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Preface

This book grew out of lectures I gave for a semester-long course in linear
systems theory for first year engineering graduate students at the University
of Notre Dame. This is a course in applied mathematics. Most students
may only need their prior undergraduate work in transform methods, linear
algebra Strang (1976) , and differential equations. The lectures, however,
should also be of interest to those students with a more mature mathematical
sensibility. The course is structured similar to classical textbooks in linear
systems theory such as Kailath (1980) and Antsaklis and Michel (2006), as
well as the more recent textbook, Hespanha (2018). The lecture notes make
extensive use of MATLAB and the control systems toolbox. These notes
are a work in progress, having been revised and reorganized several times

over the past decade.

M. D. Lemmon
Department of Electrical Engineering

University of Notre Dame
Summer, 2024
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CHAPTER 1

Mathematics for Linear Systems

Linear systems theory applies linear algebra concepts to the study of dy-
namical systems that can be modeled by linear differential equations. In this
regard, linear systems theory is a branch of applied mathematics. Linear
systems theory, however, also provides a set of tools that engineers com-
monly use to predict how a physical process might behave. Many under-
graduate level engineers are familiar with the use of transform-based meth-
ods in solving systems of linear differential equations. These undergrad-
uates are also familiar with the use of transfer functions to predict how a
circuit or mechanical system might respond to a known input signal. These
methods are specific tools showing how linear systems theory is used in en-
gineering. The purpose of this course is to take a deeper look at how linear
system theory is used in the modeling of dynamical systems found in many

engineering disciplines.

This chapter reviews the mathematical concepts needed to take that deep
dive into linear systems theory. In particular, we start by examining condi-
tions for the existence and uniqueness of solutions to linear algebraic equa-
tions. These conditions can be formulated in terms of linear algebra con-
cepts. So we then review basic linear algebra (linear space, linear transfor-
mations, eigendecompositions) and look at other useful results from linear
algebra (singular value decompositions and the Cayley-Hamilton theorem
[Strang (1976)]).
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1. Linear Algebraic Equations

A system of linear algebraic equations (LAE) is a matrix-vector equation

of the form
(D b= Az

where z € R™, b € R™, and A € R™*". The problem is to find the vector x
such that b = Ax, assuming we already know the vector b and the matrix A.
Any such vector, z, is called a solution of the LAE. A number of problems
in the theory of linear dynamical systems can be reduced to solving a system
of LAEs. We will therefore find it useful to ask the following three questions

about equation (1).

(1) Existence: Does a solution exist?
(2) Uniqueness: Is there more than one solution to the LAE?

(3) Computatability: How does one compute a solution to the LAE?

This lecture answers these questions with respect to concrete examples.

1.1. Gaussian Elimination With Back Substitution: Let us start with
a numerical procedure that is often used to compute a solution to an LAE.
This procedure is called Gaussian Elimination with Back Substitution. Con-

sider the following system of linear algebraic equations

1 = 2%1 + To + T3
(2) -2 = 4z + 1
7T = —2x1 4+ 239 + 23

It will be convenient to rewrite the preceding equations as a single matrix-

vector equation of the form,

1 2 11 X1
b=1| 2 |=| 410 Ty | = Az
7 —2 21 T3
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where A € R3*3 is a matrix whose elements are the coefficients in equation
(2) and z € R? is the vector whose ith element , z; (i = 1,2, 3), is the ith
element of the triple solving the system of equations. Our problem is to find

a solution to this system of equations.

The strategy used to compute a solution is a recursive process that con-
sists of two parts. The first part is called the elimination phase and it sys-
tematically eliminates variables from a subset of equations to identify a
subproblem of lower dimension. The second part is called back substitu-
tion and it systematically uses any solution for the lower dimensional sub-
problem to find a solution for the eliminated variables in the higher order
problem. The elimination strategy is applied in a recursive manner to an
n-dimensional system. This strategy reduces the n-dimensional problem to
an n — 1 dimensional problem, and continues to reduce the problem size
until one has a 1-dimensional subproblem. The 1-dimensional subproblem
is trivial to solve so we use this to “bootstrap” up to the n-dimensional so-
lution through back substitution. In particular, back substitution is used on
the k£ — 1 dimensional problem to obtain the solution to the & dimensional
problem where &k = 2,3, ..., n. This recursive strategy is what we refer to
as variable elimination with back substutition. The particular elimination

strategy we will use is called Gaussian elimination.

We will use the system of equation (2) to illustrate the Gaussian elim-
ination phase of the method. One first reduces the problem from a sys-
tem of equations with 3 unknowns (3-dimensional problem) to a smaller
2-dimensional problem. Gaussian elimination uses the sequential applica-
tion of elementary row operations to achieve this reduction. An elementary

row operation is a transformation on the problem equations in which

e The order of two equations in the entire problem is reversed.
e One equation is multiplied by a real number and the result replaces

the originally selected equation.
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e One equation is added to another equation and that second equa-

tion is replaced by the sum.

These elementary row operations are invoked in a systematic manner that
takes a set of k equations (k = 2,...,n), eliminates a given variable from

k — 1 of equations to obtain a smaller set of equations to solve.

For example, let us consider the 3-dimensional system in equation (2).
Let us multiply the first equation by —2, add the resulting equation to the
second equation, and then replace the second equation with that sum. This
operation removes the variable z; from the second equation, thereby only

making it a function of x5 and x3. The resulting system of equations is

1 = 201 + x93 + 13
(3) —4 = - o — 2[['3
7T = —2331 + 21’2 —+ I3

We still have x; in the third equation. So let us use row operations to
remove equation 3’s dependence on ;. In particular, this can be done by
adding the first equation to the third equation and replace the third equation

with the result. This sequence of row operations gives

1 = 21‘1 + To + T3
(4) —4 = — To — 2[[‘3
8§ = 333'2 + 21’3

One may readily verify that the variable z; does not appear in the last two
equations. So, if we already knew that x5 and z3 satisfy the last two equa-

tions

—4 = —T2 — 2[E3

5
) 8 = 3x3 4+ 3x3

Then one could use the first equation to rewrite x; as a function of x5 and

x3. In particular, simple algebra shows that

1
(6) ry = 5(1—@—353)
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thereby giving us the solution of the full LAE provided we already know
what x5 and x5 are. The two-step reduction is the first stage of this Gaussian
elimination process. The update in equation (6) represents the back substi-

tution phase of the algorithm.

Note that the preceding procedure reduced the problem of finding the
solution of the 3-dimensional system to that of finding the solution of the
associated 2-dimensional system in equation (5). So let us apply this proce-
dure one more time to reduce the 2-dimensional system in equation (5) to
a 1-dimensional system. Note that the one dimensional system is trivial to
solve. This last elimination is designed to remove x5 from the third equa-
tion. In particular, if we multiply the last equation in equation (5) by 3, add

it to the second equation in (5), and replacing gives

—4 = — - 2
% T2 T3
—4 = — 4l‘3
The last equation is
—4 = —41'3

which is a 1-dimensional system of equations whose solution is readily seen
to be x5 = 1. We back substitute this value for z3 in the first line of equation
(7) to obtain

4 = —3y—2

whose solution is readily seen to be x5 = 2. We now know that x5 = 2 and

x3 = 1, so we back substitute these values into equation (6) to obtain

1 1
-1
which completes the computed solution as z = 2 |, whose correctness
1

is readily checked by multiplying out Az and verifying that it is equal to

the given b vector.



6 1. MATHEMATICS FOR LINEAR SYSTEMS

Remark: The application of the row operations described above trans-

forms the original system of equations (2) to the following form

1 = 22 + 220 + 3
(8) —4 = — X2 — 2%3
—4 = — 4ZE3

which can be written in matrix vector form as

1 2 1 1 i
C)) -4 (=10 -1 =2 T

Note that the matrix in this equation is in upper triangular form where all
elements below the diagonal are zero. Gaussian elimination may therefore
be seen as a transforming the original system of equations to an upper tri-
angular form, from which back substitution is applied. In particular, each
of the row operations given above can be realized as a matrix-vector multi-

plication on the original system,

Pb=PAzx
where
1 0 0 1 00 1
P = [010 010 -2 1
0 3 1 101 0
1 0 0
= | 210
| -5 3 1

Each matrix in the first line corresponds to a particular row operation de-

scribed above.

Does the transformed system of equations have the same solution as the

original system? To answer this question let = solve

b= Ax
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Let P be any nonsingular matrix and let z solve the system
Pb=PAz

Since P is invertible, we know there exists a matrix inverse, P~1. Multiply

the above equation by P~! to obtain
P 'Pb =P 'PA:

Since P~'P = I (the identity matrix) we can readily see the above equation

reduces to
b= Az

which means the solution to the transformed z-system also is a solution
for the original z-system. We can therefore conclude that applying any

nonsingular transformation to the system will not change its “solution”.

1.2. Existence and Uniqueness of Solutions. Let us now examine when
a unique solution exists for a system of linear algebraic equations. We can
do this by seeing when the Gaussian elimination procedure begins to break
down. In particular, consider the following system that has been written in

matrix-vector form,

1
0 1 3 3 2
X
(10) b=|o0|l=| 2 695 > = Ax
X3
0 -1 -3 30
Tyq

There are two interesting things about this system. First notice that b = 0.
Such systems are said to be homogeneous. The second interesting thing is
that there are more unknown variables than equations. When this occurs,

the system is said to be under-determined

Let us apply the Gaussian elimination procedure and see what happens.

Applying row operations to null the (2,1) and (3, 1) components of the A
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matrix gives

1 3 3 2 1 3 3 2
A = 2 6 95 ] = 0 031
-1 -3 3 0 -1 -3 3 0
1 3 3 2 1 3 3 2
= 0031 = 003 1|=U
0 0 6 2 0000

Examining the first row of matrix U, we see that the pivot occurs in the
row column so the associated variable is ;. As discussed above, this means
one can express 1 in terms of o, x3, and x4. Examining the second row of
U, we see a pivot of 3 in the third column. So the associated variable is x3

and this means that we can express 3 in terms of zy4.

The last row of U is zero, which means there are no nonzero pivots as-
sociated with this row. In particular, this means that the only variables with
nonzero pivots are x; and x3. The other two variables, x5 and x4, have
no nonzero pivots. When this occurs we say the system of linear algebraic
equations is singular. When a system is singular then it either has no solu-

tion or an infinite number of solutions.

On the basis of the preceding discussion, one groups the variables in x
into two disjoint sets. The first set consists of basic variables that corre-
spond to variables with nonzero pivots. In the above example, the basic
variables are x; and x3. Variables that are not basic are said to be free
variables. In our example, the free variables are x5, and z4. Free variables

cannot be expressed in terms of the other variables of the equation.

To find the most general solution, one allows the free variables to take
any value and then uses back substitution to express the basic variables in

terms of the free variables. For this example, the upper triangular system of
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equations after the elimination procedure is

0 = x 1+ S.TQ + 3ZE3 + 21‘4
0 = 3373 + x4
In the second equation, the basic variable is x5 that we rewrite as a function

of the free variable, x4,
1
T3 = —§$4

Inserting this algebraic expression for x3 into the first equation and solving

for the remaining basic variable, x1, in terms of the free variables gives
ry = —31’2 — X4

So all solutions to this particular system of equations may be written as

—33}2 — T4 -3 -1
T2 1 i 0
r = = X9 T4
1 1
—§LU4 0 -3
T 0 1

where x5 and x4 are free to be any real numbers. All solutions for this
under-determined homogeneous system may therefore be expressed as a

linear combination of two vectors

-3 —1
1 0
0| -
0 1

This set of solutions is said to form a subspace of the Euclidean vector
space R* and the two vectors form a basis set for that subspace. One may
also view the linear system of equations as a linear transformation map-
ping vectors in R* onto vectors in R®. In particular, the matrix A in the
homogeneous equation Az = 0 maps x € R* onto the zero vector in R3.
The set of vectors in R?* that are mapped onto the zero vector through A,
form another useful subspace called the null space of the matrix A. The
null space is sometimes called the kernel of the matrix and is often denoted

as ker(A). In particular, this means that any solution to the homogeneous
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equation Az = 0 must lie in the null space of A. We can therefore say that

all solutions of the homogeneous equation are = € ker(A).

The preceding discussion characterized the solutions when b = 0. If b is
nonzero then we have an inhomogeneous system of equations. In particular,
if one wants to find solutions to the inhomogeneous problem, we apply
Gaussian elimination to the augmented matrix [ A ‘ b } . So let us consider
the inhomogeneous version of our above example where we let the elements

of b be real variables. So the system of equations can be written as

x1
by 1 3 3 2
X
b=1|b |=| 2 6 9 5 | = Az
x3
bs -1 -3 3 0
Ty

The matrix tableaux for this system and its subsequent reduction to reduced

row echelon form generate are shown below

1 33 2|k 1 33 2 by
2 6 9 5|b,b| = |00 3 —2by + by
—1 =3 3 0] bs 00 6 2| b +bs

(1 3 3 2 by

= |00 3 by — 20,

| 0 0 0 0]bs—2by+5b

Note that the last equation requires

0 = 5b1—2b2+b3

1
This equation is satisfied when b = 0 and when b = 1 |. Butit will
-3
not be satisfied for any arbitrary choice for b. For instance, the equation is
1

not satisfied if » = | 1 |. This would mean, therefore, that a solution to
1
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1

the inhomogeneous problem does not exist when b = | 1 |. So we are

1
interested in determining all of those vectors b € R? for which a solution

does exist.

To determine which b’s in R? give rise to an inhomogeneous system with
real solutions, we first note that b can be written as a linear combination of

the columns of A,

-xl
b 1 3 3 2
b= | l|l=| 2 695]||7|=As
X3
b3 -1 -3 3 0
_'Qj\éL
1 [ 3 2
(11) = I 2 +CC2 6 +$3 9 +CC4 5
-1 -3 | 3 0

These b vectors, therefore, lie in a subspace of R? that is spanned by the
columns of the A matrix. We call this subspace the column space of A. If
we think of A as a linear transformation, then it will also be called the range
space of A. We often denote this range space as range(A). Our preceding
discussion has therefore shown that a solution exists for the inhomogeneous

system of linear equations b = Ax if and only if

b € range(A) = range space of A

By inspection of the four vectors used to form b in equation (11), one can
see that only two of these vectors are linearly independent (i.e. they cannot

be written as a linear combination of the other vectors). This means that

(12) range(A) = span 21,13
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where span{zi, ..., 2,} is the subspace formed by all linear combinations
of the collection of vectors z; to z,. Because all elements of the range
space defined by equation (12) are linearly independent, we know this is
the smallest number of vectors that can be used to span range(A). We refer
to such a collection of vectors as a basis set and the number of elements in
the basis is called the dimension of the subspace range(A). We also refer

to this as the rank of the matrix A.

Clearly not all b € R? will lie in range(A). But for those that do, one
may solve the inhomogeneous problem using back substitution. For this

particular example, one can readily verify that all solutions are

-3 -1 3b1 — bo
+ U1+ !
T = X2 Ty
-1 3(—2b1 + by)
1 0

The first two terms on the right hand side of the above equation are vectors
forming a basis for the null space of A. The third term on the right hand
side is a particular solution of the original inhomogeneous problem. In
particular, this means that if b € range(A ) then any solution to this problem

may be written as
x € xp + ker(A)

where z,, is a particular solution to the system and ker(A) is the null space
of A.

We can now answer the questions we originally posed.

(1) Existence? A solution exists if b lies in the range space of A. In
other words, b € range(A).

(2) Uniqueness ? If b € range(A), then any solution can be written
as x, +v where x,, is any particular solution such that Az, = b and

v is any vector in the null space of A. The solution, therefore, will
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be unique if and only if ker(A) is the trivial linear space consisting
of only the zero vector.

(3) Computability? The Gaussian elimination procedure with back
substitution provides an efficient algorithm for computing solu-

tions to the inhomogeneous problem.

1.3. Relaxed Solution Concepts. There are many real-life engineer-
ing problems giving rise to a system of linear equations b = Az where
b ¢ range(A). Based on our earlier discussion, this means that no solu-
tion exists for this system of equations. But this fact seems to contradict
the fact that we “know” our real-life problem does have a solution. This
commonly occurs in LAEs that have more equations than variables. Such
LAEs are said to be over-determined and they often occur in parameter es-
timation problems where one relies on noisy measurements to “estimate”
a vector of unknown parameters. Because there are many more equations
than unknowns, and because of the noise, it is highly unlikely that b lies in

the range space of A. So what can we do?

Let us consider the following over-determined LAE,

by ailp Qaig
X1
b = bg == a1 Q9292 = Al’
X2
b3 azyp ass

As mentioned above, it is highly unlikely that b will be in the range space
of A, so let us relax our notion of a solution so that x solves the LAE if
AT — b = 0. In other words, we don’t require that x is an exact solution in
the sense that Az = b, but only that Az is “close” to b. We need to clarify

what it means to be ’close”. Formally, we define this as requiring that
2
|Az —b|]" <€

where |z| = V2T« is the Euclidean norm of vector x and € is a “small”

tolerance level that quantifies how close Ax is to b. In particular we want
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to find a solution T that minimizes e. We can pose our search for this mini-

mizing ¥ as an optimization problem

T = argmin|Az — b?
TER™

We can find a solution by writing out an explicit expression for

J@) @ %|Ax—b|2:12(bi—arx)2

2ol 1))

where @; is the ith row of A. We can find the x that minimizes the above
expression by taking the derivative of the right hand side of the above equa-
tion and setting it equal to zero. From elementary calculus, we know this
is a necessary condition for optimality. Taking the derivatives means the

optimal 7 satisfies
5)J il

oJ > x
0 = a—@zz bi_[ail CLiQ:| Al a2

=1
which we can rewrite in matrix vector form as
b1 ail] a2 =N
ail a1 asl aill a21 a3zl Tl

alz a2 as2 ai2 a2 as2
b3 az1  as2

o
Il

~ATh+ ATAZ
Note that if AT A is invertible then the solution to this problem is
7=[ATA] ATy
with the minimum value being
€ = |Az —b)?
— [(aaTa] AT 1)

< HA{A?AT‘AT—IHW
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where || A || is the matrix norm' induced by the Euclidean 2-norm.

2. Linear Algebra

Linear algebra is a branch of mathematics concerned with the algebraic
properties of mathematical systems that generalize our traditional notion
of a vector space. The generalization of a vector space is called a lin-
ear space and mappings between linear spaces are called linear transfor-
mations. From an engineer’s perspective, we view linear spaces as signal
spaces and linear transformations are used as mathematical models for sys-
tems that generate these signals. So linear algebra becomes an important
formal tool for the modeling, prediction, and design of engineering sys-
tems. The following subsections review basic concepts in linear algebra

that are used throughout the remaining lectures.

2.1. Linear Spaces. A linear space generalizes our notion of a vector
space to objects that are not necessarily vectors. We start with a generaliza-
tion of real numbers into an algebraic system known as a field. In particular,
afield F' = (X, +, x) is a triple formed from a set X and two binary opera-
tions called addition, +, and multiplication, X that satisfy certain conditions
given below. The sum of two elements z,y € X is denoted as z + y and the
product of two elements =,y € X is denoted as x X y or zy. The conditions

that the two binary operations must satisfy are

e Addition (+) is commutative, associative, and closed in X . There
exists an additive identity 0 € X and each element z € X has an
additive inverse, —x € X.

e Multiplication (x) is commutative, associative, and closed in X.
There exists a multiplicative identity 1 € X such that 1 # 0 and

every nonzero element € X, has a multiplicative inverse, v~ ",

A
[Az] b A

IThe matrix norm of a matrix A € R"*" is defined as || A|| = max 2]
T x
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e Addition and multiplication satisfy the distributive laws,

r(y+z2) = zy+az
(r+y)z = xzz+4yz

forall z,y,z € X.

The set of real numbers is obviously a field. There are other sets of math-
ematical objects that form a field once a suitable pair of binary operations
are chosen. The set of complex numbers, C, forms a field with respect to
complex addition and complex multiplication. The set of rational numbers
(denoted as QQ) form a field with respect to their usual binary operations.
The set of rational functions is formed from the ratio of two polynomials.
This set forms a field with respect to polynomial addition and polynomial

multiplication.

A linear space is formally defined with respect to a set X and a field
F'. The elements of X will be called vectors (we are overloading the name
”vector” in this case) and the elements of F’ are called scalars. We introduce
a binary operation over X called addition (4) that maps ordered pairs of
vectors (x,y) € X x X onto a single vector z + y € X. We also introduce
a binary operation called dilation (-) that maps a scalar-vector pair (o, z) €
F'x X onto a vector ax € X. We will often denote avxr as - x. The ordered

tuple, L = (X, F, +, -) is called a linear space if

e Addition is commutative, associative, and closed in X. There ex-
ists an additive identity, 0 € X and for each z € X there is an
additive inverse, —z € X.

e Forall z € X and o, € F there exist vectors az € X and
Bx € X such that

a-(B-2)=a-(Br) = a(Bz) = (aB)z

and for all x € X we have 1 - x = x where 1 is the multiplicative
identity of the field, F'.
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e Addition and dilate distribute as

(a+B)x = (azx)+ (By)
afz+y) = (az)+ (ay)

forall z,y € X and o, 5 € F.

Euclidean n-space, R", is clearly a linear space where X = R" and F' = R.
The set of real and complex valued functions also form a linear space. These
spaces are useful since we think of dynamical systems as generating signals
that are a function of time. This means that the inputs and outputs of a
dynamical system are elements of a linear space that we refer to as a signal

space.

Let us try to justify this idea more formally. Consider a continuous real
valued function, z : R — R. Denote the set of all continuous functions as
C(R,R). For any functions z,y € C(R,R), define function addition in a

COI’IlpOIlCIlt-WiSﬁ manner as

(@ +y)(t) = =(t) +y(t)

for all £ € R. Note that on the right hand side of this equation the symbol,
+, acts like real addition whereas on the left hand side the symbol, 4+, acts
on two functions in C(R, R). We define scalar-dilation in a similar manner

in which
(ax)(t) = - (1)

for all ¢ € R. The fact that addition and dilation on the right hand side of
these equations are defined with respect to the vector space, R, means that
these new “’function” binary operations on the left hand side inherit many

of the attributes of vector-space addition and scalar-vector multiplication.

The only property that is not inherited in this manner is closure. In other
words, we cannot conclude that C (R, R) is closed with respect to these two
binary operations. Closure would mean that the sum of any two continuous

functions is continuous and the dilation of any continuous function is also



18 1. MATHEMATICS FOR LINEAR SYSTEMS

continuous. Establishing continuity of 4+ y and ax requires that we use

the fundamental definitions for continuity.

Remember that a function z : R — R is continuous if and only if for all
€ > 0 there exists 6 > 0 such that |z(t) — z(t)| < € whenever |t — /| < 0.
So to establish that x + y is continuous with x and y are continuous, we
would need to certify that the above definition for continuity also holds for
x 4 y. So let us assume = and y are continuous so for any e there exist d;
and d, such that |2(t) — z(t')| < § when |t —'| < 6, and [y(t) —y(t')| < §
when |t — /| < d2. Note that

(@ +y)(t) = (= +y)@) = |z(t) +y(@) — () —y({)]
< fa(t) = 2(®)] + ly(t) —y()

If we select § = min(dy, d2), then we know both terms on the left hand side

are less than 5. This means that when |t — | < 0 then

(@ +9)(t) = (2 +y) ()] < |2(t) —2()] + |y(t) —y() < e

Since our choice of € was arbitrary, we have found the required ¢ and so
2 4 y 1s also continuous. A similar argument can also be used for cvx and
this means that C'(R, R) is closed with respect to the two binary operations.
This means for these binary operations, the set C'(R, R) satisfies the axioms
of a linear space and so C'(R,R) is a linear space. We sometimes refer to it

as a signal space.

Let X be a linear space over a field F' and let x1,...,2z, € F' and
ai, -, € F, then the vector
n
x = Z ;T
i=1
is called a linear combination of vectors x1,...,x,. A non-empty subset

M of X is called a subspace of X if for any pair of scalars o, 5 € F and
any pair of vectors, z,y € M we have ax 4+ Sy € M. In other words, a
subspace is closed under linear combinations of its elements. Consider a a

collection, M = {z1,...,x,,} of vectors in linear space, X. The set of all
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linear combinations formed from elements of M is a subspace called the

span of M. This subspace is denoted as

m
def
span(M) =<{r € X : x = Zaixi, where o; € F'and x; € M
i=1
Given a collection M = {z1, ..., x,,} of vectors in linear space, X, if there

exists a set of scalars, not all zero, such that

m
E ;T = 0
=1

then M is said to be linearly dependent. This set, M, is said to be linearly
independent if the above equation is only satisfied when all o; are zero. If
M 1is linearly dependent, then there exist nonzero scalars «;,, vy, . ..,

with < m such that
T 1 T
Zaia‘xia‘ =0 = ;= o Zaijxij
j=1 =2

This means that all vectors in a linearly dependent collection M can be

written as a linear combination of other vectors in M.

Given a collection M = {xy,...,x,,} of vectors in X, we say M forms
a basis for X if M spans X and M is linearly independent. X is said to
be finite-dimensional if there exists a basis for X having a finite number of
elements. Any basis of a finite dimensional linear space, X, has the same

number of basis elements that we call the dimension of X and denote it as
dim(X).

Let X be a finite-dimensional linear space and let B = {ey, ..., e,,} be
a basis for X. Consider a vector x € X and assume it has two different

linear combinations

m m
T = E ;6 = E ﬁz‘ei
i=1 i=1

If we take the difference of both representations for z we see that

0= Z(ai — Bi)e
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Since B is basis, we know that {e;}", is a linearly independent collection
of vectors. So the only coefficients, o; — (3;, satisfying the above equations
must be equal to zero. In other words, o; = 3; for7 = 1,2, ..., n and this
means that every nonzero x € X has a unique representation as a linear
combination of its basis set. We can think of the coefficients of = as a
concrete representation of x € X with respect to basis 5. In particular,
these coordinates can be arranged as a column vector whose components
take values in the field F'

aq
MB = : S

o777

where the notation [z] 5 is used to denote the concrete representation of x
with respect to basis B. Basically what this shows is that any finite di-
mensional linear space has a concrete representation as a traditional vector

space.

A finite-dimensional linear space, L = (X, F,+,-), is an algebraic sys-
tem that behaves algebraically like a vector space. Algebraic means that the
behavior of the two binary operations (addition and dilation) behave simi-
larly to what we see in vector spaces. However, we also know that vector
spaces have a “topological” or “metric” structure that allows one to define
how “’close” or ’similar” two elements of the space are to each other. There
is nothing in the “algebraic” definition of a linear space to provide this no-
tion of ’closeness”. So we will find it convenient to endow our linear spaces
with this metric structure and this is done most easily by attaching a func-
tion || - || : X — R called the norm on the linear space, thereby turning the

linear space into a normed linear space.

Intuitively, a norm measures the ”size” or ”length” of an element in the
linear space, X. So we can formally define what properties the norm func-

tion has by abstracting those properties that we usually associate with our
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notion of vector” length. We formally define the norm of x € X as a real
number ||z|| € R such that

e ||z|| > 0and||z| = 0if and only if z = 0
e Forany o € F'and x € X, we have ||az| = |al||z]|.

e and for all z,y € X we have

Iz +yll < llzll + llyll

There are several commonly used norms for linear spaces formed from real-
valued functions and functions of a complex variable. We review some of

these norms and their associated normed linear spaces below.

Consider a linear space L(R,R") of integrable continuous-time func-
tions, x : R — R". We define the £, norm of x € L(R,R") where p is a

positive integer as

dof T 1/p
lelle, ™ jim ([ 1otoypar)
*\J-T

where |z(7)| is the Euclidean 2-norm of the vector z(7) € R". We define

the normed linear space, L, as the linear space consisting of all functions
x € L(R,R"™) such that |

||z, is finite
L, &f {Integrable functions in € L(R,R") such that |||/, = M < co}

The most commonly used £, norms are for p = 1, p = 2, and p = oc. For

p = oo, the norm is

def 5.
mmwémwmmzmw&wmm@
p—)oo K3 teR

where |z;(t)| is the absolute value of the ith component of the vector z(?).
The L, space is then the space of all integrable functions with a finite £

norm.

