST9ChUXrID6U5QqNM/b2R4ECpceCZyTSnmvVS8T+vFWv/vJMwEcWaCjJ9yI850iFKa0A9JinRfGwIJpKZrIgMsMREm7LypgR39svzpH5Scp2Se2XaqNxChhzswwEUwYUzKMMFVKEGBEZwD4/wZCXWg/VsvUxHF6zpDXvwB9brNz8Ul4Y=</latexit><latexit sha1_base64="XHmefXttSMFVwXN2RSNN/iTgrM8=">AAAB+XicbVC7TsMwFL3hWcorwMhiUYHKUiUwwFipCxtFog+pLZXjOq1Vx4lsp1IVVWLjJ1gYQIiVD+AfEAszP4KTMkDLkSwfnXOvfHy8iDOlHefTWlhcWl5Zza3l1zc2t7btnd26CmNJaI2EPJRNDyvKmaA1zTSnzUhSHHicNrxhJfUbIyoVC8W1Hke0E+C+YD4jWBupa9vtAOsBwTy5nBTFzelx1y44JScDmifuDymUC18fw6O3u2rXfm/3QhIHVGjCsVIt14l0J8FSM8LpJN+OFY0wGeI+bRkqcEBVJ8mST9ChUXrID6U5QqNM/b2R4ECpceCZyTSnmvVS8T+vFWv/vJMwEcWaCjJ9yI850iFKa0A9JinRfGwIJpKZrIgMsMREm7LypgR39svzpH5Scp2Se2XaqNxChhzswwEUwYUzKMMFVKEGBEZwD4/wZCXWg/VsvUxHF6zpDXvwB9brNz8Ul4Y=</latexit><latexit sha1_base64="GRonv5zq8RXF7ORUjmIPPZQAIuo=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSLUTcnoQpeFbtxZwT6gHUsmzbShmcyQZAplKPghblwo4tY/ceffmGm70NYDFw7n3EtOTpAIrg3G387a+sbm1nZhp7i7t39w6B4dN3WcKsoaNBaxagdEM8ElaxhuBGsnipEoEKwVjGq53xozpXksH8wkYX5EBpKHnBJjpZ7rdiNihpSI7G5alo9XFz23hCt4BrRKvAUpwQL1nvvV7cc0jZg0VBCtOx5OjJ8RZTgVbFrsppolhI7IgHUslSRi2s9myafo3Cp9FMbKjjRopv6+yEik9SQK7GaeUy97ufif10lNeONnXCapYZLOHwpTgUyM8hpQnytGjZhYQqjiNiuiQ6IINbasoi3BW/7yKmleVjxc8e5xqVp7mtdRgFM4gzJ4cA1VuIU6NIDCGJ7hFd6czHlx3p2P+eqas6jwBP7A+fwB8hiTlQ==</latexit>

T (n) ⇡ 2T
⇣n
2

⌘
+O(n3)

<latexit sha1_base64="wl98ZuIWp3mQ6M+65tPwlwb7hPw="></latexit><latexit sha1_base64="Ah6299c2aCodEDJCSgeabaw4ZYs="></latexit><latexit sha1_base64="Ah6299c2aCodEDJCSgeabaw4ZYs="></latexit><latexit sha1_base64="t3iyleFrveQpjy5spJ0DZXej4Do="></latexit>