Another important set of normed linear spaces is generated by the Laplace
transform of real-valued functions. In particular, let H(C, C) denote the lin-

ear space of all functions of a complex variable. We define the 2-norm and
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oo-norm of a signal X € H(C,C) as

1 [e's) 1/2
. 2
1X [ I(ww—/\Xm+wﬂmJ

a>0 27T — 00
| X |l3.. = supsup|X(a+ jw)l
a>0 weR

Note that these norms are only defined if the right hand side of the equation
is finite. This will only occur if X is analytic on the right hand side of the
complex plane. A function X : C — C is said to be analytic at a point
z € C if and only if there is neighborhood about z in which X (z) has a
derivative at each point in that neighborhood. This condition essentially
means that X (z) has continuous derivatives of all orders and that it can be
represented by a convergence power series. Essentially this also means that
z cannot be a removable singularity (pole) of X. The normed linear spaces
associated with these two norms for H (C, C) consist of those functions with

bounded norms, and so they can be written as follows

X is analytic in RHS of complex plane
M, = {XGH(C,C}: Y plex b }

and || X||q, < o0

2. = { X ¢ H(C,C) X 1s analytic in RHS of complex plane }

and [| X ., < oo

Note that a norm is not the only way one can establish a topological
structure on a linear space. Another commonly used approach is through
the introduction of an inner product, which yields an inner product space.
Inner products generalize the notion of dot products in vector spaces. Recall
that the dot product of two vectors, z, y € R™ is defined as z7y. When  and
y are elements of an abstract linear space, then the corresponding concept
is that of an inner product. Consider a binary operation (-,-) : X x X — C
maps a pair of vectors in x,y € X onto a complex number, (z,y). This

binary operation is called an inner product if

e Forall x,y,z € X we have (z + y, 2) = (z, 2) + (y, 2)
o (z,y) =(y,x)
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e (r,r) > 0 with (z,z) = 0if and only if z = 0.

A linear space equipped with an inner product is called an inner product
space. Clearly the dot product we discussed above is an inner product for
real-valued vector spaces. If we consider the linear space of integrable func-

tions, L(R, R™), then a commonly used inner product is

(o) = [ £1(r)g(ryar
forany f,g € L(R,R").

Inner products are used to determine if two elements of a linear space
are orthogonal to each other. In particular we say x,y € X are orthogonal
if and ony if (z,y) = 0. Orthogonality and linear independence are related
concepts. In particular, if we consider a set of vectors {z1, ..., x,,} drawn
from linear space, X, and we assume they are mutually orthogonal (i.e.
(w;,z;) = 0forall ¢ # j), then if we consider any linear combination of the

form

z = Z T =Y

i=1
Taking the inner product of y with any z;, from the collection of orthogonal
vectors yields

m

0= (y,zx) = Z%(%xk) = o {Th, Tk)

i=1
Since (zy,z;) > 0 and since our choice of k was arbitrary, we can con-
clude that o; = 0 for all = = 1,2,...,m. This means that the collection
{z1,..., 2y} is linearly independent. So we have just proven that a set of

mutually orthogonal vectors is also linearly independent.

If one can talk about vectors being orthogonal to each other, we can also
speak of subspaces being orthogonal to each other. In particular, one says
two linear subspaces, U and V/, of linear space X are orthogonal if every

vector in U is orthogonal to every vector in V. Given a subspace U of X, the
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space of all vectors orthogonal to U is called the orthogonal complement,
UL, of U.

2.2. Linear Transformations. A linear transformation is a mapping
between elements of two linear spaces. If these linear spaces are real-valued
vector spaces, then the linear transformation is a matrix. If the linear spaces
consist of real-valued integrable functions, then the linear transformation
can be written explicitly as an integral transform, or implicitly as a set of
differential equations. To formalize this notion, let X and Y be two linear
spaces over the same field, F'. Let G : X — Y denote a function taking
elements of X onto elements of Y. Let G[z] denote the element in Y as-
sociated with the argument z € X. We say G is a linear transformation if
it satisfies the principle of superposition. This means that for any z,y € X
and o, 5 € F we have

G [ax + By] = aGlz] + SGy]

It will be convenient to define the zero-transformation O[z] = 0 and the
identity transformation I[z] = x for all z € X. These two transformations

are easily shown to also be linear transformations.

Let L(X,Y) denote the set of all linear transformations from linear
space X to linear space Y. Define the addition of two linear transforma-
tions, G,H € L(X,Y) in a component-wise manner. In other words, for

any x € X we have
(G + H)[z] = G[z] + H[z]

Where + on the right hand side is addition for the linear space, Y and +
and the left hand side is addition of the two linear transformations. Define

the dilation of G with respect to any a € F' as
(aG)lz] = o (Glz])

for all x € X. One can also show that G + H and oG are linear trans-

formations so we can assert that L(X,Y") is closed under these two binary
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operations. Since the range space of these transformations is also a linear
space, we can readily conclude that these two binary operations satisfy all
of the axioms for a linear space. In other words, the set of all linear trans-
formations, L(X,Y'), is also a linear space. In applications, we would think
of a linear transformation is a linear system which means that L(X,Y") can

be thought of as a linear system space.

Since L(X,Y') is a linear space, it has a basis. Let X be a finite dimen-
sional linear space with basis set {ey, ..., e, }. Let Y be a finite dimensional
linear space with basis set {fi,..., f,,}. Consider the set of mn linear
transformations E;; : X — Y (fori =1,2,...,mand j = 1,2,...,n) that

takes values
Eij [ek] = jkfi
where 9, is the Kronecker delta
1 ifj=k
5jk = .
0 otherwise

One can show that these E;; transformations for a basis for the linear space

L(X,Y) of linear transformations.

Now consider any linear transformation, G € L(X,Y). Since {E;;} is
a basis for L(X,Y") we know that for any & = 1,2, ..., n there are unique
coefficients [3;; € F such that

Glerl = Y Bunfi
=1

Let B, denote the basis {ey, e, . . ., €, } and let B, denote the basis { f, fa, . ..

for Y. Note that

Glz] = G [Zajej] = Zaj25ijfi
j=1 =1 =1

>fm}
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This is a matrix vector equation that can be written as

> iy Buicy Pii o Bin oy
(Glzl]p, = : = :
2?21 5mj04j Bmi - Bun 7%
= [G]g: %],

where the notational convention, [G] gj, denotes the concrete representation
of G with respect to the inputs space’s basis, B,, and the output space’s
basis, B,. The linear transformation, G, is therefore concretely represented
as a matrix, [G]gz once the bases B, and B, have been chosen for the linear
transformation’s input and output spaces. This observation is useful because
it means that more complex linear transformations representing dynamical
systems can be concretely viewed as matrices, so that many of the geometric
intuitions we have when matrices act on vector spaces can also be used
to understand what happens when a linear transformation acts on finite-

dimensional linear spaces.

Since linear transformations form a linear space, we will also find it
useful to introduce a topology or metric on these linear spaces as well. Let
us consider a system G : £, — Lo mapping finite energy input signals onto
finite energy output signals. We will find it convenient to refer to G as a
system mapping L signals onto L signals. The amount of energy gained or
lost between the input and output is sometimes called a gain for the system.

We can therefore define the system’s Lo-induced gain as

def |Glwl]ll,,
1Gllz,na = ST
w0 |[wle,

= sup [|Glwlll,

wllz,=1

In other words, the system’s (linear transformation’s) Lo induced gain equals
the largest output energy seen over all applied inputs with unit energy. This

means that the actual output energy of the system satisfies the inequality

IG[w]ll, < 1Gllz—nallwlle,
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The sup in the above definition means there is a specific signal, w, for
which the above inequality holds with equality. We may, therefore, obtain

an equivalent characterization of the induced gain as

Gl g,ina = inf {7 € R ¢ |Gw]llz, < Ylwlle, |

We say ||G||z,—ina 1S an induced gain because it is “induced” by our se-
lection of the norms for the input and output signal spaces. In this case,
we chose the £, on both spaces, hence the name L--induced gain. It may
be more convenient from the application’s standpoint to select a different
norm on the input and output spaces. For instance many mechanical en-
gineers might prefer to use an L., norm, in which case, our induced gain

would be different.

The formal definition for the induced gain is awkward to work with for it
provides no explicit formula we can use to compute what the gain might be.
For certain selections of the signal space norms, however, we can find ex-
plicit formulas. For example, let G : L., — L, be a linear transformation

defined explicitly through the convolution equation
t
Glult) =ylt) = [ glt = yulr)ar
where g : R — R is a function called the system’s impulse response func-

tion and w € L is the applied input. To determine the £, induced gain,

we need to bound the £, norm of the output, so

()| = ] [ stwute—ryar

< / o) ot — )ldr

—00

< {/ |g<7>|df] holl. = llglly, el

o0

since ||y|| .. is the largest |y(t)|, we have

Iyllec = suplly@l < llglle, llwle..
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So we can conclude that the £; norm of the impulse response function, g,

is an upper bound on the system’s L, induced gain.

One may show that ||g|| ¢, equals the £, induced gain by finding any £,
input for which the inequality holds with equality. Finding such “signals”

requires some degree in ingenuity, but for this example, if we consider

w(t —7) = sgn(g(7))

it is easy to show that y(t) = ||g||.,, thereby establishing that |G| _ina
is equal to ||g||z,- Since this signal norm can be explicitly computed once
we know the impulse response function, g, it provides a concrete way of

computing what this system’s £..-induced gain.

Consider a linear transformation G : X — Y where X and Y are inner
product spaces. We will find it convenient to define another linear transfor-
mation G* : Y — X that takes vectors in Y onto vectors in X . This linear
transformation G* is called the adjoint of G if forany z € X andy € YV

we have

(Glz],y) = (2, G™[y])

Adjoints are useful technical tools for sometimes it is easier to establish
results regarding a linear transformation using the adjoint, rather than the

original transformation itself.

Consider a linear transformation G : X — Y between two linear spaces
X and Y. This linear transformation has two important subspaces; its null
space and its range space. The null space of G (also known as the linear

transformation’s kernel) is
ker(G) & {z € X : G[z] =0}
The range space of G is

Range(G) o {y € Y : there exists z € X such that y = G[z]}
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Recall that when X and Y are finite dimensional then any elementz € X
and y € Y has a concrete representation with respect to the field /' once
we’ve chosen a basis for X and Y. Let B, denote the basis for X and B,
denote the basis of Y. The concrete representations for x and y (following
our earlier notational convention) are x|, € F" and [y]p, € ™, respec-
tively. We also know that G : X — Y has a concrete representation as the
matrix [G] ;" € F™" with

s, = [G]gz 2] B,

The preceding concrete representation is a linear algebraic equation that
we studied in the preceding section. Based on those results we know that
y = GJz| has a solution if and only if its concrete representation has a
solution. We know that such solutions exist if y € Range <[G]g’y“) and this

solution is unique if and only if ker ([G] §§> is trivial.

A useful relationship can be established between the null space and range
space of a linear transformation G. In particular, this relationship is some-
times called the fundamental theorem of linear algebra [Strang (1976)] and

it asserts that
ker(G) = Range(G*)*

where G* is the adjoint operator of G. To prove this equivalence, suppose
that x € ker(G) and y € Range(G*). This would mean G[z] = 0 and for

some z € Y we have G*[z] = y. Taking the inner product of y and z yields,
<y7$> = <G*[Z],ZL‘> = <27G[I]> = <270> =0

This shows that any vector y € Range(G*) is orthogonal to any vector
x € ker(G). This fundamental theorem of linear algebra provides a useful
tool for proving results, where proving a given assertion is easier to do on

the adjoint.

2.3. Eigenvalues and Eigenvectors. A useful way of characterizing a

linear transformation G : X — X over a linear space X is to determine
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those vectors in X that are invariant. In other words, we look for those
vectors, v € X, that are left "unchanged” by the application of the linear
transformation, i.e. G[v] = v. This is actually too restrictive to be useful,
so we look for vectors that are “invariant” up to a scalar dilation. So this
means we look for ordered pairs, (v,\) € X x I where v is a nonzero

vector in X and ) is a scalar in the field F' such that
Glv] = v

The scalar A is called an eigenvalue of G and v is called its associated

eigenvector.

When X is finite dimensional, then we know that once we choose a
basis, B, for X, we can concretely represent G as a matrix. If X is an
n-dimensional linear space, then [G]g € ™ ™ is a square matrix whose
components are in the field /. In many of our applications £* will either
be the real, R or complex, C, field. In this case, we can specialize our
notion of an eigenvector/value to correspond to a matrix. So given a matrix
A € C"*" then the pair (v, \) € C" x C is a right eigenvalue/vector pair

for A if
Av=)v
We call (v, \) a left eigenvalue vector pair if
vTA = T
Eigenvalue/vector problems arise in a number of ways, but one way that
is often taught to undergraduate engineers involves using them to character-
ize solutions to constant coefficient ordinary differential equations (ODE).

We will use an example to review how this is done. Consider the following

ODE with given initial condition.

B1(t) = 4ai(t) —5aa(t), 21(0)

8
Ba(t) = 2a1(t) — 3wa(t), 2(0) =5
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The initial value problem (IVP) is to find explicit representations for the
two functions z; : R>o — R and 25 : R>¢ — R that satisfy the differential
equation for all ¢ > 0 and that satisfy the given initial condition at time
t=0.

Note that the IVP can be rewritten in matrix-vector form as

z(t) = Ax(t), x(0)=xg
where

wo[1 3] e[ o[

Let us assume that z; and x5 are both exponential functions of time of the

form
zi(t) = eMry
T2 (t) = e’\txgo
where g = "% 1 is the initial condition and A € C is a complex valued

T20
constant. We can substitute this assumed form for the solution into the

differential equation to obtain

)\6”1’10 = 4€>\t$10 —56/\t$20

)\6”1’20 = 26)\t$10—3€)\tl’20

which we can also write in matrix-vector form as
)\:[;0 _ )\ 10 _ 4 —5 T10
920 2 —3 T20

This is a system of linear algebraic equations (LAE) rather than a differ-

= A.’L'o

ential equation and so we can look for (z, A) that satisfy this relation
Al’o = )\ZEO

using the computational procedures discussed in the first section. If a so-

lution does exist, then we know that our guess for the solution was correct
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with the exponent A\ being obtained from the solution of the above set of
LAEs. Note, however, that this equation also has the form as the matrix

eigenequation we introduced above. So if a solution does exist it means

that A will be an eigenvalue of the matrix A = [ ] with associated

right eigenvector .

How do we find eigenvector/value pairs for a square matrix? Let A €
R"™*™ be a square real-valued matrix and let v be a right eigenvector corre-
sponding to eigenvalue A € C. This means Av = Av and v is a nonzero

vector. This is equivalent to saying that
(A—=X)v=0

and so it means that the eigenvector v is a nonzero vector in the null space
ker(A — AI). We know that this homogeneous LAE will have nonzero

solutions when the null space of the matrix A — Al is nontrivial.

The condition we use to check if a matrix A has a nontrivial kernel is
based on the determinant of that matrix. Given a matrix A € R™*", the
determinant of A (denoted as det(A)) is the sum

det(A) = Z sgn(o) - aij, - gjy -+ Anyjy,
oeP(N)
where P(N) is the set of all possible permutations of N = {1,2,...,n}
and for any o € P(N) we have

(o) +1 if o is an even number of permutations from N
sgn(o) =
& —1 if o is an odd number of permutations from N

The main property of the determinant that we use is that the columns (or

rows) of A are linearly dependent if and only if det(A) = 0.

The computation of det(A) is easily done using computer tools in MAT-
LAB, so we can use the determinant test to see whether (A — AJ) has a

nontrivial null space. For convenience define

Ry=A-)I
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with ¢, jth component, r;;. The null space of R, is nontrivial if and only if
there is a nonzero vector v € C" such that Ryv = 0. We may rewrite this a

S

11 12 Tin

21 T'22 Ton
OZRAU:U]_ . +U2 . _|_..._|_rUn

Tn1 T'n2 T'nn

If ker(R.,) is nontrivial then there exists v € ker(R,) that is nonzero and
from the preceding equation this implies the columns of R are linearly de-
pendent. So since det(R,,) = 0 if and only if the columns of R, are linearly
dependent, the preceding discussion shows that A — A\I has a nontrivial null
space if and only if A € C is chosen so that det(A — AI) = 0.

The condition det(A — AI) = 0 is actually a polynomial equation with
respect to the indeterminate variable A. So it will be convenient to define

the characteristic polynomial of a square matrix A as
p(A\) = det(A — AI)

The condition for A to be an eigenvalue is therefore that A € C is a root of

the matrix characteristic equation
p(A) =0

These roots are in the complex field C. If \; € C fori = 1,2...,p where
p < n are distinct roots (i.e. all different) of the characteristic equation,

then we can factor the characteristic polynomial as
PA) = (M = A)™ (A = A)™ - (A = A)™
where m; is called the algebraic multiplicity of the ith distinct root, \;.

Note that each distinct eigenvalue of A has an eigenvector associated
with it. If eigenvalue A of A has an algebraic multiplicity m > 1, then the
number of linearly independent eigenvectors associated with this eigenvalue

will be 1 < m. The number of linear independent eigenvectors associated
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with a distinct eigenvalue )\ of A is called the eigenvalue’s geometric mul-
tiplicity.

So let us return to our ODE example and determine the eigenvalues of

. We first form the characteristic polynomial

4
the matrix A = [ 5

4— ) )
det(A — AI) = det [ ]

2 —=3-A
= (4-=XN(-3=-N+10
= A+1D)(A=2)
So this matrix has two distinct eigenvalues A\; = —1 and A\, = 2 that cor-

respond to the roots of (A + 1)(A — 2) = 0. Note that each eigenvalue has
an algebraic and geometric multiplicity of one, so there is a single nonzero

eigenvector associated to each of these distinct eigenvalues.

The eigenvectors are obtained by solving the following system of linear

4— X\ -5
0= T
2 —3—-A

for x using A = —1 or A = 2. If we let A\ = —1 (the first eigenvalue) we get

algebraic equations

5 =5 1
0= r = x=
_2 —2_ _1_
for A = 2 we get
e ] _
0= r = x=
2 =5

All solutions of the ODE are obtained by taking a linear combination of

these eigensolutions that we just computed. So we have

5
+ e

1

z(t) = cre”!
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Our initial condition is xg = . and we need to pick c¢; and c; so that

#(0) = z¢ when ¢ = 0. This also gives rise to an LAE of the form

1 5] ¢ 8
1 2 (&) 5

The solution to this LAE is ¢; = 3 and ¢y = 1, so the full solution to our

original IVP is

>
1 2

forall ¢t > 0.

Consider a linear space, X and consider the two linear transformations
Ty, Ty € L(X, X). Assume there exists an invertible linear transformation
Q € L(X, X) such that

QT, =T-Q
Let v be an eigenvector of Ty with eigenvalues A, then

Tow=X = QT,(Q )=\
= Ti(Q ') =XxQ v

This last relation says that the vector Q~1v is an eigenvector of T with
the same eigenvalue \. The linear transformations T; and Ty therefore
have the same eigenvalues and their eigenvectors are related through an
invertible coordinate transformation, Q. We say that the matrices T and

T, are similar and we refer to Q as a similarity transformation.

Similarity transformations provide a useful way of transforming a ma-
trix into a similar form that is easier to work with. Such “convenient” forms
are called canonical forms. One important canonical form of a matrix is its
diagonal form (when it exists) that is also known as its modal form. In par-

ticular, consider a square matrix A with n distinct eigenvalues {1, ..., \,}



36 1. MATHEMATICS FOR LINEAR SYSTEMS

with associated eigenvectors {vy, ..., v, }. Define the matrices
AN - 0
V=|uv - vn}, A =diag(Ay, ..., \) = : :
0 A

We can therefore see that

AV — A[Ul un}z[ml Anvn]

So we can see that V is a similarity transformation matrix between A and
A, where A is a diagonal matrix whose diagonal elements are the eigenval-

ues.
So if we take our original ODE
T=Azx, x=ux
and introduce the similarity transformation Vy = x then we get
Vy=AVy, Vy,=uz
which implies that
y=V 'AVy = Ay, yo=V '

This is “similar” to the original system. In fact it is better to say that the
two systems are fopologically equivalent for the trajectories of both ODEs
can be mapped into each other through the invertible matrix V. Note that
this diagonalized system is “easy” to solve since both components are de-

coupled. In particular, we can see that

n(t) =cre™,  pt) = cee™
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where ¢; and ¢, are chosen to satisfy the initial condition y(0) = V~tx.
We can then recover our earlier solution in the original coordinate frame
through the equation x(t) = V= 1y(t).

Note that in the preceding example we assumed that A had n distinct
eigenvalues. This is a sufficient condition for A to be diagonalizable through
a similarity transformation. In general, however, this may not always be the
case. If some eigenvalues have a geometric multiplicity that is less than the
eigenvalue’s algebraic multiplicity, then it is not possible to diagonalize the

matrix. The best we can do is convert it to its Jordan Canonical Form.
Let the characteristic polynomial of A be

PAA) = (A = A)™ - (A = A)™

p
such that Z m,; = n. The Jordan Canonical form of A is

=1

J 0 0
0 J, 0
0 0 J,

where J; is an m; X m; matrix of the form

in which
_ 10 -
1
N; = ‘
0
1
(000 -0 0|

The Jordan canonical form always exists.
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2.4. PCA and Singular Value Decompositions. Principal component
analysis (PCA) is a useful way for taking a set of data points D = {z;}1L,
where z;, € R" and identifying a set of orthogonal vectors P = {p; }7",
whose span form a subspace that minimizes the mean squared error between
vectors in the subspace P and the datapoints in D. This problem has impor-

tant applications in data compression and machine learning applications.

Let the data samples D = {x;, }}L, be real valued vectors in R™ and let

us construct a data matrix
X=|z z3 --- xM]

whose columns are the data sample vectors, x;. This matrix, therefore,
lies in R™*M_ Now let P be a linear transformation from R" to R™ where
m < n. We let P be a concrete representation of this linear transformation
of the form

pi

iz

P:

ol

where p, € R". If we then consider a new data matrix obtained by trans-

forming X through Y,
Y =PX

we see that Y € R™*M is a matrix whose columns are the projections of xy,
onto a lower dimensional (remember m < n) latent space. Essentially, we
can think of Y as a lower dimensional representation for the information in
the original data sample, X. Since it is lower dimensional, we have essen-
tially “compressed” the original data vectors in X into a lower dimensional

vectory € Y.

The rows of P are said to be principal components of X if they maximize

the trace of the covariance matrix of Y

1
Cy = MYYT
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subject to Cy being diagonal and PP” = I. These last two conditions
requires that principal components are orthogonal to each other and that

they have unit length.

We will now show that the principal components in P are the m eigen-
vectors of XX that have the largest eigenvalues. Note that the covariance

matrix of Y may be written as

1 1
Cy=—YY =P =XX")P"=PCxP”
v = (57%x7) x
where Cx = %XXT is the covariance matrix of the original data matrix
X. We may decompose XX” as VAVT where A is a diagonal matrix
consisting of the eigenvalues of Cx and V is a matrix of eigenvectors of

Cx arranged as columns.

Let us choose P to be a matrix whose rows are eigenvectors of Cx. To
simplify this discussion we’ll assume that the eigenvalues of Cx are distinct

with an algebraic multiplicity of 1. We can then write the covariance of Y
Cy =V'VAV'V =A

where the last line holds because the eigenvectors of a real symmetric matrix
are mutually orthogonal. We have just shown that if we choose the rows of
P from the eigenvectors of Cx, then we diagonalize the covariance matrix
of Y. That diagonal contains m of the eigenvalues of Cx which we know
must all be positive since XX is symmetric. Clearly we can maximize the
trace of Cy if we simply form P from the eigenvector associated with the

m largest eigenvalues of Cx.

It is common to use a particular matrix decomposition known as the
singular value decomposition (SVD) to compute the principal components.
The algorithms used to compute SVDs represent one of the most numeri-
cally stable ways of determining the rank of a matrix, especially for very
large data matrices. SVDs are also useful in representing the frequency re-

sponse of MIMO LTI systems and they can be used to characterize how
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close a matrix is to be singular. For any m X p matrix, QQ, one can prove
that there exist m x m and p X p unitary matrices U and V and areal r x r

diagonal matrix 3 such that

0
00

Q=U %

The matrix X has the form
3 = diag(oy, 09,...,0,)

where 0; > 0441 fori = 1,...,7 — 1 and r < min(m,p) is the rank of
matrix Q. The triple, (U, X, V) is called the singular value decomposition
of Q. This decomposition is unique and o; to o, are called the non-zero
singular values of Q. It can be readily shown that these non-zero singular
values are also the positive roots of the non-zero eigenvalues of Q7' Q. The

SVD of Q may also be written as
Q= UuxvT = Z UiuiviT
=1
where u; and v; are the ith rows of U and V, respectively.

To see how this relates back to PCA, let us consider a data matrix X
whose columns are the data sample vectors that have been centered with
respect to the dataset’s mean. Recall that C = ﬁXXT is the covariance
matrix of the data matrix. We know the principal components are the eigen-
vectors of Cx. Now consider the SVD of the data matrix X = UX V7. Let

us express the covariance matrix of X in terms of its SVD
XX"=vuxvivzu’ = ux*u’
We can therefore conclude that

1
Cx = MUZUT = UAU”

¥

fogs

N

where A is a diagonal matrix whose diagonal elements are \; = =+. Since

<l

U is a unitary matrix (i.e. U7U = I) we can readily see that

CxU =UA
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This means that the columns of U are the prinicipal components. Since we
defined the PCA transformation P so its rows were the principal component
vectors, we have P = U”. If we then look at transforming all data points

into the PCA coordinates we have

Y = PX = UTUuxVv? = v’

2.5. Cayley-Hamilton Theorem. The characteristic polynomial of a
matrix A can be used in other ways. Let us write the characteristic polyno-
mial as, p(s) = det(sI — A), with respect to the indeterminate variable s.

This polynomial may be written as
p(s) = aps” + a1s" -+ an_15 +ay,

where a; for ¢ = 0,1,...,n are real coefficients. We define the matrix

function
p(A) = apA" + a; A" -y A +a,l

An important fact about this matrix function is that p(A) = 0 when p(s)
is the characteristic polynomial of A. This result is known as the Cayley-
Hamilton Theorem [Strang (1976)]. It will be useful in our later work. The

proof of this relationship will also be useful later.

Let N(s) be the classical adjoint* of A — sI. This matrix is a function

of s and may be written as

N(s) = Nys" '+ Nys" 24+ --- +N,_15 + N,

’The classical adjoint, adj(A) of a matrix, A, is obtained by taking the transpose of
its cofactor matrix, cof (A). The cofactor matrix of a square matrix A is a matrix whose
elements are the cofactors of A. The ijth cofactor of A is the determinant of a matrix
obtained by deleting the ith row and jth column of the matrix and multiplying by —1 if
i+7 is odd. The inverse of a matrix A can be computed from its adjoint and its determinant,
A~ = [adj(A)] /det(A).
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where the N; (z = 1, 2, ..., n) are real valued matrices. This matrix satisfies

the equation
(A — sI)N(s) = det(A — sI)I
Expanding this out gives
(A —sD)(Nys" P4  + N5+ N,,) = (as" + -+ + ap_15 + a,)1

Multiplying out the left hand side of the above equation and equating like

power yields,

—N1 = CLQI
ANl—NQ = alI

Aanl_Nn = ap11
AN, = a,l

Multiply the first equation by A", the second by A"~!, and so on to obtain

—Aan = CL()An
Aan—AnilNQ = alAnfl

AQNn_l—ANn = an_lA
AN, = a1,

Adding up these terms shows that
0=apA" + A"t + -+ a, 1A +a,] = p(A)
thereby completing our verification of the Cayley-Hamilton theorem.

The Cayley-Hamilton theorem is a useful technical tool. It implies for
any A € R™"™ that

~1 -2
A" = - A" — A" — - — a1 A — a1,
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This can be used to show that
A" = (a? — ag)A”_l + (ayas — ag)A”_2 + -+ (@ap—1 — an) A + a1a,1,

In other words, A™ and A" can be expressed as a linear combination of
a finite number of powers of A* for k = 0 ton — 1. So for any k > n, we
can always write A* as a linear combinations of I,, A, A2 --. A"l We
will use this observation to obtain finite length representations of analytic

functions, f : C — C, of a complex variable.

A function of a complex variable, f : C — C, is analytic if it has
derivatives of all orders. If f(s) is analytic then we can express it as a

convergent power series of the form,

= 1 f(w)
— k —
f(s) = gzo ags”, where ap = o] ler wk+1dw

This is, essentially, a Taylor series expansion of f about 0, which means

that we can also write this as

(k) (g
= 3219060

k!
k=0

where f®)(s) = ZL)  We now show how the Cayley-Hamilton theorem
can be used to reduce the order of an analytic function, f(A), of the square

matrix A.

So consider the matrix A € R"*" and a polynomial f : C — C that takes
values f(s). Let p(s) = det(sI — A) denote the characteristic polynomial

of A. Note that one can always write f(s) in the form

f(s) = q(s)p(s) +7(s)

where ¢(s) is found by polynomial long division, p(s) is the characteristic
polynomial, and the remainder polynomial, r(s), is of degree less than or
equal to n— 1. The fact that such polynomials always exist is a consequence

of the division algorithm in abstract algebra.
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Now let A € C be any eigenvalue of A. At such eigenvalues we know
p(A) = 0, and using this in the relation f(s) = ¢(s)p(s) + r(s) we can

conclude that

) =7\

where r(s) is the remainder polynomial of degree n — 1 or less. Now
consider the corresponding matrix polynomial f(A) where one simply re-
places s by the matrix A. From the Cayley-Hamilton theorem we know that
p(A) = 0 which means that

f(A) = q(A)p(A) +r(A)
= r(A)
This last relationship can be used to set up a system of equations from which
a reduced order representation of f(A) can be obtained. Recall that f is
analytic, so the right hand side of the above equation is an infinite series
formed from the Taylor series of f. By the division algorithm, on the other
hand, we know that the polynomial on the left hand side of the above equa-

tion, 7, has a degree less than or equal to n — 1. This r(A), therefore,

represents our reduced order representation for the matrix function f(A).
As an example, let us consider a polynomial function of A

f(A) = A" +3A° +2A7 + A +1

3 1
where the matrix A = [ Lo | The characteristic polynomial of A is

p(s) =det(sI — A) = s> —5s+5

which means the eigenvalues of A are \; = 1.3820 and Ay = 3.6180. We
know that f(s) = s*+3s3+2s2+2s+ 1, so applying the division algorithm

to find the remainder r(s) gives

f(s)  s'"4+3s2 422 4+2s5+1
p(s) 52 +5s5+5
146s — 184 r(s)
2
- 85+ 37+ 0 % A
5+ 85+ +32—5s+5 q(s)—l—p(s)
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and so
f(s) = (s* +8s+ 37)p(s) + 1465 — 184 = q(s)p(s) + r(s)
and so
r(s) = 146s — 184
Since we know for the given A that f(A) = r(A) we can conclude that
f(A) = A" +3A% +2A% + A +1
= 146A — 1841

which is a reduced order representation of f(A).
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CHAPTER 2

Linear Models for Dynamical Systems

Linear systems theory is concerned with linear mathematical models that
are used to predict, simulate, and estimate the behavior of dynamical sys-
tems generating outputs as a function of time. Time may be either continu-
ous (real-valued) or discrete (integer-valued). These systems are dynamical
because their outputs at time ¢ are a function of the past outputs and past
inputs, so these systems have "memory”. In many cases, that "memory”
can be encapsulated as a single real-valued vector, x(t), that is sufficient
to predict the system’s outputs after time ¢. That vector, x(t), is called the
system’s state at time t. The notion of “state” encapsulates the prior infor-
mation needed to predict future outputs and it is one of the main concepts
buried at the heart of linear systems theory. In many cases, we can implic-
itly characterize the state in terms of a differential or difference equation
that forms the system’s state-space realization. This chapter introduces
state-based models for linear dynamical systems and discusses how they
arise in the mathematical modeling of various systems found in engineer-

ing applications.

1. Linear State-based Realizations of Dynamical Systems

A dynamical system, G, is one that accepts an input signal, w, and produces
an output signal y. For us a signal will be a function of time, so that the input
signal can be specified as w : R — R indicating that it maps time ¢ € R™
to a vector w(t) € R™. We think of w as the "name” of the signal and we
think of w(t) as the ”value” that this signal takes at time ¢. The system,
G, therefore is an operator that transforms an input signal into an output

47
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signal. In particular, G maps the input signal, w, onto an output signal .
We will use the notational convention y = G|w] to denote that the input
signal w was transformed into output signal y. The value that the output
takes at time instant ¢ will be denoted as y(t) = G|w](t). We can make this
more precise by specifying the set of all input signals as L, and the set of
output signals as L. From this standpoint, a system may then be seen as a
signal transformation and the system can be scoped out as G : L;;, — Lout.
The value that G takes for an input w € Ly, is denoted as Gw] € Loy.

The preceding description of signals and systems is exceptionally ab-
stract and provides no concrete way to “represent” a specific system. To
quantitatively predict how a system might respond to a given input, we need
a concrete way of mathematically representing the system. This course
focuses on a particular kind of dynamic system, namely systems that are
linear and systems that have state space realizations. A system is said
to be linear if it satisfies the principle of superposition. In particular, let
G : L, — Loy denote a system mapping signals from £;, onto signals in
Lout- Let us also assume that the signals in these two sets, L, and L, take
values in the vector spaces R™ and RP?, respectively. The system G is said
to be linear if for any two signals wy,ws € L;, and any two real scalars,

a, B € R, we have
(13) G [aw; + fws] = oG [wi] + BG [wo]

In other words we can distribute the binary operations of scalar-vector mul-
tiplication and vector addition outside of the scope of the G operator. From
an analysis standpoint this is extremely useful because it means that one
can determine the response of the system to any input in terms of a linear

combination of simpler inputs that whose behavior we already know.

We still, however, need a concrete way of representing the system itself.
One way of taking care of this is through the system’s state-space realiza-
tion. The preceding system G : L;, — L., has a state space realization if

the relation between the input and output signals can be said to satisfy the
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following set of equations

(14)

for all ¢ > 0. The signal x : R — R" is an internal signal of the system
called the system’s state and x(t), the state at time ¢ € R is a real-valued
vector of dimension n in R"™. The other objects are matrix-valued functions
oftime, A : R —-— R, B: R —- R, C: R — RP" and D :
R — RP*™. For this system to be completely characterized we also need
to specify the initial state at time 0, 2(0) = ¢, and we need to specify the
input signal w for all time. But once this information is available then one
can obtain a forward solution to the differential equation and use that to
determine the output y for all time greater than 0. Note that this state-space
realization is characterized by the four matrix function we have given. So
in particular, we can denote the state space realization of G (the operator)

as a packed collection of matrices

G

We call this the packed matrix representation of linear system G. The state
space realization above has these system matrices varying over time, so this
particular G is a time-varying system. If these matrices are constant for all

time, then G is a time-invariant system.

Remark: The state-space realization in equation (14) assumed continuous-
time inputs and outputs. State space realizations for discrete-time systems

take a similar form.

(15)

The internal state = : Z — R" is not a discrete-time function so that z(k) €

R™ denotes the system state at time instant k € Z.
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s | A|B :
Consider the state-space system G = [?‘F] . Is this system linear?

To verify that this is indeed the case, we need to consider two arbitrary
signals wy,wy € L, and two scalars «, f € R. For the inputs, w; and ws,

we know there are two state trajectories, x; and x5, respectively, such that

z(t) = ax(t) + Bra(t)
w(t) = aw(t) + Pws(t)
then we have
T(t) = aiq(t) + Bia(t)
= Az (t) + aBwy(t)
BAzs(t) + BBws(t)
= A(axi(t) + Bra(t)) + Blaw (t) + fws(t))
= Az(t) + Bu(t)
Moreover this means that the system’s output under w(¢) will be
y(t) = Cax(t) + Duw(t)
= Clax(t) + fra(t)) + D(aw:(t) + Bws(t))
= a(Cux(t) + Dwi(t)) + B(Cxs(t) + Dwy(t))
= oyi(t) + Bya(t)

The preceding two equations say that if we use w(t) = aw; + fw, as an
input to G that the output can be written as y = ay; + Sy, where y; is the
response to wy and - is the response to w». This assertion therefore verifies

the principle of superposition in equation (13) and we can assert that any
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o AlB |. o . :
state space realization cID is a realization for a linear system. This

argument is summarized in the following theorem

s | A| B
THEOREM 1. Let G = clD is a system that satisfies the principle

of superposition (13).

The input and output signals of a dynamical system may be viewed as
elements of a linear space. Linear spaces are abstract generalizations of
the more familiar vector space concept. In our case, we will confine our
attention to continuous-time systems whose inputs and outputs form linear
spaces denoted as L(R™) and L(RP), respectively. The notation £(R")
being a linear space of integrable functions, whose elements are v : R —
R™. Let us consider two linear state-based systems G, : L(R™) — L(RRP)
and Gy : L(R™) — L(RP). We are going to define an algebra on such
linear systems by introducing two different binary operations that we refer

to as parallel composition and cascade or series composition.

The parallel composition of two systems, G and G, will be denoted as
”addition”, with the symbol G; + G, and is defined on a componentwise
manner with respect to the system’s outputs. Namely, using the previous

notational conventions representing systems as “’signal transformations”,
(G1 + Go)[w] = Gi[w] + Gafw]

Note that on the left hand side of this equation, the symbol + refers to the
”addition” of the two systems whereas on the right hand side of the equa-
tion the + symbol refers to addition over the linear space of output signals,
L(RP). Tt is also convenient to think of this parallel composition in terms
of a block diagram where each block represents a system transformation.
Fig.1 shows the block diagram associated with G; + Go. This diagram
shows the two systems, G and G, acting in parallel on the same input, w

before adding their outputs together.
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parallel composition cascade (series) composition

—» G
w Y w y
—_ —_ G | Gy |
o Gg
G.Gy
G+ Go

FIGURE 1. (left) parallel composition, G; + G: (right) se-

ries or cascade composition, GG,

Since both of these systems are linear state-based systems, they each

have a state space realization. So let us denote these two realizations as

A, | B,
C, | Dy

A, | B
C, | Dy

S
1=

S
9 =

Each of these realizations give rise to the following state based equations
i‘l = All'l + Blw
.jfg = AQ.Z'Q + ng
1. = Cirp+Diw

yo = Cozg+ Dow

We know that y; = G;[w] and yo = Gy|w]. So the parallel composition of
these two systems will produce the response

y = (G1+ Go)[w] = y1 +y>

in response to the input w. If we rewrite this output in terms of the state

equations we get

T A, O x B,
| = + w
To 0 A, X2 B,
i
Yy = [ Cl CQ :| ! + (Dl + D2)w
X2
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This means that we can immediately write down a state space realization

for the parallel composition of two systems as
A, O B,
Gi+Gy=| 0 A, B,
C, C|D;+Dy

Note this is not the only state space realization we can obtain for the parallel
decomposition, but it is a convenient one that can be readily programmed in
a scripting language to automate the generation of a state-space realization

for two systems connected in parallel.

The other binary operation is called a series or cascade composition of
the systems G, and Go. In this case we assume that G, : L(R™) —
L(R?) and Gy : L(R?) — L(RP). The series composition is denoted as the
concatenation or multiplication of the two systems, denoted by the symbol

G,G. This binary operation is defined as
(G2G1)[w] = G2 [Gy [w]]

The block diagram in Fig. 1 shows that a cascade combination first has G

transform the input w and that G4 acts to transform the output of G.

Since both of these systems are linear state-based systems, we can use
their state space realizations to construct a state-space realization of the
cascaded system Go. These realizations give rise to the following state-
based equations

I'l = All'l + Blw
Ty = Agze+ By
1 = Cirp+ Diw
y = Cary+ Doy
Note that we have modified the inputs to the second and fourth equations to

be ¥, the output from the first system, G;. What we see here is that y; is an

intermediate variable that we would like to remove from the representation.
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So substituting the third equation into the second and fourth yields,

1 = Az +Bw
Ty = Agry+ By (Cixy + Diw)
= ByCiz1 + Ayzy + BoDjw
y = Cury+ Dy (Cizy + Diw)
= DyCiz; + Cozs + DoDjw

These equations immediately give rise to the following state space realiza-

tion for the cascaded system

A, 0 B,
GQGl = B2C1 A2 B2D1
DQC1 C2 D2D1

These two binary operations can be used to construct a wide range of
systems. The fact that we have two “formulae” for constructing state space
realizations of these system compositions means we can automate the con-
struction of state space realizations for any system that can be represented
as a sequence of parallel or cascade compositions. In other words, these
results provide a useful algorithmic way for constructing state space real-
izations. For convenience we will summarize the preceding derivation as a
theorem.

S Al Bl

S A2 B2
THEOREM 2. Let G, = and Gy =

, then
C, | Dy 2 | Do

state space realizations for the parallel and cascade composition of these

two systems (assuming the input/outputs of each subsystem are correctly

dimensioned) are

A1 0 B1 Al 0 Bl
G +Gs=| 0 A, B; , G,G; = | BoC; A, | BoD;
Cc, C, \ D, + D, D,C; C, \ D,D,
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2. Transform Modeling of Time-invariant Linear Systems

. o A
Let us consider a time-invariant system G = cID whose state equa-

tions take the form

©(t) = Ax(t)+ Buw(t)

y(t) = Cux(t) + Duw(t)
We first want to predict how the system will behave in response to a known
applied input signal w. How does one go about solving the ordinary differ-

ential equation (ODE)? This section reviews the use of Laplace transform

methods in solving the state equations for continuous time systems.

system differential equations

time (t) w(t) ——s & = Ax+Buw y(t)
domain l y = Cx+ Dw T
Inverse
_________ Laplace | _________ ... Laplace [-----
Transform Transform

frequency (s l sX = AX+BW T

quency (s) W(s) —" b ¥(s)

domain Y = CX+DW

system of linear algebraic equations

FIGURE 2. Transform Method for Solving Ordinary Differ-

ential Equations

Most undergraduate students who have taken an elementary course in
ordinary differential equations should be familiar with the use of trans-
form methods to solve systems of constant-coefficient ordinary differential
equations. Fig. 2 is a commutative diagram illustrating how the transform
method works. The diagram shows two ways for obtaining the system’s
response y(t), to an applied input w(t). The first way directly solves the
differential equation in the time domain and therefore requires calculus to

get a solution. The second approach transforms the time-domain signal w
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through a single-sided Laplace transform into a function of a complex vari-
able, W. It transforms the differential equations into a system of linear al-
gebraic equations (LAE). This LAE system can be solved more easily than
the original differential equations to obtain a function Y that is the Laplace
transform of the output signal y. One would only need to inverse trans-
form Y back into y to complete the problem. There are two things which
make this approach algorithmically more attractive than directly solving the
ODE:s. First, the transformed system differential equations form a set of lin-
ear algebraic equations that can be easily solved using methods from high
school mathematics. Second the linear nature of the system allows us to
easily compute the Laplace and inverse Laplace transforms of the signals.
Together these two facts provide a powerful set of tools that solve the sys-
tem state equations and also provide significant insight into how one might

“control” that system to force it to behave in a desired manner.

Transform methods for continuous-time systems are based on the single
sided Laplace transform while discrete-time systems may be modeled using
single sided z transforms. The following subsections provides an informal

review of single sided Laplace transforms and z-transform methods.

2.1. Single-sided Laplace Transforms. A single sided Laplace trans-

form is an invertible linear transformation
L : L(R) — L(C)

where L(R) is a linear space of integrable time domain signals and L(C)
represents the set of functions of a complex variables with removable sin-
gularities. We will refer to the real-valued function, g : R — R as a time-
domain function (signal) and we will refer to its image under the Laplace
transform, L[g] : C — C, as a frequency-domain function. The single

sided Laplace transform of the function g takes the following values

Llgl(s) = / " gttt

where s € C.
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Let us consider the signal y(t) = e~*u(t) where u is a unit step function

u(t):{ 1 t>0

that takes values

0 otherwise

The signal y(¢) is zero for ¢ < 0, jumps to 1 when ¢ = 0, and then decays
at an exponential rate for ¢ > 0 if > 0 and grows at an exponential rate
if & < 0. This means that the integral equation only exists when o > 0. In

that case we have
Y(s) = Llyl](s) = / e~ gy
0

_ / e-(THalt ety
0

= / e~ loFat cos(wt)dt—j/ e~ gin(wt)dt
0 0

where we used the variable substitution s = 0 + jw with o,w € R and we
used the Euler relation e™7*! = cos(wt) — j sin(wt). Note that the integrals
in the last equation are standard Riemann integrals that exist if and only if
o+ a > 0. The set of complex values, s = o + jw, that satisfy this relation

form the region of convergence (ROC) of the transform.
RoC={s=0+jw:0>—a}

In particular, this means that the value Y (s) only exists (is finite) if s lies in
the RoC. If s is chosen outside of RoC, then Y'(s) is not well defined. The

value that this integral converges to can be readily shown to be

o 1 o0
L [e—atu(tﬂ (S) _ / 6—(s+a)tdt _ 6—(s+a)t
0 s+a 0
1 )
= —————— ¢ ""(cos(wt) — jsin(wt))],

ot a+jw

1
= , forRe(s) > —a
s+«

Determining the Laplace transform of a given function using the preced-

ing integral formula is cumbersome and does not need to be repeated for
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type z(t) F(s)
impulse 6(t) 1
step u(t) %
1
ramp tu(t) =
1
exponential e tu(t)
S +wa
i in(wt)u(t —
sine sin(wt)u(t) N
' tyu(t —
cosine cos(wt)u(t) = %in
damped ramp te”"u(t) TP
|
damped general ramp  t"e”“u(t) (s—i—nﬁ
w
damped sine e~ " sin(wt)u(t) m
damped cosine e~ cos(wt)u(t) &
(s +a)?+ w?

TABLE 1. Table of Standard Single Sided Laplace Trans-

forms

functions that are closely related to e~ “u(¢). Rather than directly integrat-
ing any given function, we formally compute the integrals for a canonical
set of functions and then use a set of operational transforms to determine
the transform of the given function. Table 1 shows a table of canonical
single-sided Laplace transform pairs. Table 2 shows at table of well known

operational transform pairs.

The tables 1 and 2 are used together to compute more complex transform
pairs that may not be in the original table. As an example, let us consider

the function
y(t) = e cos(5t + 30°)u(t)
The first thing we note is that

cos(wt + @) = cos(¢) cos(wt) — sin(¢) sin(wt)
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we let w = 5 and ¢ = 30° so this becomes

3 1
cos(bt +30°) = % cos(5t) — 3 sin(5t)

and we can rewrite y(t) as

y(t) = \/756_& cos(bt)u(t) — %e‘gt sin(5¢)u(t)

From the table of operational transforms we know that

3 1
Y(s) = %E [e cos(5t)u(t)] — 5/3 [e ™ sin(5t)u(t)]
From the table of canonical transforms we then get
3 3 1 )
y(s)= Y35+

2 (s+3)2+25 2(s+3)2+25
When Y'(s) is a rational function (the ratio of two polynomials in s), it is
customary practice to simply the expression into a single ratio of two monic
polynomials multiplied by a real constant. So using this convention Y(s)
becomes
V3 s +5.8868

2 s2+6s+34

and the region of convergence includes that s where Re(s) > —3.

Y(s) =

An important aspect of the Laplace transform is that it is invertible. This
means that there exists a linear transformation £7! : L(C) — L(R) such
that L7'[Y] = y if and only if L[y] = Y. This inverse transform is also
characterized by an integral formula,

1 [otic
o) = £ N0 =g [ vieds
where o = Re(s) is for any s in the RoC of Y'(s). One may readily verify
this formula when Y (s) is strictly proper; namely |Y (s)| — 0 as |s| — oc.
To verify this integral equation, we create a contour, C'r, that is contained
within the transform’s region of convergence. One can show that the ROC
for a strictly proper Laplace transform is a half-space in the complex plane,
so we construct our contour from two parts. The first part is the line s =

o + jw where o is the real part of any complex number in the ROC and
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Type h(t) H{(s)
Linearity af(t)+ By(t) aF(s)+ pG(s)
Time Shift ft—1T) e T F(s)
forT >0

s-shifting e~ f(t)u(t) F(s+a)
Time scale flat), a>0 éF (2)
Differentiation @) sF(s)— f(07)

4 F(s)
Integration f(r)dr —
Initial Value tllor(g f(t) SILIEO sF(s)

assuming no impulse functions
Final Value lim f(¢) lim sF(s)
t—00 s—0
assuming at most one pole at the origin

with remaining poles having negative real parts

t
Convolution / x(t —7)g(T)dr F(s)G(s)
0
TABLE 2. Table of Operational Transforms (Laplace)
where w € [—R, R] where R is large. To close the contour we take a large

half circle, Cg, of radius R that connects the points o + j R and 0 — j R. We

can then invoke the Cauchy integral theorem ' to assert

Y(s) = lim 1,?4 F(w)dw

o+jR
= lim 1,/ F(w)+ lim L/ F(w)dw

cp S— W  Roinfty21) J,_ip S — W

1Cauchy Integral theorem [Levinson and Redheffer (1970)]: If f(z) is an analytic
function of a complex variable in a simply connected domain, thenf or any simple closed

contour in that domain, the contour integral of f is zero.
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One can show that the first integral goes to zero as R — oo because Y'(s)

is strictly proper, which leaves

Y(s) = — / TR EW) 4

" 1) 5§ —w

o—jw

We now insert this into the following equation

fO)y =L L) = £ [ 1 /"“’“’ — dw]

275 Jo—jw S—W

o+jw
- Y(w)ﬁ_l{ ! }dw

21 5 —w

o—jw
1 o‘+jw
= — Y (w)e* dw
27T] o—jw
which verifies the integral formula we gave for the inverse Laplace trans-

form.

We can now use the transform pairs in tables 1 and 2 to solve for the state
trajectory x(¢) of a linear dynamical system. As an example let us consider

the following state-based realization

fnw) | 4 5] [a®)] 1 e
[x'g(t)] B [2 —3]_I2(t)_+ o | U x0[1]
)]

y = [1/2 1}_@@)_

where u(t) is a unit step function. A common way of solving such differ-
ential equations is to use the transform method illustrated in Fig. 2. This
approach uses the differentiation operational transform in table 2 to trans-

form the differential equation into a system of linear algebraic equations

sXi(s)—2 = 4Xy(s) —5X2(s)+§

sXo(s) —1 = 2Xi(s) —3Xa(s)
1

Y(s) = 5Xils) +Xa(s)
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The first two equations for a system of linear algebraic equations that we
solve for X (s) and X5(s) using standard methods such as Gaussian elimi-

nation. In particular, these two equations can be rewritten as

| s—4 5 Xi(s)
B -2 543

Xa(s)
Since the matrix on the right hand side is 2 by 2, we can use Cramer’s

142
1

formula® to get its inverse

Xi(s) | | s—4 5

Xo(s) | | =2 s+3
1

(s—4)(s+3)+10

s+3 =5 2#
2 s—4 1
s245+1.5
— [ 25(572)(s+1)
5242
s(s—2)(s+1)

Remark: We can use software tools such as MATLAB to do much of
the “algebra” used to obtain the preceding example’s final expression. In
particular, note the original system equations can be written in matrix-vector

form as

z = Ax+Bu
y = Cuzx

Taking the Laplace transform gives

sX(s)—xg = AX(s) +B1

Y(s) = CX(s)

2 4 -5
wheremozl1 A= s 3 ,B= andC:[1/2 1].80

we can use the following MATLAB script

ZIfA_[a Z],thenAl 1 ld _b]

~ ad—bc
C —C a
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s = tf('s’);
= [4 -5; 2 -31;
B = [1;0];
x0 = [2;1];
X = inv (s*eye (2,2)-A)* (Bx1/s+x0) ;
zpk (X)

The last command converts the expression for X into a zero-pole form
that factors the numerator and denominator polynomials

ans =

From input to output...
2 (s-2) (s+l) (s"2 + s + 1.5)

Continuous-time zero/pole/gain model.

Note that the computer algebra done by MATLAB does not cancel like
terms between the numerator and denominator, so this must be done by

hand to get

s2+s+1.5 B s2+2
o g RRLCL G e po g

Since Y (s) = X;1(s)/2 + Xa(s), we can readily conclude that the system

Xl(S) =2

response to the step input is

s2+s+1.5 5242 52 4+ 0.333s + 1.833

Y(s) = + =15
s(s=2)(s+1)  s(s—2)(s+1) s(s—2)(s+1)

Again, I used MATLAB and the zpk command to get the final expression

for Y(s).
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Because the Laplace transform is invertible, we can readily invert the
transform in our example to obtain a time-domain representation of the pre-
ceding transform. For cases where the transform is a strictly proper rational
transform, we can readily use the partial fraction expansion (PFE) method
to rewrite our rational expression as a sum of elementary transforms that

are in Table 1. This means that we write our earlier expression for Y'(s) as

52 4+ 0.333s + 1.833
s(s—2)(s+1)
Ky K, Ky

BT R P

Y(s) = 15

where Ky, K1, and K5, are real-valued coefficients. A standard way of
teaching undergraduate students how to evaluate these coefficients is to
rewrite our preceding expression as

K() Kl K2
s + s—2 s+1
Ko(s —2)(s +1)+ Kys(s + 1) + Kas(s — 2)
s(s—2)(s+1)
(Ko + K + 1+ Ks) + s(—Ko + K1 — 2K3) + (—2K))
(s(s =2)(s +1)
52 +0.333s + 1.833
s(s—=2)(s+1)

Y(s) =

= 1.5

we would then equate coefficients of the numerator polynomial, set up a
system of linear algebraic equations in terms of the coefficients and then

solve for those coefficients.