T (n) = ⇥(n3)
<latexit sha1_base64="PjXWUFX+y7wfmdxJcBtAHjdH/mg=">AAAB+3icbVC7SgNBFL0bXzG+1ljaDAYhacKuFtoIgTSWEfKCZI2zk9lkyOzsMjMrhhDwS2wsFLH1R8TG2h9xsrHQxAOXezjnXubO8WPOlHacTyuzsrq2vpHdzG1t7+zu2fv5pooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb8UXXmt26pVCwSdT2OqRfigWABI1gbqWfn60VRQheoWx9SjYvi+rTUswtO2UmBlon7QwqVwtfHDQDUevZ7tx+RJKRCE46V6rhOrL0JlpoRTqe5bqJojMkID2jHUIFDqrxJevsUHRulj4JImhIapervjQkOlRqHvpkMsR6qRW8m/ud1Eh2cexMm4kRTQeYPBQlHOkKzIFCfSUo0HxuCiWTmVkSGWGKiTVw5E4K7+OVl0jwpu07ZvTJpVO8hRRYO4QiK4MIZVOASatAAAnfwAE/wbE2tR+vFep2PZqx5hwP4A+vtG6TelYg=</latexit><latexit sha1_base64="AYQhChfVdn7ZHx0kSRMKn1EKrxk=">AAAB+3icbVC7SgNBFL0bXzG+YixtBoOSNGFXC22EQBrLCHlBsobZySQZMju7zMyKYQnY+Rc2ForYWvsPYmPtjzjZWGjigcs9nHMvc+d4IWdK2/anlVpaXlldS69nNja3tneyu7mGCiJJaJ0EPJAtDyvKmaB1zTSnrVBS7HucNr1RZeo3r6lULBA1PQ6p6+OBYH1GsDZSN5urFUQRnaNObUg1Loirk2I3m7dLdgK0SJwfki/nvz5GR2931W72vdMLSORToQnHSrUdO9RujKVmhNNJphMpGmIywgPaNlRgnyo3Tm6foEOj9FA/kKaERon6eyPGvlJj3zOTPtZDNe9Nxf+8dqT7Z27MRBhpKsjsoX7EkQ7QNAjUY5ISzceGYCKZuRWRIZaYaBNXxoTgzH95kTSOS45dci5NGpVbSJCGfTiAAjhwCmW4gCrUgcAN3MMjPFkT68F6tl5moylr1mEP/sB6/QaZq5b/</latexit><latexit sha1_base64="AYQhChfVdn7ZHx0kSRMKn1EKrxk=">AAAB+3icbVC7SgNBFL0bXzG+YixtBoOSNGFXC22EQBrLCHlBsobZySQZMju7zMyKYQnY+Rc2ForYWvsPYmPtjzjZWGjigcs9nHMvc+d4IWdK2/anlVpaXlldS69nNja3tneyu7mGCiJJaJ0EPJAtDyvKmaB1zTSnrVBS7HucNr1RZeo3r6lULBA1PQ6p6+OBYH1GsDZSN5urFUQRnaNObUg1Loirk2I3m7dLdgK0SJwfki/nvz5GR2931W72vdMLSORToQnHSrUdO9RujKVmhNNJphMpGmIywgPaNlRgnyo3Tm6foEOj9FA/kKaERon6eyPGvlJj3zOTPtZDNe9Nxf+8dqT7Z27MRBhpKsjsoX7EkQ7QNAjUY5ISzceGYCKZuRWRIZaYaBNXxoTgzH95kTSOS45dci5NGpVbSJCGfTiAAjhwCmW4gCrUgcAN3MMjPFkT68F6tl5moylr1mEP/sB6/QaZq5b/</latexit><latexit sha1_base64="8+lqJ3uCWsBN+QkTAEBBi/iOyyI=">AAAB+3icbZBLSwMxFIUz9VXra6xLN8EitJsyowvdCIVuXFboC9paMultG5rJDMkdsZSCv8SNC0Xc+kfc+W9MHwttPRD4OOeG3JwglsKg5307qY3Nre2d9G5mb//g8Mg9ztZNlGgONR7JSDcDZkAKBTUUKKEZa2BhIKERjMqzvPEA2ohIVXEcQydkAyX6gjO0VtfNVvOqQG9ouzoEZHl1f1noujmv6M1F18FfQo4sVem6X+1exJMQFHLJjGn5XoydCdMouIRppp0YiBkfsQG0LCoWgulM5rtP6bl1erQfaXsU0rn7+8aEhcaMw8BOhgyHZjWbmf9lrQT7152JUHGCoPjioX4iKUZ0VgTtCQ0c5dgC41rYXSkfMs042roytgR/9cvrUL8o+l7Rv/NypfLToo40OSVnJE98ckVK5JZUSI1w8kieySt5c6bOi/PufCxGU86ywhPyR87nD0y+kw4=</latexit>

Krishnan, S., & Goldberg, K. (2015). The minimum conductance dissimilarity cut (MCDC) algorithm to increase novelty and diversity of recommendations. Working paper, 
Industrial Engineering and Operations Research Department, University of California, Berkeley, CA.
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community detection

rule induction

graph generation

input graph

dendrogram grammar rules

family of similar graphs
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thanks!