Another approach for finding these coefficients uses the Residue calcu-
lus® from complex analysis. The residue calculus states that the coefficients,

In complex analysis, the Residue theorem [Levinson and Redheffer (1970)] is a tool

used to evaluate line integrals of analytic functions over closed curves.
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Ky, K4, and K, are the residues of the rational function, where

2
Ky — lim 158 +0.333s + 1.833
50 (s —2)(s+1)
_ 1.5(1833) 13750
-2
2
. 1.
K, = lim 1'55 +0.333s 4 1.833
52 s(s+1)
44 . 1.
— 15 +.6666 + 1.8333 16250
2(3)
2
. 1.
K, = lim 1‘55 +0.3333s + 1.8333
s——1 s(s —2)
1—.333s 4+ 1.8333

= 15 = 1.25
—1(=3)

This tends to be easier to solve by hand and it allows us to immediately see
that

—1.3750 1.6250 1.25
= + +
S s—2 s+1

Y(s)

Each term on the right hand side is in the Laplace transform table, so we

can immediately write this out as

y(t) = —1.3750u(t) + 1.6250e* u(t) + 1.25¢ ‘u(t)

What we just showed is that any time-invariant state-based system of the

form

can be solved using the transform method. The Laplace transform of the

state equations gives
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These equations are algebraic and we solve the first one to show
X(s) = (sI—A)" (BW(s) +(0))
= (sI-A)"'BW(s)+ (sI - A)"'z(0)
inserting our expression for X (s) into the second state equation gives
Y(s) = C(sI—A)'BW(s)+ C(sI — A)"'z(0)
= G(s)W(s) + Go(s)x(0)

The first term G(s) is called the transfer function of the system from the in-
put w to the output. It represents the system’s zero-state or forced response
to the external input w. The second term, G characterizes the system’s
zero-input or natural response to the system’s initial states. It may also be
thought of as a transfer function from the input z to the output. The transfer
function G(s) is usually seen as a concrete representation of the system’s
input-output behavior (assuming zero initial condition). We summarize this

in the following result

s | A B
THEOREM 3. Given the state-space realization G = [?‘f] , then

the transfer function of this system is

G(s)=C(sI-A)"'B+D

The transfer function from W(s) to Y(s) has an explicit form in our

~1
1
0

example which we can readily derive

G(s) = C(I-A)'B+D

_ [1/2 1}[8:24 siza

1 s+3 =5 1
= 1/2 1
(8—4)(s+3)+10[/ } 2 3—4”0]
0.55 + 3.5 s+7

= v MGG ED
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The response of this system to a given input w(¢) assuming zero initial

conditions z(0) = 0 will be the inverse transform of

This is in our table of operational transforms which implies

y(t) = / wlt — r)g(r)dr

where g is the the inverse transform of G(s). Of greater importance is the
fact that the above integral can be viewed as a binary operation on w(t) and
g(t) called the convolution. The inverse transform g is called the impulse
response function of the system because if we let w(t) = §(t), then Y (s) =
G(s) and we see that g(¢) becomes the response of the system to a unit

impulse input, 6(t).

Remark: We could have also defined a linear system in terms of the
convolution of the input with the system’s impulse response function. In

general, this would take the form

y(t) = / g(t, 7w (r)dr

to imply that the impulse response function may also be a function of the
time ¢, by itself. This would imply that the “response” changes depending
upon when the impulse is applied and would mean that the system is time-
varying. In particular, we can readily see that if g is only a function of the

time difference ¢ — 7 in the integral then the system is time-invariant.

2.2. Single-Sided z-Transforms: Laplace transforms are used for continuous-
time signals. A similar transform-based tool exists for discrete-time signal,
y : Z — R. The tool we’ll use below is called the z-transform. The single

sided z-transform is given by

Zlyl(z) = > ylk)z"

k=0
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type y(t) Y(s)
impulse d(k) 1
2
t k
step u(k) 1
geometric aFu(k)
Z—«
az

damped ramp  ka’fu(k) e
z—a«
2? — cos(w)z
22 —2cos(w)z + 1
sin(w)z
22 —2cos(w)z + 1

2% — acos(w)z

cosine cos(wk)u(k)

sine sin(wk)u(k)

damped cosine o” cos(wk)u(k)

22 — 2 cos(w)z + a?

damped cosine o sin(wk)u(k) asin(w)z

22 — 2accos(w)z + a?

TABLE 3. Canonical z-transform pairs

As an example we compute the z-transform for the signal
y(k) = a*u(k)

where u is a unit step function. If || < 1 then |y| asymptotically ap-
proaches zero as k — oo. If || > 1, then |y| increases in a geometric
manner as £k — oo. We want to compute the single sided z-transform of

this function

Y(z) = Zakz_k = Z(Ozz_l)k

The series is convergent when there exists M such that >~ oz |F =
M < oo. This occurs when |az7t| < 1 or equivalently |z| > |a|. The value

that the series converges to may be computed as follows.
Y(z)=1+az '+ (a2 + (az7 ') + -+
Notice that

az 'Y (2) =azt +(az D2+ (az7 )P+
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If we subtract the last two equations we get
Y(2)—az'Y(2) =1

and solving for Y'(z) gives

o0

Y(z) =) (az )=

k=0

1
1 —az!

We sometimes prefer expressing Y'(z) as a rational function in terms of the
indeterminate variable, z, which gives

z

Y(z2)= po—

Determining z-transforms using the series equation is also somewhat
cumbersome. So the usual approach is to determine transforms for a se-
lect set of canonical signals and use these canonical transforms along with
a corresponding set of operational transforms to find the transform for more
complex functions. A basic table of z-transform pairs is given in table 3. A

basic table of operational z-transform pairs is given in table 4.

Table 3 provides a set of elementary transform pairs that can be seen
as a basic dictionary of relationships. Not all signals may be in this form,
though they may be closely related. There are, therefore, a number of op-
erational transforms that can be used to find the transform of a function
that is “related” to that of the function in the table. A table of these opera-
tional transforms is provided in table 4. What should be apparent is that the
basic methods used by the z-transform are similar to those of the Laplace

transform.

The preceding example confined its attention to continuous-time sys-
tems, but all of the prior discussion is also relevant to discrete-time sys-
tems. For discrete-time systems, however, we use the z-transform. So let
us consider the discrete-time system whose input/output signals satisfy the

equation

(b +1) =~y (k) + w(k)
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Type h(k) H(z)
Linearity af(k)+ Bg(k) aF(z) + pG(z)
Time Delay f(k—=1) zUE(2) + f(-1)
Time Advance f(k+1) 2F(z) — zf(0)
z-scaling eIk f (k) F(e vz)
First difference  f(k) — f(k — 1) (1—2"HF(z) — f(—=1)
Accumulation ; f(k) . _121 F(z)
ramped function  kz(k) —zd};iz)
k

Convolution Sum  y(k) =Y _ f(n)g(k —n) F(2)G(z)

n=0
Initial Value f(0) ILm F(z)
Final Value kh_)m f(k) ll_rg(z —1)F(z)

TABLE 4. Table of Operational Transforms (z)

where k£ > 0 and where y(0) = 0 and w is an input function of the form

{ 1 fork=12,...

w(k) =
0 fork <0

Note that this is a unit step function that has been shifted so it starts at
k = 1, rather than £ = 0. We denote the z-transforms of y and w as y and

w, respectively. We can use the operational transforms in table 4 to see that

Solving for §(z) gives

which we rewrite as

i) = )

1

from which we see the system’s transfer function is G(z) = T3
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Since y(0) = 0 (zero initial condition), the system’s total response is its
forced response to the shifted step input @ (z). In particular, the z-transform

of w can be shown to be

and so

Solving for (z) gives
1
z—1)(z+1/3)

We get the time-domain signal, y, from the partial fraction expansion of
9(2).
1 K, K

R P 3T 2y Ry

Since (z) is a rational function of a complex variable, I can use the residue
method to get K and /. In particular,

1 1 3

K == 1 et —

O T s 1T C13-1 4
1 1 3

l. — _ —
e+ 1/3 1+1/3 4

K, =

So we can see that
3 1 3 1

. +_
4z+1/3 4z-1
3 . =z 3 1z

- Y Ty i T4

We use the transforms in table 3 and the time delay operational transform
to deduce that

y(k) = —2 (—%) : u(k:—l)—i—%u(k‘—l)

B { %(1—(—%)k_1), fork=1,2,...

0 otherwise

J(z) =
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where u is the discrete-time unit step function. The actual sequence we get

1S

Remark: You can also use PFE by rewriting ¢(z) as a function of 27",

This gives
. 271 271
WG = AT
= 272 1
(1 —2"H(1+(1/3)z7t

K K.
_ -2 1 2
- (1—2—1+1+(1/3)z—1>

Evaluate the residues to get

1 3
K, = lm ———— =—
1114 (1/3)270 4
21531 — 271 4
So we have
3 1/ 1\"?
y(n) = Zu(n —2)+ 1 (—§> u(n —2)
The sequence is then
3 1
— 1) = 2) = 1 = _ — ...
y(0) =0,y(1) =0,9(2) = Ly(B) = ; - 13

This is the same we got before, but the expression for the sequence is a bit

more compact than what we had before.

2.3. Frequency Response. One of the more important features of trans-
fer function representations of a linear system is their relationship to a sys-
tem’s frequency response function. This is easiest to explain for continuous-
time LTI systems. In particular, let G(s) denote a single-input single-output
(SISO) transfer function for an LTI system and assume the input is a co-
sinusoidal input, w(t) = A cos(wt + ¢)u(t) where A is sinusoid’s ampli-

tude, ¢ is the phase angle, and w is the frequency. The Laplace transform
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of wis
A(scos ¢ — wsin @)
s + w?

W(s) =

So the Laplace transform of the output is

A(scosp — wsin @)
52 + w?

Y (s) = G(s)

The partial fraction expansion for Y'(s) can be written as

Y(s) = : :
S—Jjw S+ Jw

+ Z terms generated by poles of G(s)

If we assume the poles of G(s) all have negative real parts, then the time-
domain terms associated with these poles will asymptotically go to zero as
t — oo. So for large ¢, we can ignore these components and the steady-state

or recurrent behavior of the system becomes

K K
Yss(s) = 1. + 1.
S—Jjw S+ Jw
These residues can be shown to have the form
1 , A . .
K, = §G(jw)Ae]¢ — E‘G(jw)‘ej(argG(Jw)m)
So the steady-state time-domain response of this system is

yss(t) = A|G(jw)| cos(wt + ¢ + arg G(jw))

This shows that the transfer function allows one to characterize the steady-
state response of the LTI system to a sinusoidal input. The amplitude of
the response is also a sinusoid of the same frequency with an amplitude
equal to A times the modulus of the transfer function |G(jw)|. The phase
of the output sinusoid equals the sum of the phase angle of the input, ¢, and
the phase angle of the transfer function, arg(G(jw)). We refer to this pair,
(|G(jw)|, arg G(jw)). as the system’s frequency response function.

Frequency response functions are often used to visualize the behavior

of a continuous-time LTI system. This visualization could be obtained
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by plotting |G (jw)| and arg G(jw) as a function of w. It is more con-
venient, however, to plot these functions on a log scale. In particular we
plot 201og;, |G(jw)| versus logw. The particular unit for 20 log,, |G (jw)|
is called a decibel (dB). We usually plot arg G(jw) in degrees along the
log w axis. Together these plots form the Bode plot of the LTI system. Such
plots are relatively easy to plot by hand and are frequently used in designing

feedback controllers for a given SISO LTI system.

There is a close relationship between a system’s frequency response and

its Lo-induced gain. Recall that

1Gllzyoina = inf {y €R + |Gw]llz, < lwle, |

We can find an explicit formula for this gain when G is a causal LTI system.

In particular, note that Parseval’s relation implies

vl :/| |d¢——/ Y (juw) Pdw

where Y(s) is the Laplace transform of y. For an LTI system we know
Y (s) = G(s)W(s) where W (s) is the Laplace transform of the input sig-
nal. This means we have

1

Wt = o5 [ WGfdo< o [~ GG WGP do

max |GG |5 [ WG de
revictior] g [ e

. 2 2 2 2
= [max| G| ez, = 1G] fulZ,

IN

This means, therefore that the £,-induced gain is bounded above by the H .,

norm of the system’s transfer function G.

2 2 2
1yllz, < IG5, lwl,

As before we can show this upper bound equals the induced gain by
finding specific input for which equality holds. Finding such a signal again
requires some degree of insight into the system. But we know that |G (jw)|

is the magnitude of the output’s response when the input is a unit sinusoid
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with frequency w. Since the H ., norm is the largest gain-magnitude of the
frequency response function, we simply need to apply a sinusoidal input

whose frequency
wp = argmax |G(jw)|

The inequality must hold with equality for this particular input and so we

can conclude an LTI system’s induced gain is simply max, |G(jw)| =

The preceding formula for the £, gain was derived for SISO systems. If
G is a MIMO system, then its induced £, gain can be computed in terms
of the maximum singular value of the frequency response matrix G(jw). In
particular we have

|Gl y—ina = sup7(G(jw))

weR

These singular values of the matrix G(jw) are denoted as o (G (jw)). If we
plot these singular values as a function of frequency, we obtain a natural
extension of the Bode plot to MIMO systems. In particular, MATLAB’s
control system toolbox, has a function, sigma, that can be used to plot the

singular values of a transfer function matrix.

3. State Space Realizations

The preceding sections determined the transfer function of a state-space

o s | A B
realization G = has the form
C| D

G(s)=C(sI-A)"'B+D

While each state space realization has a unique transfer function, each trans-
fer function has an infinite number of possible state space realizations. This

section derives one particular ”canonical” realization for a given transfer



76 2. LINEAR MODELS FOR DYNAMICAL SYSTEMS

function. Note that we can rewrite G(s) as

Y(s) n(s) = 015" 4bes" P+ 4 by1s + by
W(s) d(s) s"+aps"t+ags" 2+ +a, 15+ ap,

G(s) =

Let y(*) denote the kth time derivative of the signal y with y(®) = y. Assume
that y*)(0) = 0 forall 0 < k < n. A similar set of restrictions will be

placed on the input signal w. We may then rewrite the above equation as

(16) Y (s)(s™ + a1s" Y+ dap_1s+ an) = W(s)(bw"f1 + -+ bp_1s+bn)

Take the inverse transform using the fact that the initial values of all deriva-

tives is zero to obtain the nth order differential equation

y ™ =a1y" Y a1y +any = b1 by u™ 4 b

This is an nth order differential equation, but we can rewrite it as a set of n

first order differential equations.

This is done by introducing an internal state variable, z, that satisfies the

differential equation
w(t) =2 + a2 V@) + -+ an_12V) + anz(t)

where z(™)(t) denotes the nth time derivative of z(¢). Taking the Laplace

transform (assuming zero initial conditions) gives
(17) W(s)=Z(s)(s" +a18" "+ +a, 15+ a,)

We can insert this expression for ¥/ (s) into our earlier equation (16) to

obtain

(18) Y(s) = (bys" '+ by_15+b,)Z(s)

and taking the inverse transform of equations (17-18) yields

(19) w(t) = 2+ a2 V) + -+ an_12V (1) + anz(t)
20)  y(t) = bz V@) 4 by 2V (E) 4 by2(t)
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Let us now define the following state variables, x; fori =1,...,n, as
z; = 2
fort = 1,...,n. This allows us to rewrite equation (19) as
T1(t) = —axi(t) — agwe(t) — -+ — apw,(t) + w(t)

and we can rewrite equation (20) as
y(t) = bixy (t) + boxa(t) + - - - + by12p—1 (1) + by, (t)

These state equations in matrix form become

@1(t) 1 [ —a1 —az —az -+ —an_1 —an | T z1(t)
@ (t) 1 0 0o --- 0 0 @2 (t)
d3(t) o 0 o 0 3(t)
: = : S : : : 1 u®
En—1(1) 0 0 0o . 0 0 Tn—1(t)
Tn(t) | 0 0 0o .- 1 oL Zn(t) L

=  Ax(t) + Bu(t)
a:1(t)
xg(t)
y) = [b b o bex ba || 1 | =Ca@)

Tn—1 (t)
T (t)

So what we have done is taken a strictly proper scalar input-output transfer

function G(s) = 38 used it to construct n first order ODEs characterizing

the evolution of the state vector, x, for the input-output system.
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The particular A, B, and C have a convenient form. In particular, the A

matrix is a companion matrix. We can readily show that

[ a1 —ay —az - —ap1 —ayn |
1 0 o .- 0 0
0 1 0o --- 0 0
det(A) = det
0 0o . 0 0
0 0o --- 1 0

= " s P+ a, 15+ ay

In other words, the coefficients of the transfer function matrix’ denominator
polynomial are embedded in the first row of the A matrix and that denomi-
nator polynomial is equal to A’s characteristic polynomial. The other thing
we notice is that the coefficients of transfer function’s numerator polyno-
mial are embedded in the C matrix. These observations suggest that this
is a particularly convenient state space realization because it can be written
down directly from the transfer function’s polynomials. Such “convenient”
realizations are said to be canonical and what we’ve shown you above is one

form of the companion canonical realization for a transfer function matrix.

Given a transfer function, G(s), there are actually an infinite number
of possible state-space realizations. This can be readily seen as follows.
Consider a state space realization (such as the controllable companion form

above).

s | A B
G—:
C|D

Let Q be any nonsingular square matrix with the same dimensions as A.
This means there exists a matrix Q! such that Q7 !Q = I. If x € R" is
the state vector for G, we can create a new “’state”, z = Qu by passing x

through the matrix Q. This means that z = Q' and if we take the time
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derivative we get

r = Az + Bw
= AQ '2+Buw
= Q2
The last two equations can be rewritten as
:=QAQ 2+ QBw
Note also that

y = Cz+ Duw
= CQ 'z2+Duw

This gives rise to the following state space realization
i = Az+Buw
= QAQ '2+QBw
Yy = éz + f)w
= CQ '2+Duw
where

A=QAQ', B=QB
C=CQ'!, D=D

A|B
We claim that this state space realization, [?%] has the same trans-
A B
C|D

tion is easily verified by directly computing the transfer function of

fer function as the original state space realization, . This asser-

A|B

D
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as

C(sI-—A)"'B+D = CQ (sI—-QAQ ) 'QB+D

= CQ'Q(sI-A)'Q'QB+D

= C(I-A)"'B+D

= G(s)
This verifies that two state space realizations whose state spaces are related
through a nonsingular matrix will also have the same transfer function.
Since the transfer function characterizes the system’s input/output behav-
ior, this implies that both state space realizations appear to respond in the
same way to the same inputs. So with regard to their input/output behavior

the two state space realizations are indistinguishable from each other. This

leads to the following theorem

THEOREM 4. Consider the state-space realization
t(t) = Az + Buw
y(t) = Cx+Dw

and let Q be any nonsingular matrix such that = = Qu, then the state space

realization

() = QAQ 'z+ QBw
y(t) = CQ 'z+Dw

has the transfer function

G(s)=C(sI-A)"'B+D

B

The obvious thing to do is to take a given state space realization 5

A B
and transform it to a realization [ 6 5 ] that is more convenient to work

with.
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One such ’canonical” form is the controller companion form given above.
This form is useful because it can be directly written down once we know
the transfer function. It is called a controller companion form because it
also has an important property known as controllability that we will study
later. But essentially, this means that we can always find an input w that
drives the controller companion form’s state to any desired state. Another

convenient companion form is the observable companion form

- jjl - - . -
. O --- 0 —Q bl
xz T
? 1 --- 0 — Q9 2 bg
= - —I— . w
j;ni . . . . xni
. ' 0 - 1 —Qp—1 ' bn—l
Tn T
_ . -
X2
yo= (oo o] i [ +duw
Tn—1
Tn

which has the transfer function

bp_15" P4+ ...+ b
G(s): 1S + —|—1S+0 —|—d0

S"+ 18" 4 4 ans 4 ag

This form is convenient because it too can be written down as soon as we
have an expression for the transfer function and because it has the impor-
tant property of observability, meaning that we can reconstruct the system’s

initial state from any finite length set of inputs, w, and outputs .

Another convenient form is the modal form. This one is particularly

easy to find when the A matrix has n distinct eigenvalues {Aq,..., A\, }
with associated eigenvectors {vy, ..., v, }. If we then define the matrices
AN - 0
V= Vi +*°° Up | A:dlag()\l,,)\n):

0 - A,
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then we can see that

AV = A[vl vn}:[ml )\nvn]

N a—

= VA

A oo 0
0 - A\,

The matrix V is invertible and therefore can be used to transform a state

space realization | ————| to a modal form.
C|D

[ AN - 0 bo
0 An bnfl
| G0 Cp-1 do

which has the transfer function

n—1
Ckbk
Gs)=> —* 14
<) kZ:OS—AkH °

Note that the preceding version of the modal form assumed A had n
distinct eigenvalues. If the matrix is not diagonalizable then some repeated
eigenvalues may not have not have enough eigenvectors. In this case, the
best we can do is use a similarity transformation to transform A to its Jor-

dan Canonical Form The Jordan Canonical form of A is

J o0 --- 0
5 0 32 0
o o0 ---J

where J; is an m; X m; matrix of the form

J; = A1, + N;
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in which

The Jordan canonical form always exists.

4. Linearization Methods

In using state-based method we must first have a state-space realization
for the system of interest. How are such realizations usually obtained?
They can be obtained through a priori mathematical modeling of a phys-
ical process or they can be obtained empirically by measuring the system’s

input/output response. This section will discuss both approaches.

4.1. A Priori Modeling: Many mechanical systems have states, x, that

satisfy the following second order differential equations
M(q)i+ B(g,@)q+Glq) = F

where ¢ € R" is vector of generalized coordinates, M (q) is an n X n non-
singular symmetric positive definite matrix called the Mass matrix, F' € R"
is a vector of applied forces (inputs), G(q) is a conservative force vector,
and B(q,q) is a matrix sometimes called the Coriolis/friction matrix. In

general, B(q, §) satisfies

¢"B(q,4)g >0

for all q.

The dynamics of an inverted pendulum will be used to illustrate how

prior modeling can be used to get the preceding differential equation. In
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particular, the dynamics of the inverted pendulum
ml?6 = mglsin@ — b0 + T

where 7' is a torque applied at the base and g is gravitational acceleration.

This equation has the form given above if we let

g=0, F=T, M(q)=ml, ,B(qg)=b, G(q)=—mglsinf

A state space realization is a system of first order differential equations,
whereas our equations of motion for the inverted pendulum are second order
differential equations. We can always rewrite this second order ODE as a

set of two first order ODE’s through the following state assignments

This then leads to the following state based realization

‘%.'1 = T2

. g . b 1

To = =slnxr] — ——T —T
2 = s Tt T

Note that this is NOT a linear differential equation because of the sin z;

term in the second equation. So this is not a linear state-space realization.

We obtain a “’linear” model for the inverted pendulum by linearizing the

nonlinear equations. In general, let

denote the state equation for a given system. We say a state x* € R" is an
equilibrium with respect to constant input w if f(z*,w) = 0. Now assume
that the actual input to the system w(t) is a perturbation of the constant

input w. This means there is a function dw such that
w(t) =w + dw(t)

This perturbation of the input will also generate a perturbation of the state

trajectory, « about the equilibrium x*. So there exists a function dx such
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that
x(t) =z + 0x(t)

We know that

de(t) d . d_ ., d
of of
. dx(t) + 5

of of
B - dx(t) + 5

= Adz(t) + Bdw(t)

., Fult) - o(jaz]) + ofj)

dw(t)
(z* )

Q

85

This forms a linearized state equation about the fixed point (z*,w). We call

this a Taylor jet linearization of the system about the equilibrium (z*, ),

since we used a Taylor series expansion for f.

Returning to our inverted pendulum example we have an equilibrium
when® =z, = 0and § = 25 = 0. So 2* = (0,0). The torque, 7', needed

to ensure this equilibrium is given by

1
0=—T

mi2

or rather T = w = 0. The f function then takes the form

T, W T 0
R i = IS S B P10
fo(z,w) Isinr) — —5xy —
We can now see that
[ o of
ofs Of # b b
| o o o) jeosry —om T —me

_% 0

_ ow _
B = %][L]
L ow me?
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So our linear state space realization for this system is

0 1 | o0
S b | 1
G=1|7 —aF e
10 |o

where we took the system’s output to be its generalized coordinate y(t) =
q(t) = 0(t) = x1(1).

Another approach to linearization is by transforming the input, w, using

a feedback transformation. In particular we will rewrite the input w as

w(t) = u(q, q) + M(q)v(t)

where w is a function of the state, z = (g, ¢). We think of this as a reparam-
eterization of the input so that the input becomes v, rather than w. We will

use a particular form for u
u(g, 4) = B(g, d)q + G(q)
this allows us to rewrite the nonlinear state space equation as
M(q)§+ B(q,4)q+ G(q) = B(q,4)q + G(q) + M(q) = v

We can cancel the like terms on both sides of the above equation and take

the inverse of the mass matrix M (¢) to deduce that
i—v

This is a second order linear differential equation that can be placed in state

SR
y = [I O}x

Essentially, what feedback linearization does is introduce “known state-

space form as

dependent” terms in the input that cancel out the nonlinear dynamics of
the original system, thereby making the entire system appear to be “’linear”

from the new input v to the output y.
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Both Taylor and feedback linearizations are used in practice. Taylor lin-
earizations, however, are approximations” to the original nonlinear system
and so they will only be “’valid” in a small neighborhood about the chosen
equilibrium. For this reason we can think of Taylor linearizations as "local”
models of the original system. On the other hand, the feedback linearization
is “global”. It is not an approximation of the nonlinear system, it holds as
long as we know M (q) is invertible, which can be true over a much larger

region of the system’s state space.

4.2. Data-Driven Modeling. Data driven modeling means that we ex-
perimentally observe a physical system’s input/output behavior and then
use those observations to construct a linear state space realization of the
process. We will examine two ways of doing this. The first is based on
frequency response measurements of the system, which we use to obtain a
transfer function representation of the system. That transfer function would
then be used to construct a state-space realization. The second approach
uses time-delayed versions of the output as a state for the system and then
uses the data matrices generated from inputs and these delay-embedding

states to directly identify the state space matrices of the realization.

stator rotor

FIGURE 3. DC servo motor

Frequency-Response Modeling: In this example we consider a field-controlled

DC servo-motor shown in Fig. 3. The state equations associated with the
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electrical part of this system are

di
e — Le_e Re be
v It + Lt
di, .
Vg = Lad_zt + Ryi, + €

where e is the back EMF generated by the motor spinning at angular rate w.
The EMF is proportional to the product of the stator current and the angular

rate in which c is the proportionality constant
€ = CloWw

The motor torque is 1" = 0i.i, where i, is the rotor current and this defines
the mechanical part of the motor. We let v, be the input to the system, v,
the output y = w is the angular rate, and the other states are x; = 7. (stator
current), o = 1%, (rotor current), and r3 = w (angular rate). With these

variable assignments we get the following state equations

T, = —axri+v
jfz = —bl’g +p—cxi123
jfg = Qxll’g

where a = R./L.,b = R,/L,, and p = v,/L,. The open loop system has
an equilibrium at 1 = 0, x5 = p/b and a constant shaft speed setpoint of

wo.

While we can use the first-principle model to obtain a state equation,
this model ignores many of the nonlinearities and other uncertainties in the
physical system. In other words, the preceding model is an idealization of
an actual DC motor. In this case, it may be better to obtain a model di-
rectly from the measured frequency response of the system. Fig. 4 shows
the magnitude and phase of the output y for a given unit amplitude sinu-
soidal input. Each measurement was taken for a unit amplitude input with
frequency in column 1. The corresponding max and min output magni-
tude and phase were then recorded for several separate measurements of

that response. The right side of the figure plots these values along with the
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max/min error bars. While the variation in the magnitude measurements is
relatively small, we see that the phase variation gets very large at the higher
frequencies. This phase variation is a consequence of the nonlinearities in

the physical system.

data(:,1) | data(:,2)-data(:,3) | data(:,4)-data(:,5)
w(rad/sec) Magnitude Phase(deg) ' !
97 (.03) 6.6-6.7 3to-5 y "
27(.1) 6.3-6.5 -10 to -11 . -
27(.3) 5.4-5.6 23 t0-25 » .
2m(1) 2.6-2.65 -50 to -60 i i
27(3) 1.12-1.15 -50 to -70
27(10) 885 -55 to -75 o b
2m(30) .32-.5 -70 to -113 ! =
27(100) 06- .15 -90 to -130 o -
27(300) 037-.12 -89 to -214 ‘ N
27(1000) 01-.08 214 to -326 T e T T T e

FIGURE 4. Field-Controlled DC Motor Data

We pose an optimization problem that seeks a set of coefficients for a

transfer function

5082 + blS + bg

$3 4+ aps? + ays + s

G(s) =

that minimizes the average | log(G (jw;))| for each input frequency, w;. This
can be posed as an optimization function that can be solved using convex
programming tools. In matlab we can use the function fitmagfrd to do
this and thereby obtain the model

2 (£+1) (—s+100) —20s2 + 1900s 4 10000

G(s) = 3 =
(5) (5 +1)(5+1)(s+100) s34 130.552 + 3065 + 1500

Since we have a strictly proper transfer function, we can readily write out a

observable canonical realization for this system.

0 0 —1500
1 0 —=3065
0 2 —130.5
—20 1900 10000

oS|I O =
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We can also obtain a modal form for this realization using the eigenvalue/vector

decomposition of the A matrix discussed above

—100 0 0 —13.64
G 0 -30 0 —8.275
0 0 —0.5 | 0.7032

4 —3.804 4.382 0

The following Fig. 5 shows the gain/phase magnitude of these continuous-
time models against the actual data. These plots show that they are reason-

ably good fits for both gain and phase.

lienter data
data=[0.03 6.6 6.7 -3 -5;
0.1 6.3 6.5 -10 -11; 7 0

0.3 5.4 5.6 -23 -25;

1 2.6 2.65 -50 -60;
31.12 1.15 -50 -70;
10 0.8 0.85 -55 -75;
30 0.32 0.5 -70 -113;
100 0.06 0.15 -90 -130;
300 0.037 0.12 -80 -214; 5
1000 0.01 0.08 -214 -326];

-50

w=data(:,1);
magi=(data(:,2)+data(:,3))/2;
angl=(data(:,4)+data(:,5))/2;

magnitude

-

phase (deg)
8

©

s = tf(’s’)

Gx = (-20%5°2+4510%5+10000)/ (5"3+130 . 5%5"2+3065%5+1500) ;
[g,p,w] = bode(Gx,w);

gr = reshape(g, [10 11);

pr = reshape(p, [10 11);

figure(2)

subplot(1,2,1)

plot(1og10(w) ,gr,10g10(w) ,magl,’ 0’ ,’ Linewidth’,2) 1
xlabel (*log(w)’)

ylabel ("magnitude")

subplot(1,2,2)

plot(1og10(w) ,pr-360,10g10(w) ,ang1, ’0’ ,*linewidth’,2
xlabel (*log(w)*)

ylabel (’phase (deg)’)

legend("TF", "data"

log(w)

FIGURE 5. Bode Plots of Fit Model

Dynamic Model Decomposition with Control: This subsection describes
a data-driven way of identifying a state-space realization of a discrete-time
dynamical system
z(k+1) = Ax(k)+ Bw(k)
y(k) = Cu(k)

In the following it will be convenient to represent the state (input or output)

at time instant as xy, rather than x(k), with the understanding that x;, € R™.

The justification for this approach is based on a well known result from

equation-free modeling of continuous-time dynamical systems. This result
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essentially says that under certain observability conditions that state infor-
mation can be determined by simply observing the behavior of the input w
and output y over a finite window of time. In other words, we can actually
treat the following vector of time-delayed continuous-time output measure-

ments as the state

y(kh) y((k=1)h) --- y(0)
where h is a regular sampling interval.

In the context of discrete-time systems, we would simply take a sequence
of the past outputs as a ”surrogate” for the system state. We write the state

at time instant k£ as the vector

Yk
Yk—1
Zp — .

Yk—N+1

where y; is the output at time k. So our “surrogate” state is a delay-
embedded vector of the outputs prior to time k£ with N denoting the number

of outputs we use to form this vector.

To obtain a linear model for the system’s dynamics we form the follow-

ing matrices from the surrogate state vectors z; and the known inputs wy,

Z = Zp Zp—1 o Zg—M+2 Zk—M41 ]
LT

Z = Zi+1 2 - Zg—M+1 Zik—M }

W = W Wg—1 - Wg—M+2 Wg—M+1 }

where M are the number of observations we have made. We can then
quickly see that if, on average, the dynamics are linear there should be ma-
trices A and B that satisfy

Z" = AZ+BW
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In general this will be an overdetermined linear system of linear equations

and so we seek a relaxed solution that minimizes

2

Zi+1 Zy

-[a®]
k=1 W41 W

which we know can be solved either using singular value decompositions
of the data matrices or else through the pseudo-inverse. The resulting "’lin-
ear” state-space realization is an “average” linear model for the system’s

dynamics with the average being taking over the window of duration M.

We can use this “’linear” model as long as M is not too large and as long
as we are not in the vicinity of an equilibrium point for the original sys-
tem. The reason why this is a reasonable approximation is that away from
a hyperbolic equilibrium point the "flows” of any smooth dynamical sys-
tem can be seen as continuous deformations of a ”linear” system. This well
known result from the elementary theory of ordinary differential equations

is known as the Hartman-Grossman Theorem®.

5. Solutions to State Equations

This section discusses the solutions of the state equations. We cover the
solutions to continuous-time state equations in some detail. We also cover

methods for solving discrete-time state equations.

5.1. Solutions to Continuous-time Linear Homogeneous Systems:
Consider the linear homogeneous (LH) system whose state trajectory, x :

[to, 00) — R™, satisfies the initial value problem,
(21) (t) = A(t)x(t), x(to) = xo

4The Hartman-Grossman theorem [Hartman (2002)] is a well known result in ad-
vanced textbooks on differential equations that essentially says that in the neighborhood of
a hyperbolic equilibrium, the flows of the differential equation are topologically equivalent

to the flows of its linearization. The theorem is sometimes called the linearization theorem
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for all t > ty. Let V' denote the set of all solutions to this problem over a

finite interval [to, T]. Now consider any a1, @y € R and ¢4, ¢o € V, then

Cadi(t) + aia(t)) = AWK+ AG)G(1)
= A(?) [1di(t) + aa(?)]

for all t. This means « ¢ + as ¢ is a solution of the homogeneous problem
and is therefore in V. So V' is closed with respect to addition and dilation

and must therefore form a linear space.

We can also show that V' has a finite dimension n. In particular, let
us choose n linearly independent vectors, {z;}!, that span R", and let
{#i}, denote the solutions to the LH system using initial conditions ¢;(ty) =
xi0. If these solutions were not linearly independent, then there would be

scalars ; € R (not all zero) such that for all ¢

Z Oéi¢i(t) =0
i=1

In particular this would hold at ¢y, which would contradict the assumption
that all x;, are linearly independent. So the solutions ¢; must be linearly

independent and so the dimension of V' must be at least n. In other words,
span{¢;} C V.

To show that dim(V") = n, we need to show that any solution in V" lies
in the span of the preceding set of ¢;. So let us consider any solution, ¢,
in V' such that ¢(ty) = xo. We know this x, lies in the span of {x;},
which must also mean that ¢(t) lies in the span of {¢;}. In other words
V' C span{¢;} so we can conclude span{¢;} = V and since there are n
such basis elements, we have dim(V') = n. What we have just shown in

summarized in the following theorem

THEOREM 5. The solutions of the homogeneous system in equation (21)

over the interval [ty, T|, form an n-dimensional linear space.
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A set, {¢;}",, of n linearly independent solution of the LH system,

& = A(t)z(t) is called a set of fundamental solutions and the matrix

V) = | ait) oalt) o oult)

formed from these fundamental solutions is called a fundamental matrix of
the LH problem.

Note that any fundamental matrix, ¥ of the LH problem satisfies the

matrix differential equation

If U = [¢,..., ¢, is a fundamental matrix and ¢ is any solution of the LH
problem then there must exist real coefficients (not all zero), {a;}?_, such
that ¢(t) = W (t)a where @ = [ay, ..., a,]". For any t we know ¢(t) =
W (t)a is a linear algebraic equation with a unique solution. We know such
LAEs have unique solutions only if the null space of W(t) is trivial for all
t, which means that W(¢) must be nonsingular for all ¢. Conversely if ¥
satisfies the LH matrix differential equation and W(¢) is nonsingular for all
t, then det(W(t)) # O for all £. This means the columns of W(t) are linearly
independent for all ¢, which also means W (¢) is a fundamental matrix. What

we have just proven is summarized in the following theorem

THEOREM 6. A solution W of the matrix differential equation ¥ (t) =
A(t)W¥(t) is a fundamental matrix if and only if W(t) is nonsingular for all
t.

Note that any LH problem may have many different fundamental matri-
ces. In practice, we would like a "unique” matrix characterizing the solution
of an LH problem. So we pick a specific fundamental matrix whose ¢th col-
umn is the fundamental solution generated by the initial state x(ty) = e;
with e; being the 7th elementary basis vector of R". We call this particular

fundamental matrix a state transition matrix and denote it as ®(t; o).
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Note that ®(t;1y) = P (t)®1(tg) where ¥(t) is any fundamental ma-
trix of the LH problem. Note that if T is a nonsingular matrix and we define
the matrix ¥; = W,T, then ¥, is a fundamental matrix whenever W, is
also a fundamental matrix. Moreover, we see that
D(t;t)) = Wi()P (to) = Wo() TT W, (1))
= Wy(1) W, (to)

This implies the transition matrix is unique and is independent of which

fundamental matrix we use to form it.

The following properties of transition matrices are worth itemizing

o ®(1;1)) is the unique solution to the matrix differential equation

0
Eq)(t;%) = A(t)®(t; to)

Proof: For any fundamental matrix ¥ we know that ®(¢;¢y) =
W(t)®~1(ty). This implies

0 n 1
a@(t;to) = W(t)¥ (ty)

= AU)T (t)) = AdD(t;t). <
e Group Property: For all ¢, 7,0 € R, then

®(t;7) = ®(t;0)P(0;7)

Proof: Note that

D(t;7) = VT (1) =V ()T (0)¥(0)T ' (7)

e ®(t;ty) is nonsingular for all ¢, ¢, and

[®(t;10)] ' = D(to; )
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Proof: For any fundamental matrix W(t), we know that det(W(t)) #
0 for any ¢. This means that

det(®(t;to)) = det(P(t)T(to))
= det(¥(t)) det(T ' (t))
# 0, forallt
So ®(t; to) is nonsingular. Finally note that
@) = [0 ()]
(to)® (1)
= ®(to;t). <
e The unique solution z(¢; ¢, zo) to the initial value problem
z(t) = A(t)x(t), withx(tg) = xo
is

x(t;to, zo) = ®(;t0)x0

Proof: Follows trivially from the above properties. <>

5.2. Solutions of Continuous-time Inhomogeneous Problems: We
now extend our earlier solutions to the LH problem to the inhomogeneous

problem
(t) = A(t)x(t) + B(t)u(t), x(to) = xo

where v is a known input defined over [ty, c0). We claim the solution is

(22) x(t; to, ko) = P(t;to)xo + /t(I)(t;T)B(T)u(T>dT

to

where ®(¢; ty) is the transition matrix for the associated LH problem.
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The preceding assertion about the solution to the inhomogeneous prob-
lem may be readily verified by direct computation. In particular note that

(t;to, x0) = ®(t;t0)xo + Pt 1)B(t)u(t) + /t ®(t; 7)B(1)u(r)dr
= A(t)®(t;t0)xo + B(t)u(t) —l—/t A)®(t;7)B(1)u(r)dr

= A(t) {<I>(t; to)To +/ d(t; T)B(T)U(T)dT} + B(t)u(t)

to

= A(D)z(t) + B(t)u(t)

Note the important role that the transition matrix plays in characterizing
solutions of the inhomogeneous problem. The first term on the right-hand
side of equation (22) is associated with the system’s zero-input response.
The second term is associated with the system’s zero-state response. If
one wants an explicit solution for z(¢), then one needs to find closed-form
expressions for the state transition matrix. When the system is LTI so that
A (t) and B(t) are constant matrices, then there are several approaches one
can take to obtain a concrete representation for ®(¢;ty). These approaches

are discussed in the next subsection.
5.3. Solutions to LTI State equations: Consider the homogeneous
LTI system
(t) = Ax(t), x(to) = xo
The solution to this ODE can be written as
t
z(t) = xo +/ Ax(7)dtau
to
and it can be written as

x(t) = ®(t;t0)xo
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It can be shown that this state transition matrix has the form of a matrix

exponential function
Btity) £ A
1 1
(23) = THA(t—to) + ANt —to)" ok AT 1)

The derivation of this formula is based on a much deeper result proving
that such constant coefficient ODEs always have solutions that are unique.
The proof is an interesting application of the contraction mapping princi-
ple’ which shows that any differential equation & = f(z) where f satisfies
a Lipschitz property has a unique solution [Khalil (2002)]. The proof is
constructive and when the system is linear then that construction leads in a

natural way to the preceding series formula.

The value of this formula is that there are a number of ways to obtain
closed form expressions for the series that we can determine in closed form.

We now consider several of these methods.

Consider the inhomogeneous LTT system
©(t) = Ax(t)+ Bu(t), =z(ty) = xo
y(t) = Cu(t)

We know the state trajectory for this system for ¢ > ¢ is

t
x(t) = eAt=to) g0 +/ €A(t_T)Bu(T)d7'

to

and that the system’s output is

t
y(t) = CeA(ttO)—i—/ CeA"Bu(r)dr
tc

0

The last equation’s right hand side has two terms. The first term is the nat-

ural or zero-input response. The second is the forced or zero-state response

>A linear transformation G : X — X is a contraction mapping [Antsaklis and Michel
(2006)] if |Gz — y]|| < ||z — yl||- If G is a contraction mapping on a complete normed
linear space (aka. Banach space) then there exists a unique fixed point * in X such that
Glz*] = z*.
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of the system. Since we already know the forced response equals the con-
volution integral of the input, u, with the impulse response function g, we

can readily see that this system’s impulse response function is
g(t) = Ce*Bult)

where w is a unit step function in this case and that the Laplace transform

of g will be the transfer function which is equal to

G(s)=C(sI-A)"'B

What one might notice in the preceding equations is the important role
that the matrix exponential, e, plays in all of these equations. So, we need
to find methods that can explicitly compute concrete representations for the

matrix exponential. This section reviews methods to find eA?.

The matrix exponential in equation (23) is an infinite power series of A.
We can use the Cayley-Hamilton theorem to reduce this infinite series to
a finite series. Recall that f(s) = e® is an analytic function and that the

matrix function f(A) can be written as
J(A) =M= gAkt!
k=0

From our earlier work with the Cayley-Hamilton theorem, we know that the

division algorithm can be used to write this as
A = p(A)g(A) +(A)

where p(A) = det(sI — A) is the characteristic polynomial of A and ¢(s)
and r(s) are polynomials with r(s) having a degree less than or equal to

n — 1. By the Cayley-Hamilton theorem we know p(A) = 0, so that

A =1r(A) = i:ozk(t)Ak

with the coefficients ay, (K = 0,1,...,n — 1) being functions of time that

we need to determine.
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We can find these functions as follows. For the moment assume that
A has n distinct eigenvalues ¢ = 1,2,...,n, that we denote as {\;}1 ;.
These eigenvalues satisfy the characteristic equation so that p();) = 0 for

1=1,2,...,n. We also know by the division algorithm that

Fa) =M =p(A)g(\i) +r(n)

where 7()\;) is a polynomial of degree n — 1 or less. Using the fact that

p(A;) = 0, this reduces to

Mt = r(\)

n—1
= ) (b))
k=0

since we have n distinct \;, this gives a set of n linear equations that we can

then solve for the coefficient functions, a(t) (k =0,1,...,n — 1).
. . 0 1 .
Example: Consider the matrix A = s 3| The characteristic poly-

nomial of A is
p(s) =5 +35s+2=0

So the eigenvalues of A are \; = —1 and A\ = —2. The reduced order

representation for e is
A = ()T + oy () A

To get these coefficient functions, we use the eigenvalues of A to form the

algebraic equations
et = ap(t) — ai(t)
e = ay(t) — 2a4(t)
which we can solve to obtain
ap(t) = 2t —e*

a(t) = et—e®
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and so our reduced order expression for the matrix exponential is
Al = (et — eI+ (et —eT)A

9e—t _ o2t et _ o2t ]

—2e7t4 272 et 4 2072

01
Example: Here is an example where the eigenvalues of A = [ Lo ]

are not real. The characteristic equation is s? 4+ 1 which has eigenvalues
A1 = 7 and \; = —j. So the equations we need to solve for the coefficients

in
eA = ao(OI + oy () A
are now
et = cos(t) + jsin(t) = ap(t) + ay(t)j
et = cos(t) — jsin(t) = ap(t) — ay(t)j
Solving the ag and oy gives
ao(t) = cos(t)
ai(t) = sin(t)
so that

eA = cos(t)I + sin(t)A

_ [ cos(t) Sin(t)]

—sin(t) cos(t)

Note that if one or more of the eigenvalues is repeated, the above proce-
dure will not generate n linearly independent equations. For any eigenvalue
with multiplicity m > 1, however, we know the first (m — 1) derivatives

of p(s) must vanish at the eigenvalues. We can use this fact to generate
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additional linearly independent equations. So if )\; is an eigenvalue with

multiplicity m,; > 1, then

OO = D ahi =r(\)
k=0

f(l)()\i) — T(l)()\i)

f(mrl)()\i) — T(mrl)()\i)

where fU)(s) and r()(s) denote the jth derivatives of f(s) and r(s), re-
spectively. These additional equations will generate m; linearly indepen-
dent equations and since ) |, m; = n, we will be able to generate enough
equations to characterize all ay(t) fork =0,1,2,...,n — 1.

-1 1

. This matrix

Example: Find the matrix exponential for A = [

has an eigenvalue A; = 0 with multiplicity m; = 2. We need to find «(?)
and a4 (t) such that

F(A) = A = ap(T + a1 () A & r(A)
The equations we need to solve for these coefficients are

it = f(\) = ao(t) +a(®)A =7(\)

d
(1) >\ —_ st — A1t
Y (\) dse . te

Since \; = 0, these two equations become

1 = ap(t)
t = Oél<t>
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and so
A = T+tA
(10 ot
= +
0 1 —t t
T
I —t 14+t

Other approaches - truncation: The matrix exponential may also be ap-
proximated by truncating the power series. In general, the power series
converges slowly and so one would need many many terms for a useable

approximation. In some cases, the A* term map be zero far out in the se-

-1
see that A is nilpotent since A? = 0. The matrix exponential power series

-1 1
quence °. For example in our earlier example where A = [ ] , We

can therefore be written as

1 -1 1
A = + t
0 -1 1
11—t t
= I+ At=
-t 1+t

which is the same answer we got above.

Other approaches - Laplace Transforms: Another way to find the matrix
exponential is to use Laplace transforms. Note that e®! satisfies the matrix
differential equation

d

eAt — AeAt, €A0 -1
dt

Since e! is defined for all values of t € R, we take the bilateral Laplace

transform of ¢2*. Let ® () denote the bilateral Laplace transform of ®(t) =

A matrix A for which A¥ = 0 when k is a positive integer is said to be nilpotent.

The matrix is said to be idempotent if A2 = A.
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e, Taking the Laplace transform of the preceding matrix differential equa-
tion yields,

A

s®(s) — eAt‘tZO Ad(s)

Solving for ®(s) gives
d(s) = (sT—A)™*

So we can get a concrete representation for e by taking the inverse trans-
form of the Laplace transform of the expression (usually done using a partial

fraction expansion).

-1 1
Example: Let A = [ . ],then

1 -1
sI— A= i
1 s—1
and
1]s—1 1
(SI — A)il = —2
S -1 s+1
Taking the inverse transform gives
Efl % - si2 si2 — 1t t
-5 1+3% —t 14t

In general if we use partial fraction expansions of (sI — A)~! to find the

matrix exponential, we get an expression of the following form,

o m;—1
6At _ Z Z AiktkeMt
i=1 k=0
where the residues are
1 1 , dmi—i=k . 1
Aip = W = 1= B)! sligli {—dsmil’“ [(s = A)™ (s — A) }}

with A having o distinct eigenvalues and the 7th distinct eigenvalue being

denoted as \; with multiplicity m,. The residues are called the modes of
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the system. Sometimes, one refers to the entire term, A;tkeMt as a system

mode.

From the preceding equation, one can readily see that if Re(\;) < 0 for
all i then et — 0 as t — co. We will later say that this means the origin of
the LTI system is asymptotically stable. Note that this eigenvalue condition
is a necessary and sufficient condition for the asymptotic stability of the LTI

system’s origin.

Other approaches - diagonalization: We may also use similarity transfor-
mations to compute the matrix exponential. This is particularly useful when

A is diagonalizable through a nonsingular matrix T. In this case,
A =diag(\;,...,\,) = T AT

and we see that

1 .
eAt — €T ATt — dlag(e

it Ant
et
and so the transition matrix becomes
d(t) = et = Tdiag(ekit)T’1
If A is not diagonalizable, then one uses its Jordan canonical form to
compute the matrix exponential. In this case, we reduce the system to

diag(J;) = T'AT

where the ¢th Jordan block is an m; X m; square matrix

A 10
0 N 1
J=10 0 X\
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where )\; is the ¢th distinct eigenvalue with multiplicity m,. For this case,

one can verify by direct computation that

tmi_l

t (m;—1)!

m;—2

eJit — e}\it 9 ]: T (:nl.—Q)'
00 1

and the matrix exponential is

e = Tdiag (e”) T™!

5.4. Discrete-time Transition Matrix. Consider the discrete-time state

space equations
r(k+1) = A(k)z(k) + B(k)u(k)
y(k) = C(k)z(k) + D(k)u(k)
We want to find solutions y(k) and x(k) for all k£ > k, for a given u assum-
ing z(ko) = xo.
As before we start with the homogenous problem,
z(k+1) = A(k)x(k)
and observe that
zk+2) = Ak+1)z(k+1)
= A(k+1)A(k)z(k)

w(k+n) = A(n— DA —2)-- Ak + DAK)z(k)

This suggests that the transition matrix is

n—1

®(n;k)=[[AG), n>k

J=k
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and that ®(k; k) = I. So the solution to the homogeneous problem is

x(n) = ®(n; ko)xg, = H A(j

Jj=ko

for all n > k.

Computing closed form expressions for ®(n;kq) may be difficult in
practice. One way of doing this is to form the first few matrices ®(0,0),
®(1;0), ®(2,0), and so on to see if a “pattern” emerges. One would then
use that proposed “pattern” as a propositional statement on the set of natu-
ral numbers whose satisfaction would need to be formally verified using the

principle of mathematical induction.

Some common properties for continuous time transition matrices are
similar to those for discrete-time systems. For instance the discrete time

transition matrix has the semigroup property
D (k;0) = ®(k;m)®(m;l), k>m>/{

But not all properties of continuous-time transition matrices carry over to
discrete time. In particular, recall that for continuous time, if ¢ > 7, then
future value of the state at ¢ are obtained from past values and vice versa. In
other words, the continuous-time state transition matrix is invertible so that
time moves freely in both directions. This is not the case for discrete-time

systems unless A~!(k) exists for all k.

If we use partial fractions of (21 — A)~! to find the discrete-time transi-

tion matrix we get

g

AP = > (Ao N u + At kN g+

=1

b Ay ak(k = 1) (k= + 2N )
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where o is the number of distinct eigenvalues of A, n; is the multiplicity of

the ¢th distinct eigenvalue and the residues are

A, — 1 1 li qri—t-1 ( YT A »
we g‘m,zgl)}, dzni—¢-1 < Z) (’Z - )

Note that if |\;| < 1 for all i, then A*¥ — 0 as k — oo, which corresponds
to asymptotic stability of the origin of the discrete time LTI system. This
eigenvalue condition is again necessary and sufficient the origin’s asymp-

totic stability in discrete-time LTI systems.

Example: Consider the system

1 (k+1)

0 1 w(k)

z(k+1)= [

for £ > 0. Determine the system’s state transition matrix.

So we first compute the first few state transition matrices,

o

®(0,0) =

(0.9 0 1
T

®(1,0) =

(1,0) 01

P(2,0) = ®(2,1)B(1,0)
12111
~ o1 [o 1]
(1 142
0 1
8(3,0) = ®(3,2)®(2,0)

(1 3] [1 142
01|01

(1 14243
0 1
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The preceding computations suggest a “pattern” which is
1 koo 1 kGetD)
B0y — | L 27 | :
0 1 0 1

for £ > 1. The truth of this proposition is easily verified using mathematical

induction. In particular, the base step would require

22 111
@(1’0):[() 1]_[0 1]

| k(D)
which is clearly true. For the inductive step, we assume ®(k;0) = [ 0

[\

and then consider

®(k+1:0) = B(k+1;k)®(k;0)

1 k41| [ 1 AR
oo 0 1 ]

[ 1 AR g
~ o |

i 1 k;(k;+1)42r2(k+1) 1 (k+1)2(k+2)
~ o 1 ]:[0 1 ]

which clearly verifies the inductive step and so the proposition must hold

for all n € N. The actual transition matrix is

®(k;t) = ®(k 0@ (L,0)

[ k(D) TG
_ 2 2
0 1 0 1

[ RD—e(e+) ]
2

0 1







CHAPTER 3

Stability

Stability is one of the most important concepts used in describing a dynam-
ical system’s qualitative behavior. This chapter examines Lyapunov stabil-
ity for linear systems and develops the £, notion of input/output stability.
Much of this material is drawn from [Khalil (2002)].

1. Lyapunov Stability

Consider a time-invariant system whose state trajectory, x : R — R" satis-

fies the initial value problem (IVP)
(24) #(t) = f(z(), 2(0) =g

where f : D — R" is locally Lipschitz' in an open connected set D C R"
(also called the “domain”). The Lipschitz condition is required to ensure

the existence of unique local solutions about the initial state, z.

Given the IVP in equation (24), we say a point x* € D is an equilibrium
point of the system if f(z*) = 0. We may assume without loss of generality
that * = 0, since if * # 0 we can introduce a change of variables z =
x — x* whose differential equation

d . . «
= (e —at) =i = f(z(t) = f(2(t) + 27)

has an equilibrium point at the origin. For this reason, we assume without

z

loss of generality (wlog) that the equilibrium is always at the origin.

'A function f + R™ — R" is locally Lipschitz at z € R"™ if there is a non-negative
constant L > 0 and a neighborhood about x such that for any z, y in this neighborhhood
we have | f(y) — f(2)] < Lly — z].

111
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We say that the equilibrium, z* = 0, is stable in the sense of Lyapunov
if for all € > 0 there exists 0 > 0 such that if |2(0)| < 0, then |z(t)| < € for
all t > 0. We say the equilibrium is unstable if it is not stable. We say the
equilibrium is asymptotically stable if it is stable and x(t) — 0 as ¢t — oo

for all 2(0) in a neighborhood? of the origin.

Note that Lyapunov stability is a local property of the equilibrium since
it is defined in a neighborhood, N;(z*), of the equilibrium. In particular, we
see that the initial state, x(0), must start within a distance 0 to ensure that it
remains in a distance e of the origin for all time. The choice of € is arbitrary,
and this means J is a function of ¢; that we denote as J(¢). It is possible for
lim ¢(e) = constant which would mean that Lyapunov stability can only
{)_em;ssured if x(0) starts within this constant distance, J, from the origin
(hence the local nature of the concept). If one can show that d(e) — oo
as € — 0o, then the stability concept would be a global property of the

equilibrium.

The notion of Lyapunov stability may be interpreted as generalizing the
intuitive notion that “stable” systems dissipate energy. Energy is a non-
negative scalar function of state and a system that dissipates energy would
have its energy decreasing over time. This suggests that one can certify
whether the equilibrium is stable or asymptotically stable by finding a scalar
function, V' : R" — Ry, acting as a “surrogate” for the system’s energy
that is always decreasing along the system’s trajectories. This notion of the

surrogate energy function is formalized in the following theorem.

THEOREM 7. Lyapunov’s Direct Method: Let 0 be the equilibrium
point for the system i(t) = f(x(t)) where [ : D — R" is locally Lip-
schitz on the connected open set, D C R". If there exists a C* function
V D — R such that

2Let p € R", then for some ¢ > 0, an e-neighborhood of p is N.(p) =
{g € R™ : |p — q| < €}. Note that N(p) is an open set in the sense that for any € > 0
there is another point ¢ € N.(p). . The closure of N.(p) contains all limit points of N,(p)
and is denoted as N, (P) [Rudin (1964)].
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e V is positive definite; i.e. V(0) = 0 and V(z) > 0 forall x €
D — {0},
o V(z)= Vix) f(x) is negative semidefinite; i.e. V (z) < 0 for all

ox
r €D,

then x = 0 is stable in the sense of Lyapunov. Furthermore if one can
show that V (x) is negative definite (i.e. V(0) = 0 and V(z) < 0 for all
x € D — {0}), then the equilibrium is asymptotically stable.

Proof: For any ¢ > 0, we need to find a starting neighborhood for which
the system state remains within a distance e of the origin for all future time.

So consider the open ball,
N (0) ={x € R" : |z| <€}

and consider V' (z) evaluated on the boundary of this neighborhood
ON(0) ={x € R" : |z| =€}

This set is closed and bounded® and so is compact. A well known fact
from real analysis [Rudin (1964)] is that all continuous functions attain their
maximum and minimum on compact sets. So there exists a real number
« > 0 such that

a= min V(x)
2€IN(0)
Now let €2, be a subset of R™ such that
Qy ={z e N(0) : V() < a}

This set is contained in N,(0).

3A set M in a normed linear space is closed if it contains its limit points and it is
bounded if there exists R > 0 such that ||z — y|| < R for all z,y € M. When M is a

closed and bounded subset of R", then it is said to be compact.
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So let = be any solution to @(t) = f(x(t)) where z(0) € ,. By as-
sumption we know for all z € D that

V()= 2 0y <o

which means V' (z(t)) is a monotone non-increasing function of time and so

V(z(t)) <V(z(0)) < «

for all ¢ > 0. In other words z(¢) remains in €2, for all £ > 0 (such a set is
said to be forward invariant). Since V' is continuous and V' (0) = 0, there
must exist a 0 > 0 such that |z| < § implies V(x) < «, so we can define

another open ball
Ns(0) ={z e R" : |z| < 0}

We can therefore see that Ns(0) C €, C N.(0). So if we take x(0) €
Nj5(0), then we know z(t) € €, for all ¢ (by forward invariance) and so

x(t) € N(0) for all ¢, which is precisely the definition of Lyapunov stabil-
ity.

To prove the assertion regarding asymptotic stability, we note that if
V (x) is negative definite, then V' (x(t)) is a monotone decreasing function.
Since V(z) > 0 we know this decreasing function is bounded below by
0 and so by the bounded monotone convergence theorem in real analysis®.
We know there exists ¢ > 0 such that V (z(t)) — cast — oco. If cis strictly
greater than zero, then the continuity of I would mean there is a d > 0 such
that

NgO)={zeR" : |z|<d} CQ.={xeR" : V(z) <c}
The trajectory, x(t), cannot enter N;(0), since V (x(t)) is always greater
than c. So let

—y= max V(z)<0
2€0.—N,(0)

Let {z;}32, denote a sequence of real numbers. If there exists B € R such that
xz; > B (sequence is bounded) for all 7 and x;,; < z; for all ¢ (sequence is monotone

decreasing), then the sequence is convergent to a limit * > B.
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which must be strictly greater than zero since ¢ > 0 and V(x) is negative

definite (i.e. only zero at zero). This implies

V(a(t)) = V((0)) - / V(a(r)dr < V(z(0) -t

This last equation, however, implies that if ¢ is large enough, i.e. when
t > @, then V' (z(t)) will be negative which cannot occur since we
know V() is positive definite. So ¢ cannot be positive, it must be zero and

so the state trajectory x(t) asymptotically converges to zero. {»

A C" function V : D — R that satisfies the conditions in Lyapunov’s
Direct Method is called a Lyapunov function. In recent years, it has also
been referred to as a certificate of Lyapunov stability since the “existence”

of the function is sufficient to “certify” that the origin is Lyapunov stable.

In general, finding Lyapunov functions can be difficult to do. We usu-
ally take a function that is known to be a Lyapunov certificate for a system
related to the one whose stability we want to verify and then parameterize
that known certificate in a manner that allows us to search for a Lyapunov
certificate of the system we’re interested in. This is commonly done in cer-

tifying the stability of the origin of a nonlinear system

#(t) = f(x(t))

In this case, we would take the Lyapunov function for its Taylor lineariza-

tion about the equilibrium

of
r(t) = =— t) = Ax(t
H0) = 5y o) = Ar()
As we will show below, the Lyapunov function for the linearization is a

function V' : D — R" that takes values
(25) V(z) = 2"Px

where P is a symmetric positive definite matrix that satisfies the Lyapunov

equation

(26) 0=A"P+PA+Q
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for some symmetric positive definite matrix Q. The matrix P parameter-
izes our family of candidate Lyapunov certificates for the nonlinear system,
which means we would need to find a P that satisfies

= N ) = TP f(@) + @) <0

r=x

V()

for all x. This would make V(x) = TPz a Lyapunov function for the

“nonlinear” system.

Consider an LTT system
&(t) = Ax(t)

and as suggested in the preceding section, consider a candidate Lyapunov

function
V(z) = 2"Px

where P is a symmetric positive definite matrix. Because P = PT > 0, we
already know that V' is positive definite. So to show that V' is a Lyapunov
function for the LTI system we only need to identify conditions under which

V is negative definite. In particular, we can see that

Viz) = a‘g—f)m =20"PAz = 27 (ATP + PA)x

This last equality is obtained by recognizing that

2T PAx = [mTPAx}T =TATPx

We write the equation in this way because the matrix in the parentheses
(ATP + PA) is symmetric with real eigenvalues, thereby making it easier
to check if V is negative definite. In particular this means that V is negative
definite if and only if the matrix is ATP + PA is negative definite, which
is so if and only if all of its eigenvalues are negative. So let Q be any
symmetric positive definite matrix, Q. If we can find a symmetric positive

definite matrix P that satisfies the Lyapunov equation

ATP+PA+Q=0
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then this would imply that
V(r)=—-2"Qxr <0

for all x # 0. So V is negative definite and on the basis of Theorem 7 we
can conclude that it is a certificate for the asymptotic stability of the origin.

Our preceding discussion can now be summarized in the following theorem

THEOREM 8. (Direct Method for LTI System) If there exist symmetric
positive definite matrices P and Q such that

ATP LtPA+ Q=0

then the origin of ©(t) = Ax(t) is asymptotically stable.

2. Advanced Lyapunov Stability Theory for LTI Systems

This section discusses two advanced stability results relevant to LTT sys-
tems. The first result is a converse theorem that establishes that the ex-
istence of a Lyapunov function is necessary and sufficient for asymptotic
stability. The second result is called the indirect method and provides a way
to estimate the neighborhood about an equilibrium for which linear models

capture the qualitatitive behavior of a nonlinear system.

2.1. Converse LTI Theorem: Recall that we already established a nec-
essary and sufficient condition for the origin to be asymptotically stable.

This was obtained by writing out the solution to the state equation as

x(t) = ZU: i Agtierita

i=1 k=1
for t > 0 where A, is the residue matrix, o is the number of distinct
eigenvalues of A, ); is the ith distinct eigenvalue of A with multiplicity
m;. In the above equation, one readily sees that z(t) — 0 ast — oo
if and only if Re()\;) < 0 forall i = 1,2,...,0. So while Theorem 8
provides a “sufficient” condition for the origin to be asymptotically stable,

the eigenvalue condition (Re()\;) < 0 for all 7) is a stronger condition in that
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itis necessary and sufficient. A matrix, A, that satisfies this condition is said
to be Hurwitz. This result is important enough that we also summarize it as

a theorem.

THEOREM 9. The origin of the LTI system, ©(t) = Ax(t), is globally
asymptotically stable if and only if all eigenvalues of A have negative real

parts.

Since we have this strong necessary and sufficient condition for stability,
is it possible to strengthen Lyapunov’s direct method so the existence of a
Lyapunov function is also necessary and sufficient for the origin of an LTI
system to be asymptotically stable? If so, what advantages (if any) does the
Lyapunov analysis provide over the eigenvalue analysis? Such results are

called converse theorems.

We already know that
eigenvalue condition < asymptotic stability < Lyapunov condition

From the above implications, it should be clear that if we could show the
eigenvalue condition always implies the existence of a Lyapunov func-
tion, then we would obtain our converse result (i.e. asymptotic stability =

Lyapunov condition).

So let us assume that A satisfies the eigenvalue condition (i.e. Re()\;) <
0 for all ¢) and consider a specific candidate Lyapunov function V' (z) =

2T Px where
(27) P= / eATtQeAdt
0
in which Q is any positive definite symmetric matrix. Note that

AP +PA = / (ATeATthAt + eATthAtA) dt
0

< d ATt At
= — dt
/0 T Qe

00
— GATtQGAt

--Q

0




2. ADVANCED LYAPUNOV STABILITY THEORY FOR LTI SYSTEMS 119

where we used the fact that eA° = I and the fact that tlim et = 0 because
— 00
of the eigenvalue condition. The preceding relationships therefore show

that for this choice of P
V(z)=2"(ATP + PA)z = —27Qu
which means V is negative definite.

To complete the certification of V' as a Lyapunov function, we need to
verify that V' is positive definite. Since Q is symmetric and positive definite,

it can be factored as
Q=M"M.
where M is nonsingular. So if we look at V' (z) we get

V(z) = 2'Px

= z7 [/ eATthAtdt] x
0

= / 2TeA T MT MeAtzdt
0
T 2

= / ‘MeATx} dr >0
0

So this shows V(z) is positive semidefinite. Note, however, that when

V(z) = 0, the above relation implies
}MGAT:E‘ =0

which can only happen if MeA7x = 0 for all 7. But, we already know
M and e”7 (transition matrix for a continuous-time system) are both non-
singular, which means z = 0 and so V() is positive definite since the
only time V' (z) = 0 is when x = 0. What we’ve just done is prove that
when the eigenvalue condition holds, then there is a Lyapunov certificate,
V(x) = TPz where P is given by equation (27). From the direct method,
we know that the Lyapunov condition implies asymptotic stability. What

we have shown above is that if the origin is asymptotically stable then the
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Lyapunov condition must hold. This result is important enough that we

formalize it in a theorem

THEOREM 10. (Converse Theorem:) The origin of ©(t) = Ax(t) is
asymptotically stable if and only if for any positive definite symmetric ma-
trix Q, there exists a symmetric positive definite matrix, P that satisfies the
Lyapunov equation ATP + PA + Q= 0.

We now have two necessary and sufficient conditions for asymptotic sta-
bility of the origin of an LTI system. Which one to use? If all one wants is
a yes/no declaration of stability, then the eigenvalue test is easier and more
stable numerically than trying to solve the Lyapunov equation. The utility
of Lyapunov methods lies in their use as design tools. To illustrate this, let

us consider the inhomogeneous system
(t) = Ax(t) + Bu(t)

and the objective is to find a matrix K such that if we let © = Kx then the

origin of the “controlled” system
z(t) = (A + BK)z(?)
is asymptotically stable.

One could try to find this K through the eigenvalue condition. In par-
ticular, one would look at K as a matrix of parameters and then form the

characteristic polynomial
det(sI — A —BK) =p(s;K) =0

We would then solve for the roots of this polynomial as a function of the
parameters K. In general, this is extremely hard to do because the coef-
ficients of p(s; K) are nonlinear functions of the components of K. This
approach can be used for simple low-dimensional systems, but it is not very

practical for systems with a large state space.
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Alternatively, we can use Theorem 10. In this case, we know that if there
exists a K that stabilizes the origin, then the controlled system

() = (A + BK)z(t)

has a Lyapunov function, V(z) = TPz, where for any choice of Q =

QT > 0 we find a matrix P = PT > 0 that satisfies the Lyapunov equation
(28) (A+BK)"P+P(A+BK)+Q=0

This Lyapunov equation has two decision variables we would need to solve
for (once Q has been chosen). These decision variables are P and the gain

matrix K.

At first glance, the Lyapunov equation (28) looks difficult to solve be-
cause it is bilinear in P and K. But we can force this equation to be a linear

matrix equation by defining a two new matrix variables

X = P!
Y = KX
and note that if we pre-multiply and post-multiply equation (28) by P~ 1,
we get
0 = P'{{A+BK)’P+P(A+BK)+Q} P
= PIAT + AP '+ P 'K'BT + BKP ! + P !QP!
= XAT+ AX+YTBT + BY + XQX
Recall that we can choose QQ to be any symmetric positive definite matrix,

so we are free to choose R := XQX to be any symmetric positive definite

matrix. Then we have
(29) 0 = XA T+ AX+Y'BT" +BY +R

This equation only has two decision variables, X and Y. But what is im-

portant to note here is that equation (29) is linear in these variables. So we
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can easily solve for X and Y once we have selected R and the controller

gain is then
K=YX"
computed directly from solution to the linear matrix equation (29).

What this discussion shows is that while the eigenvalue condition for
asymptotic stability is easy to verify, it is more difficult to use as a design
tool because it leads to nonlinear design equations. For the LTI systems, the
use of Lyapunov methods on the other hand lead to linear equations that are
much easier to solve, thereby establishing the value of Lyapunov methods
as design tools. Below a simple example is used to illustrate the difference

in these two methods for stabilizing an LTI system.

Example: Let us consider the following LTT system,

#(t) = Ax(t)+ Bu(t) = 2(t)+ | 0 | ut)

o O =
O =
— = O

The objective is to determine a state feedback control law, © = Kz that sta-
bilizes the origin of this system. We will try doing this using the eigenvalue

condition and Lyapunov methods.

For the eigenvalue condition, we first need to determine the characteristic
equation for the controlled system. We let K = [ ki ko k3 ] and then

note that the characteristic polynomial is

p(s) = det(sI — A — BK)

s—1 -1 0 0 0 O
= det 0 s—1 -1 -1 0 0 O
0 0 s—1 ]{31 k?g k’g

= 88— (3+k3)s®+ (3 — ko +2k3)s — (1 + Ky — ko + k3)

We now need to determine those values of k;, ko, and k5 for which all of the

characteristic equation roots have negative real parts. The tool we will use
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for this is known as the Routh-Hurwitz criterion [Ogata (1970)]. The best
way of explaining this criterion is by example. So consider a polynomial of

the form,
p(s) = aps" + a1s" '+ -+ ap_15+ ay

where a,, # 0. For this polynomial we construct the Routh array

" lay az as ag
s ay as as ap
s"2 by be b3 by
"3l e o3 ey

82 k?l ]{52
81 61
SO ma

where the first two rows are obtained from the coefficients of polynomial,
p(s). The third row of the array is obtained by the negative of the determi-
nant of a matrix formed from 2 x 2 blocks of coefficients in the preceding

2 rows divided by the first element of the second row. This means that

by

by

1
——det
a1

1
——det
a1

Qo

ai

a2

as

a2
as
Qy

Qs

Qpaz — aA1a2

a1

Qo205 — A3Qy

a1

The fourth row is computed in the same manner so that

&1

(6

1
—Z det
by ¢

1
— Z det
by ¢

a1
by

a3

by

a3
by

Qs

bs

a1b2 — bl(lg
by

asbs — byas

by
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We continue in this manner until the end of the array. The number of roots
in the open right half plane (i.e. unstable poles) is equal to the number of

sign changes in the first column of the completed Routh array.

So let us return to our characteristic equation,

0 = s°— (34 ks)s® + (3 — ko +2ks)s — (1 + ki — ko + ks3)

= CL083 + a152 + as9s + as

and we have ag = 1, a1 = —3 — k3, a9 = 3 — kg + 2ks, and a3 = —1 —

k1 + ko — k3. So the first two rows of the Routh array are

83

1 3 — ky + 2ks
“3—ky —1—ly ko —ky

82

We compute the third row as

1 1 3 — ko + 2k
by = ——————det 2 by
_3_]{73 —3—/€3 —1—l€1+k’2—k3
~ —ky — 2ky + 8ks — koks + 2k3 4 8
B 3+ ks
bQ == O
which gives us the array
83 1 3 — kg + 2]{73
82 —3—]{?3 —1—]{31+I€2—k3
1 —k‘1—2k2+8k3—k2k’3+2k‘§+8 0
s 3+ks
The last row of the array is
1
T = ——det s
bl bl 0
= —1—Fky+ky—ks

02:0
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and the completed Routh array is now

83 1 3—]€2+2/€3
82 —3—]€3 —1—]{31+I€2—]€3
1 | —k1—2ko+8kz—koks+2k2+8
S 1 2 3ik32 3 3 0
80 —1—]{]1+/€2—/€3

0

So to ensure that all roots of the characteristic polynomial have non-
positive real parts, we need to select ky, ko, and k3 so there are no sign
changes in the first column of the Routh array. The first element of this

column is 1, so that means that

3=k 20 =[ky <=3

So let k3 = —4. For this choice of k3, we see that the sign of the third

element will be determined by

0 < ki +2ky — 8ks + koks — 2k; — 8

- ]{51—2]{32—8

The sign of the last entry in the first column of the Routh array is determined
by

So assuming k3 = —4, we need to choose k; and ks so

0 < 3—Fki+ ko
0 < —8+ky —2ko

which will be satisfied if we section k;, = —7 and k; = —5. If we insert

these choices back into the original characteristic equation, we obtain
I 2
p(s) =s"+s"+25s+1

which has one root at —0.57 and two others at —0.215 4+ 1.305. So all real

parts are non-positive.
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Let us now see how this analysis would have been done using Lyapunov

methods. In this case, we form the linear matrix equation
0=XAT+ AX +Y'BT + BY +1

where I’ve chosen R to be the identity matrix. This must be solved subject
to X > 0. This is an example of a linear matrix equation that is easily
solved using convex optimization methods used in solving linear matrix
inequalities (LMI) [Boyd et al. (1994)]. To do this, we recast our problem

as a constrained optimization problem of the form

maximize: trace(X)

with respect to: X and Y
. ) <

it el < —XAT - AX - BY - BTY”
where ¢; > 0 and €, > 0 are positive real constants we are free to choose.
By maximizing the trace of X, we find a solution that gets close to the
boundary of the sets generated by the linear matrix inequalities. The con-
stants €; and €5 are chosen to enforce how “definite” we want these inequal-

ities to be.

The preceding optimization problem can be efficiently solved using con-
vex optimization programs known as semi-definite programming (SDP)
solvers [Toh et al. (1999)]. In general, one uses a programming interface
to access these SDP solvers. The one I'll use below is YALMIP [Lofberg
(2004)]. For this example I used the the following script to solve for the

controller gains,

clear all;

%$declare system matrices
A=1[110; 011; 00 11;

B = [070;1];

n = size(A,1);

%$declare SDP variables X and Y
X = sdpvar(n,n);

Y = sdpvar(l,n);

epsl =1; eps2 = 1;
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%declare LMI’'s

F = [X > epslxeye(n)];

F = [F,-X*xA’ -AxX-B*xY-Y' B’ —eps2+*eye (n) 1;

%$solve the SDP that maximizes trace of X subject to F

optimize (F, trace (X))

lae]
Il

inv (value (X)) ;

=
I

value (Y) P

eig (A+B*K)

The output generated by this script is shown below

>> test_file

num. of constraints = 9
dim. of sdp var = 6, num. of sdp blk = 2
Kok ok ok Kk Kk kK K kK kK kK Rk kK kK ok K kK ok ko kK kK kK ok K ok ok ok ko kK kK ok K ok ko ko Rk Rk kK
SDPT3: Infeasible path-following algorithms
Kok ok ko kK kK kK ok Kk Kk Kk Rk kK K ok K ok K ok ko ok kK ok K ok K ok ok ok ok kK kK ok K ok ko ko ok k kK kK
version predcorr gam expon scale_data
HKM 1 0.000 1 0
it pstep dstep pinfeas dinfeas gap prim-obj dual-obj
010.000/0.00011.4e+01|7.8e+00]6.0e+02[-6.000000e+01 0.000000e+00]
110.82410.80712.5e+00[1.6e+00]1.1e+02]-3.895285e+01 -1.384793e+01|
210.83310.545|4.3e-01|7.1e-0113.4e+01[-6.307726e+01 -2.301790e+01|
3/0.61011.000]11.7e-017.1e-04]5.9e+01|-5.093197e+01 -9.675923e+01|
410.97010.91615.0e-03|1.2e-04]5.6e+00]-6.416986e+01 -6.946985e+01|
510.97410.98411.3e-04|1.4e-04]1.4e-01]-6.734862e+01 -6.746674e+01|
610.91910.983|1.1e-05[1.1e-05[8.1e-03|-6.740433e+01 -6.741073e+01|
710.92710.99119.8e-0714.7e-07]3.9e-04|-6.740698e+01 -6.740727e+01|
810.95210.98312.4e-07|2.1e-08]1.3e-05[-6.740708e+01 -6.740710e+01|
910.97210.985[2.9e-08(6.1e-1013.1e-07|-6.740709e+01 -6.740709e+01|

stop: max (relative gap, infeasibilities) < 1.00e-07

number of iterations = 9

primal objective value = -6.74070920e+01
dual objective value = -6.74070931e+01
gap := trace(XZ) = 3.06e-07

relative gap = 2.25e-09

.88e-08
.09e-10

3
2

actual relative gap = 8.09e-09
rel. primal infeas =2
6

rel. dual infeas =

o O O O O O O o o o

o O O O O O O O o o

127

cputime

:00|
:00]
:00]
:00]
:00]
:00]
:00]
:00]
:00]
:00]

chol
chol
chol
chol
chol
chol
chol
chol
chol

N R T e

S S N R e = =
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norm(X), norm(y), norm(zZ) = 5.2e+01, 8.3e+01, 5.9e+01
norm(A), norm(b), norm(C) = 9.3e+00, 2.7e+00, 3.4e+00
0.34

Total CPU time (secs)
CPU time per iteration = 0.04
termination code = 0

DIMACS: 3.9e-08 0.0e+00 1.1e-09 0.0e+t00 8.1e-09 2.3e-09

struct with fields:

valmiptime: 1.1079
solvertime: 0.5257
info: ’Successfully solved (SDPT3-4)’

problem: 0
P =
0.5937 0.4511 0.0937
0.4511 0.4538 0.1016
0.0937 0.1016 0.0441
K =
-10.5098 -12.2276 -4.0915
ans =
-0.2001 + 0.00001
-0.4457 + 2.5822i
-0.4457 - 2.58221
>>

The first part of the output is generated by the SDP solver in which the

termination code of 0 indicates the SDP was successfully solved. The last
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part shows the resulting P and the control gains,
K—|-105 -122 —409

The closed loop eigenvalues are seen to be —0.2 and —0.44 £ 2.587, which
indeed shows that we’ve stabilized the equilibrium. Notice that solving the
problem in this manner was tremendously easy because it could be put in a
linear form for which existing optimization tools could be used. The eigen-
value approach provided a systematic way to identify stabilizing controller
gains, but the Routh-Hurwitz array, in general, creates a set of nonlinear
multivariate polynomial constraints that can be extremely difficult to solve
by hand or by the computer. We therefore see the value in the Lyapunov
method lies in how it formulates the stabilization problem as a convex prob-

lem that allows one to easily use efficient codes to solve it.

2.2. Indirect Method: We can use Lyapunov stability concept to es-
tablish when the linearized system’s stability can be used to infer the sta-
bility of the nonlinear system. This theorem is called Lyapunov’s indirect
method [Khalil (2002)].

THEOREM 11. Lyapunov’s Indirect Method: Let i:(t) = Ax(t) be the
linearization of a nonlinear (t) = f(x)(t) about an equilibrium at the
origin. Let {\;}!_, denote the eigenvalues of A. If Re()\;) < 0 for all
1 = 1,2,...,n, then the origin of the nonlinear system is asymptotically
stable. If Re(\;) > 0 for any i € {1,2,...,n}, then the origin of the

nonlinear system is unstable.

Proof: The “stability” part of the theorem can be proven using what we
already have. The “instability” part of the theorem is proven using a insta-
bility certificate known as a Chetaev function. These instability certificates
are not of direct interest in this course, so we will only prove the stability

part of the theorem.

Consider a candidate Lyapunov function of the form V(z) = 2"Pzx

where P = P” > 0. Under the first condition when A is Hurwitz, we can
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take P to satisfy the Lyapunov equation A”P + PA + Q = 0 for some
Q = Q7 > 0. Take the directional derivative of V with respect to the
nonlinear system’s vector field, f, and get

V = 2TPf(z) + fI(2)Px
= z'P(Az+g(z)) + [z"AT + ¢" (z)] Pz
= 27 (PA+ A"P)z + 22" Pg(x)
= —2'Qu + 22" Pg(x)

So the first term is negative definite. The second term is indefinite. We
know, however, that % — 0 as |z| — 0 so for any v > 0 there exists
r > 0 such that

lg(2)] < 7]x|
when |z| < r. This means that

Vo< —a"Qu+ 2P|l
< —(AQ) —2y[IP )]l

where A\(Q) is the minimum eigenvalue of Q. So if we choose v < %
then we can guarantee V < 0 for |z| < r which establishes the asymptotic

stability of the origin when A is Hurwitz. <

We summarize the preceding theorem’s findings below

e If the equilibrium of the linearization of # = f(x) is asymptoti-
cally stable, then the origin of the nonlinear system is also locally
asymptotically stable.

e If any eigenvalue of the linearization has a positive real part then
the origin of the nonlinear system is unstable.

o If all eigenvalues of the linearization have nonpositive real parts
and there exists at least one eigenvalue with a zero real part, then

nothing can be concluded about the stability of the equilibrium.
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The theorem says that if the origin of a nonlinear system’s linearization is
asymptotically stable, then so too is the origin of the original system pro-
vided the equilibrium is hyperbolic (the linearization’s eigenvalues have no
zero real parts). A similar finding holds for the certain unstable lineariza-
tions. This means, therefore, that stabilizing the linearization is often good
enough to stabilize a real-life nonlinear plant. The only time it cannot be
used is when the none of the algorithms have positive real parts and at least
one has a zero real part. This result, of course, only holds in a neighbor-
hood of the origin and that neighborhood may be too small for practical use

depending on the system under study.

Example: Let us apply this to a nonlinear pendulum system,

1 (t)
To(t)

i) (t)

g .
— 7 sin x1(t) — xo(t)

where z is the pendulum angle, x5 is the angle’s time derivative, g is grav-
itational acceleration, ¢ is the length of the pendulum, and the mass of the
pendulum bob is 1. We will examine the stability of the physical equilibria
at (0,0) and (7, 0) using the indirect method. This requires that we first

compute the Jacobian of

f1($17$2) T2
Sy, 23) = = 4.
fo(x1, x2) —4sinx; — a9
That Jacobian is
of gho o 0 1
[a_x}— g—ﬁ g—ﬁ B —%cosx; —1

At the two equilibria, (0,0), and (7, 0) we end up with the matrices,

) [0 1
NRE
Tlem0) | =7 —1
) [0 1
e
z z=(m,0) 7 -1
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The characteristic polynomial of A, is s(s + 1) + ¢ = 0 which as roots

1 1 g
Mog=——+=,/1—4Z
1,2 279 I

both roots have negative real parts for all /¢ > 0 and so the indirect method
implies the equilibrium at (0, 0) is asymptotically stable. The characteristic

polynomial for A, has roots

1 1 g
Ao =—=4=4/1+42
12 5 =5\ T

One root has a positive real part and the other has a negative real part. There
are no center (zero real part) eigenvalues so by the theorem we know the

equilibrium at (7, 0) is unstable.

3. Lyapunov Stability for Discrete-time LTI Systems:

Consider the homogeneous time-invariant system

v(k+1) = f(x(k))

x* € R is an equilibrium point of z* = f(z*) and without a loss of gen-
erality we assume z* = 0. We introduce a candidate Lyapunov function
V : R"™ — R which is positive definite and define the first difference of V'

with respect to a given state trajectory as

Our usual notions of Lyapunov stability are

e The equilibrium is stable (Lyapunov) if for all € > 0 there exists
d > 0 such that |(0)| < ¢ implies |z(k)| < e for all & > 0.

e The system is unstable if it is not stable.

e The equilibrium is asymptotically stable if the origin is stable and

for || small enough, we can show z(k) — 0 as k — oc.

Lyapunov’s direct method now relies on using first differences. In par-

ticular this means
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e The origin is stable if V' > 0 and AV < 0
e The origin is asymptotically stable if V' > 0 and AV < 0.

If we confine our attention to LTI systems of the form
z(k+1) = Ax(k)

and consider a candidate Lyapunov function of the form V(z) = 2"Pz

where P = P > 0 then the first difference condition becomes

AV(z)(k) = V(Az(k)) = V(z(k))
= 27 (k)(ATPA — P)z(k) <0

which leads to the discrete-time Lyapunov equation
(30) ATPA -P+ Q=0

where P and Q are symmetric positive definite matrices. In particular for
any Q = QT > 0, if we can find a P = P7 > 0 that satisfies the discrete
time Lyapunov equation (30), then the origin of the discrete time system is
asymptotically stable. Just as in the continuous-time case, the existence of
such a Lyapunov function is necessary and sufficient for asymptotic stability
and is therefore equivalent to the eigenvalue condition that all eigenvalues

lie in the unit circle of the complex plane.

While one may use Lyapunov analysis to certify whether the origin of
a discrete-time LTI system is asymptotically stable, it is actually easier to
use the eigenvalues of A to make this assessment. In particular, for the LTI

system
z(k+1) = Ax(k)

Let A\q,..., A, denote the o distinct eigenvalues of A and let m; denote
the algebraic multiplicity of the ith eigenvalue. The state transition matrix

becomes
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m;—1

®(k;0) = AF = XU: [Aiou(k:) + > Agk(k—1).. (k= 0+ DA u(k - 0)
i=1 /=1

where

1 dmitt
with u(k) denoting the unit step function. Note that all terms in the preced-
ing expression asymptotically go to zero as k — oo if and only if |\;| < 1
forall7 = 1,...,0. So we can say the origin of the discrete-time LTT sys-
tem is asymptotically stable if and only if all eigenvalues of A lie within

the unit circle (i.e. |\;| < 1foralli =1,2...,0).

Just as we had the Routh-Hurwitz criterion to assess a continuous-time
LTI system’s stability, we can use the Jury Stability Test [Ogata et al. (1995)]
to do the same for discrete-time LTT systems. In this case, let us assume that

the discrete-time system’s characteristic equation can be written as
d(z2) =anz" +ap 12" "+ Faz+ag=0

with a,, > 0. Jury’s stability test is applied to the following array

ZO Zl 22 L. Zn—k L. Zn—l on
ao ai Az -+ Qpfk - Qp-1 Qp
an QAp-1 Qp-2 - Qg -+ ay o
bo b1 by e bpg oo b
bnfl bn72 bn73 T bk’fl T bO
Co €1 C2 - Cng
Cn—2 Cpn—3 Cp—yg - Cg_2

4 2 by s
s ly b Ay

|
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where

Ay b bn_1— e Cp—o_
bp=det | P R g —det| 0 TRl g —=det| © R
an ag brn—1 by Cn—2 Ck

The necessary and sufficient conditions for d(z) to have no roots on or out-

side the unit circle with a,, > 0 are

d(l) > 0
(-)"d(-1) > 0

lag] < ap

lbo] > |bn1]

ol > [en—2

do| > |dn3]

[mo| > |mo|
As an example, let us consider a discrete-time system whose character-
istic polynomial is
d(z) =2 —1.822 +1.052 — 020 = 0
The first conditions of the Jury test are

d(1) = 1-1.841.05—0.2=0.05>0

(-1)%d(-1) = —[-1-1.8-1.05-0.2] =4.05>0
‘a()’ = 02<a3=1
The Jury array is
2° 2t 22 23

-0.2 1.05 —-18 1
1 -1.8 1.06 —-0.2
—-0.96 1.59 -0.69
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So the last condition is
|bg| = 0.96 > |by| = 0.69

Since all conditions are satisfied, all roots of the characteristic equation
lie within the unit circle. In particular, one may factor the characteristic

equation as
d(z) = (z — 0.5)*(z — 0.8)
which is consistent with what was predicted by the Jury test.

An “indirect” result can also be established for discrete time systems

where the nonlinear system is written as
x(k+1) = Ax(k) + g(x(k))

and g is a little-o function. Then if all eigenvalues of A are in the unit circle
the origin of the nonlinear system is asymptotically stable. If at least one
eigenvalue of A is outside the unit circle, then the origin of the nonlinear

system is unstable.

4. Uniform Stability Concepts

We need to refine the earlier Lyapunov stability concept when it is applied
to time-varying systems. To help illustrate the need for this refinement,

consider the LTV system
&(t) = (6tsin(t) — 2t)x(t)

One may view this as a linear system, &(¢) = a(t)x(t) whose time-varying
coefficient a(t) is subject to a damping force and a sinusoidal perturbation
that both grow over time. The solution may be obtained by first separating

the variables, x and ¢

d
f = (6tsin(t) — 2t)dt



4. UNIFORM STABILITY CONCEPTS 137
and then integrating both sides of the equation from ¢ (initial time) to ¢ > %,
assuming x(ty) = xo.

o(t) = x(to)exp{ / t(6ssin(s)—2$)ds}

to

= x(ty) exp {6sin(t) — 6tcos(t) — t* — 6sin(ty) + 6to cos(to) + t3 }

For a fixed initial time, t,, one sees that eventually the quadratic term, 2,
will denominate the exponential function’s behavior, thereby implying that
the exponential function in the above equation is bounded above by a func-

tion of ¢y, say c(ty). It therefore follows that
|z(t)] < c(to)|z(to)|, forallt > tg

If we then consider any ¢ > 0 and select the initial neighborhood d(¢) =
% then clearly |z(¢)| remains with a e-neighborhood of the equilibrium
C\lo

and so we can conclude the equilibrium at 0 is stable in the sense of Lya-

punov.

The issue we face here, however, is that ¢ is not just a function of ¢, it
is also a function of the initial time ¢,. Our worry is that as t; — oo that
d(€,tp) could approach a finite limit that is, in fact, zero. If we think of ¢,
as the system’s current “age”. Then this says as the system ages (i.e. ¢, gets
larger) our ability to keep |z(t)| < e is harder and harder as we have to start

in a smaller and smaller distance, 9, from the origin.

This is precisely the case with this particular system. Consider a se-
quence of initial times {to, }°°, where t;, = 2nm forn = 0,1,2,..., 0.

Let us evaluate z(t) exactly 7 time units after ¢, to see that

t(ton +7) = x(ton) exp {6(2n + 1)m — (2n + 1)*7* + 6(2n7) + (2n)°7*}
= x(ton) exp {24nm + 67 — dn7® — °}
= x(ton) exp{(4n + 1)(6 — )7}

and for any x(ty) # 0 we then can see that the ratio

x(ton + 7T) — 6=mm(ntl) _ 7q 9 9359180 (o
ZL‘(tOn)
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as n — oo. In other words, as the system ages in the sense that ¢, goes
to infinity, we see that ratio of = at ¢y, + 7 and t;, become unbounded.
This means that the origin becomes “less” stable as ¢, — oo since |z (?)]
gets larger and larger as to — oo assuming x (%) starts in the same J-sized

neighborhood of the origin.

These issues also become relevant when we consider asymptotic stability
of the equilibrium. To be asymptotically stable, we require the origin to be
stable and that x(¢t) — 0 as t — oo. Formally, this asymptotic behavior
may be seen as requiring for any € > 0 there exists a time 7" > 0 and initial
neighborhood, Nj(0), such that starting o € Ns(0) implies |z(t)| < € for
all ¢ > T. T represents the time it takes for the system state to reach the
desired e-neighborhood. In general this convergence time is a function of e
as well. But if the system is time-varying then we can also expect 7" to be
a function of the initial time ¢,. Our worry is that as t; — oo (i.e. as the
system ages) we have T'(e, tq) — oo. In other words, as the system ages its

convergence time gets slower and slower.

We will use the following LTV system

(1)

) =-17

to illustrate this other convergence issue. Again we separate the variables,

x and ¢, and integrate from ¢, to ¢ to obtain

1+t
1+t

(1) = z(to)

The origin is Lyapunov stable since for any ¢y, we have |z ()| < |x(to)| for
t > to. So for any € > 0, we can choose 9§ so it is independent of ¢,. Note
that the origin, however, is also asymptotically stable. So for all €, we can
find T > 0 such that |z(t)| < e for all ¢ > ¢y + T In particular, given € we

can bound |x(t)| as
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which can be rearranged to isolate 7" and get

T>to<w—1)—1

€

Note that this is a lower bound on the time, 7', it takes to reach the target
e-neighborhood. So 1/7" may be taken as the “rate” at which the state con-
verges to the origin. But the lower bound on 7" in the above equation is also
a function of ¢, and we can readily see that % — 0 as tg — oo. In other
words, as the system ages (i.e. ty gets larger), the system’s convergence
rate, 1/7, gets slower and slower. In terms of behavior, this system would

appear to ‘“‘stall out” on its approach to the origin.

The preceding concerns motivate a refinement of our earlier Lyapunov
stability concept. We say the equilibrium at the origin is uniformly stable if

for all € > 0 there exists 0 > 0 that is independent of t, such that
lx(to)| <6, = |z(t)|<e forallt > t.

The equilibrium is uniformly asymptotically stable if it is uniformly stable
and there exists J independent of ¢, such that for all ¢ > 0 there exists 7" > 0
that is also independent of ¢, such that |x(t)| < e for all t > to + T'()
and all |x(t9)] < &(e). Finally, we say the origin is globally uniformly
asymptotically stable (GUAS) if it is uniformly stable and  can be chosen
so that §(¢) — oo as € — oo and there exist constants 7" and §, both
independent of ¢, such that for any € > 0 we have |z(t)| < e for all ¢t >
to + T'(e) when |z(to)| < d(e).

Example: Consider the LTV system

—1 t
. ] (1)

e Use the definition of asymptotic stability to show the origin is
asymptotically stable.

e Use the definition of uniform asymptotic stability to show the ori-
gin is not UAS.
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We take the initial time to be to and let x19 = x1(t) and xog = wo(tp).
Note that z5(t) = e~(0)a5 for all ¢ > ¢,. This means that the first ODE

1S
$1(t) = —I (t) + t@i(tito)u(t — to)

where v is a unit step function The solution for this ODE is

t
ri(t) = e_(t_t(’)xm—i-/ Te T710) e~ =) o dr

to

t
= ei(tito)l’lo -+ xgoe(tto)/ TdT

to
= 67(t7t0) (.Tlo -+ %(t2 — tg))
Note that for ¢ > ¢, we get
@) = 2%(t) +23(t)

2

Y T
e 2t0) (x%a + 23 + T10T20(t® — ) + %(tg - t§)2)

2
< o 2(t—to) (]x0|2 4 ]:E0|2(t2 . t%) + |$40| (t2 _t8)2)

1
_ |.’E0|2€_2(t_t0) (1 + (t2 _ t(Q)) + Z(tz _ t(Q))Q)

To assess stability, let € > 0 and ¢y = 0, then we get
2 ()" < |zol*(1 + K)

where K = max; e 2(t2 + t*/4). We choose § < — % to show the

origin is stable. We can also see that
lz(t)]* < |wo|* (e + 2™ +t*e 2 /4) = 0
as t — oo which establishes the origin is asymptotically stable.

To assess uniform asymptotic stability, we need to keep t,. In particular,

we see this means

1
o) < e (14 (2 = ) + 38~ 1))
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The problem is that
2 — 13 = (t —to)* + 2to(to — 1)

which means ¢ is also a function of ¢, not just ¢ — ¢y. As a result we cannot

conclude the origin is uniformly stable and hence cannot be UAS.

S. Lyapunov Stability for Linear Time-varying Systems

As before, there is a Lyapunov theorem (direct method) for time-varying
systems that certifies the uniform asymptotic stability of the equilibrium.
This theorem is stated below without proof since it uses techniques that are
not of direct interest to this course. We will use this theorem in establishing

uniform stability results for LTV systems.

THEOREM 12. (Direct Method for Time-Varying Systems) Let x = (
be an equilibrium for i(t) = f(t,z), and let V : R x R® — R be C* in
both arguments. If there exist continuous positive definite functions W, W,

and W all mapping R™ onto R such that

W(z) < V(t,z) < W(2)

ov oV
Frl %(f(tal’) < —W(x)

forallt > 0 and x € D, then the origin is uniformly asymptotically stable.

Let us compare Theorem 12 to our earlier direct method for time invari-
ant systems. We first see that the Lyapunov function is now a function of
time, ¢, and state, , whereas the time-invariant V' was only a function of
state. This means that to establish similar conditions we need to “bound” the
time variation in V. So the condition for V' (z) > 0 now becomes one where
V (t,z) is “sandwiched” between two positive definite functions W (z) and

W (x) which are independent of t. In a similar spirit, we now require
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to be bounded above by a negative definite —¥/(x) which is also indepen-
dent of t. So the conditions in this theorem are essentially the same as those
in the direct method for time-invariant systems. Uniform asymptotic stabil-
ity of the equilibrium is certified when V (¢, z) is sandwiched between two
positive definite functions of state and V(t, x) is bounded above by a neg-
ative definite function of state. As before a function V' (¢, z) that satisfies

these conditions is called a Lyapunov function for UAS.

Let us now apply theorem 12 to an LTV system. So consider the LTV
system

(t) = A(t)x(t), x(to) = o

which has an equilibrium at the origin. We let A (¢) be a continuous function
of ¢ and suppose there is a C'' symmetric positive definite matrix-valued

function P : R — R™*"™ with positive constants ¢; and ¢, such that
(31) 0<al<P(t) <cl, forallt>t,

and such that P(t) satisfies the matrix differential equation

(32) —P(t) = P(O)A(t) + AT(HP(t) + Q(t)

where Q(t) is a continuous symmetric positive definite matrix valued func-

tion and positive constant c3 such that

(33) Q(t) > eI >0, forallt >t

We want to show that V' : R x R" — R taking values
V(t,z) = 2" P(t)z

is a Lyapunov function for the LTV system.

Certifying V' as a Lyapunov function simply means checking the condi-
tions in Theorem 12. Clearly

alr]* < V(t,x) = 2TP(t)x < cylx)?

based on our assumptions on P(#) in equation (31). So we can take W (z) =

c1|z|? and W () = cy|z|?, both of which are clearly positive definite. We
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now check the other condition by computing the directional derivative of
V(t,x),

Vit,e) = 2"Pt)x+2"P(t)i + i P(t)x
— 4T {P(t) T P(O)A(®) + AT(t)P(t)} x

= —2'Q(t)x < —cs|zf?

where the last line comes from our assumption on Q(#) in equation (33). So
we can take W (x) = c3|z|? which is also clearly positive definite. As both
conditions of Theorem 12 are satisfied we can conclude that the equilibrium
of the LTV system is UAS provided the conditions in equations (31), (32),
and (33) are all satisfied.

The Lyapunov conditions in equations (31-32) are only sufficient UAS
of an LTV system. Unlike the LTI case, we cannot use eigenvalues as a
necessary and sufficient condition for UAS because these eigenvalues are
changing over time. The following theorem provides an alternative “eigen-
value” condition for GUAS of the LTV system,

THEOREM 13. The origin of @(t) = A(t)x(t) with initial condition
x(to) = g is uniformly asymptotically stable (UAS) if and only if there
are positive constants, k and )\, such that the system’s state transition ma-

trix satisfies
1®(t;to)[| < ke ")

forallt >ty > 0.

Proof: Since ® is the system’s transition matrix, we have for ¢t > ¢, that

lz(t)] < [®(¢;t0)z(to)]
< @t to)ll |x(to)]
< k|x(to) |e_k(t_t°)
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Since this is true for any x(t(), we can see that |z(t)| — O as¢ — oo at a
rate, \, which is independent of . So the condition is sufficient for global
UAS.

Conversely, assume that the origin is UAS, then there must exist a class
KL function, 3 : [0,00) x [0,00) — [0, c0), such that

lz(t)| < B(|z(to)|,t —to), forallt > tyandall z(ty) € R"

A class KL function, 3(r, s), is a continuous function that is continuous and
increasing in r with 5(0, s) = 0 and that is also asymptotically decreasing

to zero in s. It is what we sometimes refer to as a comparison function.

Now note that the induced matrix norm of ® has the property

1@ (t;t0)[| = max @ (¢ t0)z] < Ilil‘giﬁﬂxu —to) = B(1,t — o)
Since 3(1,s) — 0 as s — oo, there exists 7' > 0 such that 3(1,7") < 1.
For any ¢ > ¢y, let N be the smallest positive integer such thatt < t5+ NT'.
Divide the interval [to, o + (N — 1)T] into (N — 1) equal subintervals of

width 7'. Using the transition matrix’ group property we can write

B(tto) = B(t to + (N — 1)T) B(to + (N — )T, to + (N —2)T) - B(to + T, to)

and so
n—1
1B (t:to)|| < [ ®(tto+ (N = DT [T 1@ + KT to + (k — 1)T)|
k=1
N-1
< L0 [] - =eB0)e™
k=1

< ef(1, O)e_(t_tO)/T = ke Att0)

where k = ef(1,0)and A = 1/T. $
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Example: Consider the LTV system

) B -1 at)
=1 e -1 ]I

where «(t) is continuous for all £ > 0. Is the origin uniformly asymptoti-

cally stable?

We can solve this by checking a somewhat easier condition suggested by
the preceding theorem. In particular, let V(z) = 1 (2% + 23) and note that
Vi(z) = x1(—21 + a(t)zs) + 2o(—a(t)z) — 15) = —2? — 22 = =2V
In other words, we know that V' (x(t)) will satisfy the differential equation
V(t) = =2V (t)

which has the solution V() = V(0)e™* for ¢ > 0. Since V(z) = |z|*
we know this implies the system is uniformly exponentially stable and so

by the preceding theorem it must also be UAS.

Example: Consider the linear homogeneous system
-2t
z(t) = x(t
0 [ - ] (0
Determine if the origin is uniformly asymptotically stable. We can use our

earlier methods to show that this system’s state transition matrix is
—2(t— t2—72 _—2(t— t2—72
e—2(t—7) 2T e—2(t—7) _ 1 27 6—2(t—7)
0 e~2(t=7) 0 1

2(t—7)

®(t;7) =

The matrix norm is clearly dominated by the e~ term and so we know

this system is UAS according to the preceding theorem.

This theorem means that for linear systems, UAS is equivalent to uni-
form exponential stability (i.e. asymptotic stability where |z (t)| < ke™*').
This condition is not as useful as the eigenvalue condition we had for LTI
systems because it needs knowledge of the transition matrix that can only
be obtained by solving the state equations. In other words, the preceding

theorem is of limited value as a “test” for UAS.
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We can establish a converse theorem for LTV systems. This is done by

making considering

P(t) = /too &7 (7, )Q(7)®(,t)dr

and let ¢(7;t, x) = ®(7,t)z denote the state trajectory with initial condition

at time ¢ being z. With this notational convention, we can write

TP (t)r = /too o7 (1t 2)Q(1)p(T; t, x)dT

So by the preceding theorem we know that if the equilibrium is uniformly
exponentially stable (UAS), then there exist £ > 0 and A > 0 such that

1@ (7, 2)]] < ke Y

Since we assumed Q(t) is bounded and positive definite, there are constants

c3 and ¢4 such that ¢3I < Q(¢) < ¢4I and we can then say

TPt — / ST (it 0)QN)O(r )

= / o7 ®T(1,6)Q(1)®(7, t)xdT

t

< / et |[® (7. )| a2
t
< / k,26—2/\('r—t) d’7'C4|ZL'|2
t
]{5264 2
— k2
So we take W (z) = 2—)0\4]1:\2.

On the other hand since there exists L > 0 such that ||A(¢)|| < L for all

time, we can bound the solution from below by

B(rit @)l = fafe 20
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and so

xTP(t)x > / 63|¢(T;t,x)|2d7
¢

> / G_QL(T_t)dTC3|I|2
¢

= -laf’

So we take W (z) = 20—2 |z|? and what we’ve established is that

Cy —

]{32
W(x) = Stef < aP(t)e < — Lol = W(a)

2\

which establishes the first condition we need for a Lyapunov function.

We now show that the derivative property holds. We use the fact that

to show that

P(t)

which establishes that V (¢, z) = 7 P(t)x is a Lyapunov function. What we

0
5‘1’(7‘, t) = —P(7,t)A(t)

= /too &7 (T, t)Q(T)%CP(T, t)dr

+/too {%@T(T, t)} Q(7)® (7, t)dr — Q(t)

_ /°°¢T<T,t>q<7>q><r,t>A<t>

_AT() /too &7 (7, )Q(1)®(r, t)dr — Q1)
= —P(H)A(t) — ATH)P(t) — Q(t)

147

have just done is show that if the origin of the LTV system is asymptotically

stable, then there must be a Lyapunov function of the form given above.

This converse theorem is formally stated in the following theorem.

THEOREM 14. Let © = 0 be the uniformly exponentially stable equilib-
rium of ©(t) = A(t)z(t) where A(t) is continuous and bounded. Let Q(t)

be continuous bounded symmetric positive definite matrix function of time.
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Then there is a continuously differentiable bounded positive definite sym-

metric matrix function, P(t), that satisfies the matrix differential equation
~P(t) = P()A(t) + AT()P(t) + Q(1)

and so V (t,z) = 2P (t)x is a Lyapunov function for this system.

6. L, Stability:

Lyapunov stability is a property of the equilibrium for a system that is not
being forced by an unknown exogenous input. For systems with exogenous

inputs, the state equation takes the form,

where f : R" x R™ — R is now a function of the state z : R — R™ and an
applied input signal w : R — R™. One can think of w as a disturbance. The
disturbance is a signal that we don’t know and that fluctuates about a bias
or trend line. If 0 = f(0, w(t)) for any w, then the origin is an equilibrium
point for the forced system and one can examine the Lyapunov stability of
that equilibrium. In general, however, the disturbance is non-vanishing in
the sense that f(0,w) # 0 and this means that the origin will not be an

equilibrium point and so the Lyapunov stability concept cannot be used.

For systems with non-vanishing perturbations, one often uses a stability
concept that focuses on the input/output behavior of the system. In particu-
lar, we say a forced system is input/output stable if all bounded inputs to the
system result in a bounded response. “Bounded”, in this case, means that
signals have finite norms and so the system is viewed as a linear transfor-
mation between two normed linear signal spaces. A stable system is then a
linear transformation, G : L;, — L., that takes any signal, w € L;,, such

that ||w|

£, < oo onto an output signal G[w| € L, such that || Glw]|| ., 18
also finite. It is customary to consider signals that are linear transformations
between two L, spaces because these spaces are Banach spaces (complete

normed linear spaces). Such systems are said to be £,, stable. The purpose
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of this section is to formalize the £, stability concept and discuss the special

case when p = 2.

L,-stability is defined for systems, G : L, — L., that are linear trans-
formations between two extended L, spaces. In particular, L. is the space

of all functions, w, such that the truncation of w for any finite 7'

wp(t) = w(t) fort g‘T
0  otherwise

isin £,. We say this space is “extended” because it contains all signals in

L, as well as unbounded signals whose truncations are bounded. For such

systems we say G is £, stable if and only if there exists a class K function’,

a :[0,00) — [0, 00), and a non-negative constant, 3, such that

IGlwlrll,, < allwrlle,) + 8

for all w € L, and T' > 0. The constant 3 is called a bias.

Note that in characterizing a system as a linear transformation, we also
need to constrain the system to be causal. Causality means that the current
output is only a function of the past inputs and outputs, a consequence of the
forward motion of time. Formally, we define causality using a truncation
of the input and output signals. In particular, if we let w € L, then the
truncation of w with respect to time instant 7" is a function wy : R — R
such that
w(t) ift<T

wr(t) = :
0  otherwise
The dynamical systm G : £, — L, is causal if and only if for any 7" € R,

we have

Glwr|(t) = Glw](t), orallt<T
Informally, this means that the output of the system prior to time 7" under
the non-truncating input signal w is identical to the system’s output prior

SA function o : [0,a) — [0,00) is class K if and only if it is a continuous and

increasing with «(0) = 0.
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to time 7" under the truncated input wp. Since wry is zero for ¢ > T, this
means that nonzero inputs after time 7" have no impact on outputs prior to

T'. In other words, the future inputs have no impact on the past outputs.

Lyapunov analysis is often just concerned with declaring whether or not
the equilibrium is stable. But for £, stability, one talks about how well
the “disturbance”, w, is attenuated at the system’s output and this degree
of attenuation is characterized through the concept of the system’s gain. In
particular, we say that G : L, — L, is finite-gain L,, stable if there exist
~v > 0 such that

IG[wlzllz, < Allwrlle, +5
This constant 7 is called a gain.

Note that if there is any other 7; > ~, then 7, is also a gain. We want
a notion of gain as a property of the system that is some sense uniquely
defined. This is done by taking the infimum over all inputs, w, of those
scalars that can be gains. We call this the £, induced gain of the system

that is formally defined as

IGllz,—ina := inf {7 Gw)rlle, <Alwrlle, +8, forallw e Lpand T > 0}

Note that if the bias, 3, is zero then the above gain is identical to the £, and

L, defined we discussed in earlier chapters.

The prior lectures provided an explicit formula for the £, induced gain
of an LTI system with a known impulse response function. But the Lo-
induced gain we derived for LTI systems required finding the maximum
of the system’s gain-magnitude function, |G(jw)|. Finding this maximum
can be very difficult to do if the system has many sharp resonant peaks;
which is usually the case for mechanical systems with a large number of

vibrational modes. So the rest of this section presents an alternative way
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of determining the L,-induced gain that is computationally efficient. The

following theorem will play an important role in this approach.

s | A|B
THEOREM 15. Suppose G = clo is a system realization with A

being Hurwitz, then ||G||z,—ina < 7 if and only if the matrix
A LBB”
o
~-CT'C —AT

has no eigenvalues on the jw-axis.

Proof: Let ®(s) = v*I— G*(s)G(s). It should be apparent that because
|G|z, —ina = max, |G(jw)| then ||G||z,—ina < 7y if and only if ®(jw) > 0
for all w € R. This means that ®(s) has no zeros on the imaginary axis, or

rather than ®~!(s) has no poles on the imaginary axis.

One can readily verify that a state space realization for ®~!(s) is

$(s) = 0
Lo =BT ]] &

If H has no imaginary eigenvalues, then clearly ®'(s) has no imaginary

poles.

T

|

So let jwy be an eigenvalue of H. This means there is x = [

T
T2

X2
such that

0 = (jLL)()I — H)QI
jwol — A —%BBT
CTC ]WOI + AT

which means

1
(34) (jwol = A)z; = — BBy
gl

(35) (ijI+AT)ZL‘2 == —CTCJfl
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The mode associated with this eigenvalue will be ' | eiwot, For this
)

mode not to appear in the system’s output, we would require for all ¢ that

X1

0:[0 ;—QBT]

ejwot — iBTl,Qemwot
) 72
This can only occur in if BYz, = 0, which when we insert this into equa-
tions (34-35) gives

(ijI—A)l’l =0
(jwol + AT)z, = —CTCxy

The first equation implies x; = 0 since A is Hurwitz, and inserting this
into the second equation implies z2 = 0. So we’ve shown that if the jwg-
mode is activated and it does not appear at the output, then z = 0, which
cannot happen. So in this case jwy cannot be an eigenvalue of H. A similar
case can be made if we require that the applied input not excite those x5

components in the jwy-mode.

The preceding theorem is useful because it uses an eigenvalue test to
certify whether ||G||z,—ina < 7. We refer to this test as an algorithmic
oracle since for a given state space realization it can easily declare whether
or not a given vy is an upper bound on the induced gain. In particular, we use
this oracle as the basis of a binary or bisection search to efficiently search

for the minimum ~y. This bisection algorithm is stated below.

(1) Select an upper and lower bound, v, and -y, respectively, such that

Y < NGl zy—ina < Y

2) If Ju e < € where € is a specified error tolerance, then STOP

e

and declare %_W

Yu + Ve

as the induced gain. Otherwise continue

(3) Sety =

(4) Form the Hamiltonian matrix H and compute its eigenvalues
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e if no eigenvalues are purely imaginary, then set v, = - and go
to step 2.

e If any eigenvalue is imaginary then set -y, =  and go to step
2.

This algorithm works in a very simple manner. It assumes we already
know that the induced gain is bounded between the two initial guesses, v,
and -y,. The value of ~ that we check is chosen halfway between v, and 7,
thereby dividing the region of uncertainty in half. Let v, denote this initial
guess. The eigenvalue test tells us whether the initial guess is or is not an
upper bound on the induced gain. If it is an upper bound, then we know
Ve < ||G|lz,—ina < o and we can reset the upper bound to 7y, = 7. If the
eigenvalue test tells us 7 is not an upper bound on the induced gain, then we
know vy < ||G||z,—ina < 7Y« and we can reset the lower bound to vy, = .
With this reset, the interval of uncertainty around the induced gain, [, 7,]
is cut in half. We then repeat this game with the smaller uncertainty interval.

What this algorithm guarantees is that we will determine the induced gain to
Yu — Ve

an accuracy of after n recursions. So for a specified tolerance level,
€, we can actually determine how many recursions are needed to complete

the search.

Example: Consider the LTI system

0 1 |0
G=| —w? —01]1
10 o

Determine the system’s induced £, gain.

We know the transfer function for this system is G(s) = m and
SO

1
(w2 —w?)? 4+ 0.01w?

Computing the first derivative and setting it equal to zero yields,

G(jw)l* =

2(w? —w)=0.01=0



154 3. STABILITY

The solution, wy, is the peak in the gain magnitude function and satisfies the
quadratic equation

wg + wi N
which has a positive solution positive for w? > 0.01/2. For w? < 0.01/2,
the function is monotone decreasing which means the peak occurs for wy =
0. We therefore see that

L 199 for w, > 0.01/2

HGHLQ—ind _ |G<jw0)|2 _ { (0.01/2)2+(0.01)(0.01/24w2 ~ w2

2
Wn

Example: Consider a system with the following state space realization

: for w? < 0.01/2

—0.016 16.19 0 0 0 0 0 0 1.30 |
—-16.19 —0.162 0 0 0 0 0 0 0.01
0 0 —0.01058 10.58 0 0 0 0 1.1
0 0 —10.58 —0.0106 0 0 0 0 —0.09
G= 0 0 0 0 —0.004 3.94 0 0 —0.22
0 0 0 0 -3.94 —0.004 0 0 | —0.0019
0 0 0 0 0 0 —0.00056 0.568 0.074
0 0 0 0 0 0 —0.568 —0.0006 104
| 2x107° —0.0025 —0.0075 —0.095 —0.00032  0.0366 0.00016 —0.127 0 |

Plot the system’s frequency response function at 100 equally spaced points
between 0.1 to 100 rad/sec. Use that plot to estimate the £, induced gain
of the system. Then use the preceding bisection algorithm to estimate the

induced gain.

The frequency response plotted using MATLAB is shown in Fig. 1. This
plots shows points at 100 sample points between 0.1 and 100 rad/sec (blue
asterisks) as well as a more finely sampled plot with 10, 000 sample points
(shown in solid red line). The peak found by the coarse sampling was
1.0822 (0.3671 dB). So one would estimate the induced gain to be 1.0822.
The peak found by the more finely sampled plot was 4.8912 (13.7883 dB).
If we had used the preceding bisection algorithm, we would have found the
actual peak to be 8.2664 (18.3463 dB). The induced gain estimated from the
gain-magnitude plot depended greatly on how finely we sampled the plot.

The problem here was that we have no way of relating the sampling interval
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to the error in our estimate of the induced gain. The bisection algorithm, on
the other hand, does provide a relationship between the number of recur-
sions and the accuracy of the estimate. In particular, one can guarantee that
with an initial guess between 0 and 10 one would only need 10 recursions

to get within 0.01 of the actual gain.

*

-100 S S

10° 10° 10 10

FIGURE 1. Sampled Gain magnitude being used to estimate
L2 induced gain

Since Lyapunov stability is such an important concept, it is useful to
characterize the relationship between £, stability and Lyapunov stability.

This is done in the following theorem

THEOREM 16. Consider the input-output system i(t) = f(x(t), w(t))
and y(t) = h(x(t), w(t)) where the origin is an exponentially stable equi-
librium of ©(t) = f(x(t),0). Assume there exist positive constants L, r, .,

M1, and 19 such that

IN

|f(z,w) = f(,0)] Lfw]

[z, w)| < mle] +n2lw]
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forall |z| < r and |w| < 7. If there exists a C* function V : R™ — R and
non-negative constants ci, cs, c3, and cy such that
2 2
alz]® < V(z) < ez

V(z,0) < —cslaf?
ov

dx
then the system is finite gain L,-stable.

IN

cqlx|

Proof: Consider V' along trajectories of the forced system

V= P pa,0) + (7w w) — (a0

with the given bounds and the Lipschitz constant, L, for f we get
V < —eslz)? + esL|z||w]
Take W (t) = /V (z(t)) and note that
: v
W= —
2V

We obtain the following differential inequality

1 C3 C4L
[w(®)]

W< ——=W+
By the comparison principle we can therefore conclude that

- 2 Co 2\/0_1

C4L ¢ —(t—s

(&
271 Jo

W(t) < e 25'W(0) + 3 |w(s)|ds

which implies that

Co _ 3¢ C4L t —(t—s)c—“s
r(t)] < —|xgle 22 +— [ e 2e
()] < ol 2, /.

w(s)|ds

and so we can conclude that if |zq| < T /% and |wlz., <
2 Co 262

|z(t)| < r for all time.

This means that the bound on A holds for all time and so

t
ly(t)| < ke ™ + k2/ e’“(t’s)|w(s)|d8 + ks|w(t)]
0
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L
where k| = ﬁ|x0|m, ko = c 771, ks =19, and a = C—S. Assign to each
Co 201 202

of these terms in the above equation a signal y1, y», and y3. If w € L, with

||w]| .. sufficiently small then for any 7" > 0

ka
lyarlle, = —lwrlle,,  lysrlle, < ksllwrlle,,  lnrle, < ke
1 if p =00 .
where p = ~ . So that since
(1/ap)'/?  otherwise

lyrlle, < llnrlle, + llverlle, + llysrllc,

we can use the above bounds to conclude

ko
lyrlle, < kip+ E||wT||£p + ksllwr||c,
ko
= |\, ths lwrllz, + kip = Y|wrllz, + 6

which identify the finite gain and bias for this system. {»

For linear time-invariant systems, since the existence of a Lyapunov
function is necessary and sufficient for asymptotic stability of the state, then
itis much easier to see that the system will be £, stable. The converse, how-

ever is not true. Let us consider,

©(t) = Ax(t)+ Bw(t)
y(t) = Ca(1)

If the origin is asymptotically stable, then it is exponentially stable and so
there exist A > 0 and v > 0 such that

eAtxO < Ke

for t > 0. Since the impulse response is CeA'Bu(t), it is easy to see that
this must be integrable and so if the state-based system is exponentially

stable, it must also be £, stable.
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The converse may not be true as is seen in the following example. Let us

consider the state-based system,

(1) -1 0 x1(t)

To(t) 0 1 xo(t)
$1(t)

yt) = |1 o}[w)]

This system is clearly unstable since the A matrix has one eigenvalue with

+ w(t)

a positive real part. This system however is £,, stable since its transfer func-

tion is —— which only has a single pole on the left hand side of the complex
s+1

plane. The reason why this system is £, stable but not asymptotically sta-

ble is because the unstable mode of the state-based system is not observed

at the system’s output. Moreover, it is not influenced by the input either.

State-based models that have this property are said to be uncontrollable and

unobservable.



CHAPTER 4

Controllability and Observability

The stabilization problem is concerned with keeping the system state in a
neighborhood of an equilibrium. A companion problem is how one steers
the state to that neighborhood in the first place. In particular for a continuous-

time linear system
(t) = At)x(t) + B(t)u(t), =x(ty) = xo
or a discrete-time system
z(k+1) = A(k)z(k) + B(k)u(k), (ko) = zo

how do we select the controlled input u so the state trajectory starting at
time ¢ (ko) in state x( reaches a given operating point in finite time. This
is called the reachability problem. The finite time nature of the problem’s
statement makes it distinct from the stabilization problem we considered

earlier. We will find it useful to consider two versions of this problem.

e The reachability problem seeks a control input that drives the state
to a desired point from the origin in finite time.
e The controllability problem seeks a control that steers the system

state to the origin for any initial state in finite time.

For continuous-time systems, these two versions of the concept are equiva-
lent. For discrete-time systems, these concepts are not equivalent since time

cannot flow freely in both directions for a discrete-time system.

Dual to the notion of reachability/controllability is observability. Ob-
servability asks whether one can determine the system’s state x at time ¢ if
we have access to a finite interval of inputs w, ;47 and output y, 10417 A

159
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related concept known as constructibility asks whether the state x at time ¢,
can be predicted based on inputs for a finite time interval, [ty — T, t|, prior

to to. This chapter discusses all four of these finite-time concepts.

1. Controllability/Reachability Definitions

Let us consider an inhomogeneous time-varying linear system whose state

equations are
z(t) = A@)z(t)+B)u(t), =x(to) = xo

Informally, we want to know if there is an input, u, that transfers the state
from x at time ¢, to a specified state, x1, by some finite time t; > ty. If

such an input exists then we must have

1 = B(t: to)wo + / CB(ty: ) B(r)u(r)dr

to

It will be convenient to rewrite this equation as

1% - B(t: o) = / " (1 7B u(r)dr

to
Rewriting the equation this way suggests that the problem of transfering the
state from (g, t) to (x1,t1) is equivalent to transfering the state from the
origin, (0, %), to (Z1, tp). For this reason, the formal definition of reachabil-
ity is defined with respect to steering the state from the origin to a specified
target state, x1. So we say that state x; is reachable at ¢, if and only if there

exists a finite ¢y < ¢; and input w : [tg, ¢;] — R™ such that

(36) T, = /t1 ®(ty; 7)B(7)u(r)dr

to
The set of all reachable states for a given system pair, (A(¢), B(t)) forms a
linear space. The reachable at t, subspace of (A(t),B(t)) is

for some finite ¢, < ¢; and there is an input u
Rf} déf T € Rn . . t
under which z; = / b (t; 7)B(T)u(r)dr

to
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The system is reachable at ¢; if R%* = R™. If the union of all reachable sub-

spaces at tq, i.e. U Rf}, consists of the entire state space, then the system
t1
is reachable. In plain language, this means a system is reachable if every

state can be reached in finite time from the origin. If the system is state
reachable, then it is customary to say that (A(¢), B(t)) forms a reachable

pair.

The controllability concept reverses time to identify those states that can
be driven to the origin in finite time by an input. Usually the origin is the
system’s equilibrium point and so we say a state x is controllable at time t,
if there exists a finite time ¢; > ¢y and input u : [to, t] — R™ that transfers
the state from x at £, to the origin at ¢;. In other words, for some finite time
t; > t, there will be an input such that the state at time ¢; is at the origin,
i.e. 0 = x(t1; o, o). This is equivalent to saying x, is controllable at ¢ if
there exists a finite time ¢; > ¢; and an input u such that

t1

—@(tl;to)xo—/ ®(ty; 7)B(1)u(T)dr

to
Note that because the transition matrix, ®, is invertible for continuous-time

systems, so the preceding integral equation is equivalent to

(37) —x0 = /t ! ®(to; 7)B(7)u(r)dr

0
which is very similar to the integral equation (36) used to characterize

reachability.

As we did for reachability, we can define the controllable at t, subspace

as

there exists finite ¢; > ¢; and an input «
t1
such that —xg = / D (to; 7)B(7)u(r)dr

to

def
RZO =<z eR":

We say the system is controllable at ty if R = R™. The system is con-

trollable if U RI> = R". Note that the integral conditions for controllabil-
to
ity (37) and reachability (36) are essentially identical for continuous-time
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systems. One may therefore conjecture that a continuous-time system is
controllable if and only if it is reachable. Note that the non-singular na-
ture of the continuous-time system’s transition matrix played a major role

in forming this conjecture. For discrete-time systems

r(k+1) = A(k)x(k) + B(k)u(k)

k
the transition matrix ®(k; ko) = H A (i) may not be invertible. So in gen-
i=ko
eral, we cannot make the same conjecture. In other words, controllability

and reachability are not equivalent for discrete-time systems and this fact is

why we draw a distinction between the two notions.

The equivalence of controllability and reachability for continuous-time
systems may be proven in a “formal” manner with a functional, L [-; to, ;] :

L,. — R" that takes values

(38) Lius fo, 1] = / " B (ty: 1)B(r)u(r)dr

to
With this linear functional, we can see that equation (36) asserts x € R" is
reachable at ¢, if and only if there exists a finite ¢, < ¢; such that x lies in

the range space of L. In other words
(z,t) isreachable att; <« = € Range(L[-; to,?1]) for some input u

The controllability condition in equation (37) asserts that x is controllable

from ¢, if and only if there exists finite ¢; > ¢, and input u such that

r = —/I(I)(tO;T)B(T)u(T)dT

to

= / i ®(to; 7)B(7)u(r)dr = L[u; t1, to]

t1

which is the same as saying z is controllable from % if there exists finite
t1 > to such that

(z,t1) is controllable at t, < x € Range(L[-; t1,t]) for some input u
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The subspaces Range(L[- ; ¢, to]) and Range(L[- ; o, ¢1]) are readily shown
to be equivalent thereby allowing us to conclude a state x is controllable at
xo if and only if it is also reachable at ¢;. This argument “formalizes” the
observation leading to our original conjecture. The preceding argument
with the linear functional L simply allows us to formally verify that our
conjecture is indeed true. This conjecture can now be formalized into the

following theorem

THEOREM 17. Consider the LTV system, i(t) = A(t)x(t) + B(t)u(t).
The state x € R" is controllable at t, if and only if it is reachable at t.

2. Conditions for Reachability/Controllability

Equations (36) and (37) provide conditions that can verify whether a state
x 1s reachable/controllable. But these conditions are difficult to verify be-
cause we need to determine the range space of a linear functional equation.
Determining whether states are reachable/controllable is of particular inter-
est to safety critical systems. Systems can become “unsafe” if their state
enters a “forbidden” region of the state space in finite time. We therefore
need to identify conditions for controllability and reachability that are easier

to verify than the integral equations given in the preceding section.

The reachability gramian of the continuous-time system
(t) = A(t)x(t) + B(t)u(t)
is an n X n matrix-valued function

W..(to; 1) = / 1 ®(t; 7)B(1)BY (1)®7 (ty;7)dr

to

where ®(t1; ) is the system’s transition matrix.

Recall that (z,%,) is reachable at ¢; if and only if « lies in the range
space of the linear functional L[u ; to, t;] for some input u. Verifying this
condition, however, is difficult because we must look through all inputs w,

to see if its true for a single one. We will show that the Range space of
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the linear functional, L, is equivalent to the range space of the reachabil-
ity gramian, W, thereby providing another way of verifying whether z is

reachable without having to find u directly.

Let us first verify Range(W,) C Range(L). Let z; € Range(W,).

This means there exists 1; € R" such that W,7; = x1. So choose
u(r) = BT(T)fIJT(tl S T)T

for 7 < t;, then

Liusto,ti] = [ [ (BB ()@ 1 )|

= W, (to,t1)m = 23

This means that z; € Range(L) for the chosen u. We can therefore con-
clude that Range(W,.) C Range(L).

We can now prove the other direction, namely Range(L) C Range(W,.).
Let zy € Range(L), so there exists some control input, u, such that L [u; to, ;] =
x1. Let us assume, however, that x; ¢ Range(W,.). We are going to use
the fundamental theorem of linear algebra to show that this cannot occur.
From the fundamental theorem of linear algebra, we know that for any lin-

ear transformation (matrix), A, we have
ker(A) = (Range(AT))*
Since W, is a symmetric matrix, we can conclude
Range(W,.) = (ker(W,))*

So for any w € Range(W,) and v € ker(W,.) we would have w'v = 0.
So let us take our x; and rewrite it as
v, =) +af

where 2} € Range(W,.) and 2”7 € ker(W,.). Note that ] # 0 because we
assumed x; ¢ Range(W, ). There exists, therefore an x5 € ker(W,.) such
that 22 2] # 0, which would imply 2z, # 0.
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But if this nonzero x5 is in ker(W,.) then we can readily see

t1
I W,y = 0:/ (3 ®B) (23 ®B) dr

to
t1 9
= / |m§<I>(t1; T)B(T)‘ dr
to
which would mean 2 ®(¢,; 7)B(7) = 0 for any 7 € [t¢, t;]. This observa-
tion would imply
t1
vl = alLuste, ty] = / 23 ®(ty; 7)B(1)u(r)dr =0

to
where w is the input taking the state to z; from the origin. This last equation,
however, contradicts our earlier observation that xg:cl = 0. This contradic-
tion arose from our assumption that z; ¢ Range(W,.) and so the contrac-
tion implies 21 € Range(W,.). Since our original choice of x; € Range(L)
was arbitrary, we can conclude Range(L) C Range(W,.. The preceding ar-

guments allows us to conclude Range(L) = Range(W,.).

Since the range spaces of L and W, are the same, it means that we can
verify that a state x; is reachable at ¢, if and only if it lies in the the range
space of W, (g, t;) for some finite ¢y < ¢;. This condition is much easier
to certify than the condition in integral equation (36) because W,. is only
a matrix that is independent of the input u. Another important outcome
of our preceding discussion is that it identifies one particular input u that
steers the state from the origin to x;. In particular that transfer must be
achieved by the input u(t) = BT (¢)®7(t,,¢)n, that we used to form the
reachability gramian from the linear functional L. These observations can

be summarized in the following theorem.

THEOREM 18. For the LTV system i(t) = A(t)x(t) +B(t)u(t), then the

state x is reachable at t, if and only if there exists a finite t, < t, such that
x1 € Range(W,(to,t1))
Moreover, one such input that achieves this transfer is

u(t) = BT (t)®" (t1, t)m
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where 1), is a solution of the linear algebraic equation

W..(to, t1)m = 21

In view of the preceding theorem one can assert that all states can be
reached at ¢, if and only if for some ¢, < t; we have Range(W,(to,t1)) =
R™. This can only be true if rank(W,.(¢o, t1)) = n are rather that det W ,.(to, t1) #

0. These observations are summarized in the following theorem

THEOREM 19. (A(t),B(t)) is a reachable pair at t, if and only if there
exists to < ty such that det(W,(to,t1)) # 0.

Example: Consider the LTV system

-1 e?t e—t
z(t) = z(t) + u(t
) [O _1] () [O] ()
One can readily show that the state transition matrix is

Q(t;7) = [

o—(t=7) %(6t+7' — et ]

0 e (t=7)

This implies that

B(1:7)B(r) - [ D (e — e ] [ ] _ [ ]

0 e~ (t=7)

So the reachability gramian is

W, (tg t1) — / " B(t: ) B(r)BT (1) &7 (t1: 7)dr

to
—t1

t
K

Te 2 0
-

Clearly rank(W,(¢g,t1)) = 1 < 2 for any ¢y < t;. So this system is not

e

[ e’ () ] dr

t
' B (tl — to)e_%l 0
0 0

to

reachable for any ¢;.
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Even though (A(t),B(t)) is not a reachable pair, there are reachable

1
states. In particular, the states in Range(W.,.(to,t1)) = span{ [ 0 ] }

. . Q .
are reachable. So if we consider any state z; = 0 where « is any real

number then z; must be reachable. We can use our earlier theorem to obtain
a specific input transferring the state from the origin to this z;. This is done
by first solving the LAE

t —to)e 2 0 «
T ] PR

which has the solution

h =

e} 2t1
t1—to € ]

where [ is any real number. Our earlier theorem therefore allows us to

conclude that one control steering the state to z; will be

u(t) = [®(t;)BE)] m

a 2t
- [e*tl 0} TET U E
B t1 —to

We can verify that this control input actually reaches the desired state by

substituting » back into the equation for x

o) = / "B (t: 7)B(r)u(r)dr

to

Time Invariant Systems: We now specialize the results above to continuous-

time LTI systems

t(t) = Az(t) + Bu(t)
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In this case the transition matrix may be written as ®(t; 7) = eA(~7), Be-
cause of time invariance, we take ¢ty = 0 and ¢; = T" without loss of gener-

ality and the reachability gramian becomes

T
W, (0,T) = / eT-DABBT (T-1AY 17
0

When the system is time invariant, the range space of W,.(0, T') is inde-
pendent of 7'. To show this, let us first assume that B is a vector so we are
considering a scalar input u. Let us then consider x; € Range(W,.(0,7"))

for some 7" > 0. This would mean that there exists an input » such that
T
Lu;0,T) = / eT=TABu(r)dr = x4
0

Since e?! is a power series, we can use the above equation to see that

T = ki;oA’“B (/OT (T;—!T)ku(T)dT)

Invoking the Cayley-Hamilton theorem lets us express this infinite series as

a finite series
n—1
T = Z A"Bay(T)
k=0

where oy, : R — R are functions of time. This last relation relation implies
x1 lies in the span of the collection of vectors {AkB}Z;é. In particular, this
subspace is the range space of a matrix whose columns are formed from

these vectors,
cz[B AB A’B ... A"'B

This matrix is also called the pair’s controllability matrix. So we can con-
clude that z; € Range(C) and so Range(W,.(0,7")) C Range(C) for any
T > 0.

Conversely, let us assume there exists 7; € R™ such that Crn; = z; and
let us further assume that 21 ¢ Range(W,.(0,7")) for some 7" > 0. This
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would imply that the null space of W.,.(0, T') is nontrivial and so
Range(W,.(0,T)) = (ker(WZ(0,cT))* = (ker(W,.(0,7)))*

where the last equality occurs because W,. is symmetric. So for any w €
Range(W,) and v € ker(W,) we can conclude w’v = 0.

We then use the same argument leading to our earlier theorem to deduce
there exists a vector zo € ker(W,.(0, 7)) such that 212, # 0. We then use
the fact that 2 W,.(0, T)x, = 0 to deduce that 23e"~"AB = 0 for all
0 < 7 < T. By the Cayley-Hamilton theorem this would mean

n—1
0 = 3> A'Bay(T)
k=0

which would mean x5 is orthogonal to Range(C). This would mean that
alr =2iCn =0

which contradicts our earlier observation that 1z, # 0if x; ¢ Range(W,.).

So by this contraction we can deduce Range(C) C Range(W,). Combin-

ing this with our earlier result we can see that Range(C) = Range(W,.(0,7)).
Since the matrix C is independent of 7', this means the subspace Range(W,.(0, 7))
is the same for all 7. These observations can now be summarized in the fol-

lowing theorem.

THEOREM 20. Consider the LTI system, ©(t) = Ax(t) + Bu(t), then

e Range(W,.(0,7)) = Range(C) forall T > 0
o The reachable subspace is R = Range(C)

o There exists an input u
u(t) = BTeA Ty,

transfers the state from the origin to x1 € Range(C) by time T for
m satisfying the LAE Cn, = x1.
e (A, B) is a reachable/controllable pair if and only if rank(C) = n.
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Discrete-time Systems: Consider the discrete-time LTI system
z(k+1) = Azx(k) + Bu(k)

Consider the problem of steering the state from x( to x; in finite time K.

This means
K-1
r, = Afzy+ Z AB-EHU By (4)
i=0
= AKxo—i-CKUK
where
Cr = [B AB .- AK-B
u(K —
u(K —2
U = )
u(0)

The definitions for a state x; to be reachable or controllable at K are iden-
tical to the definitions in the continuous-time case. To determine an input
that steers a reachable state, however, can be determined directly from the
the matrices of the system equations. Recall that if z; is reachable from the
origin that

K-1

Ty = Z AK=HDBy (i) = Crxllx

i=0
The last equation is a linear algebraic equation whose solution, Uy, gives
the desired control sequence. This simple argument can be summarized in

the following theorem

THEOREM 21. For a discrete time LTI system, the state 1 is reachable
from the origin in finite time if and only if v1 € Range(C). The reachable
subspace of the system is R, = Range(C) and one input sequence that

transfers the state from the origin to x| in n steps is

= [ —1) wn-2) - W(0) ]
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where U, satisfies CU,, = x;.

Now let us consider the problem of controlling the system state from z

to the origin in K steps. We can see that this requires x satisfy
— A%z, € Range(Ck)
One input that achieves this transfer is Uy that satisfies
— ARy = Crliy

The fact that the left hand side of the equation passes our target through AX
means that controllability will not be equivalent to reachability. The reason

for this is that A may not be invertible in a discrete-time system.

In particular, let us assume that x is reachable. This would mean = €
Range(C). But also note that if x € Range(C) then A*z € Range(C)
for any £ > 0. We refer to such subspaces as being A-invariant. Since x
being reachable also implies A*z € Range(C) we can conclude that the
preceding LAE, —A%z, = C,Ux has a solution and so z is also control-
lable. Since our choice of x was any state in the reachable subspace, we can

conclude that if state x is reachable it is also controllable.

But the converse relation need not be true. Controllability does not imply
reachability for discrete-time systems. To verify this claim it suffices to find

Jjust one example. So consider

x(k+1):[(1) ;]x(k)+[é]u(k)

The system is controllable since any initial state xy can be returned to the

origin in a single step using the input

u = —x1(0) — 22(0)



172 4. CONTROLLABILITY AND OBSERVABILITY

This assertion is verified by a direct computation

11 1
n= x<o>+[O]<—x1<0>—x2<0>>
| #1(0) +25(0) = 21(0) — 2(0) ] 0

0

This system, however, is not reachable as can be verified by simply finding
the reachable subspace and noting it is not all of R?. In particular, we see

that

R u(0)
z(1) = _O]u()— 0 ]

[ w(l) || w(©0) +u(1)
o = [ ][]0

1
and so we see that the reachable subspace is span({ [ 0 ] . Since this is

clearly not all of R2, it means this system has states that are controllable,

but that are not reachable.

Example: Consider the discrete-time LTI system

1 1 0 —1
rk+1)=1| -1 -1 0 |z(k)+ | 1 [u(k)
0 0 1 1

(1) Is the system reachable? Determine the reachability subspace.
-2
Consider the target state x; = 2 and find an input that

4
reaches z; from the origin. Verify that your inputs actually reach

the desired z;.
(2) Is the system controllable? Determine the set of states that can be

controlled to the origin in finite time. Characterize all inputs that
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drive the system to the origin in two steps. Verify that your input

actually drives the system state to the origin.

For the reachability problem, we first find the controllability matrix, C,

1
C:[B AB A’B | =| 1
1

= o O
_ o O

The matrix clearly has a rank of 2 and so this system is not reachable. The

reachable subspace is

R, = span 1 ,

The desired target state is

So xy is in the reachable subspace. An input U = [u(2),u(1),u(0)]" that

satisfies
u(2) -2
CU=| u(l) | = 2
u(0) 4
which has the solution
F T
u = 2 | + ker(C)
- O =
[ 2] 0 2
= 2| +al|l 1 | =2+«
| 0 ] —1 —
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where « is any real number. We can verify this input works by computing

z(l) = A0+B(—a)=| —a
—o— 2
z(2) = Az(1)+B2+4+a)=| a+2
2
9
z(3) = Az(2)+B2=| 2
4

Now let us turn to the controllability part of the problem. All states that

can be driven to the origin in K steps must satisfy

A¥zy € Range(Ck)

000 a
Inourcase K =2and A2= | 0 0 0 |.Soforanyzy= | 3 | € R3,
0 01 7y
0
we can see that A%zy = | 0 |. The range space of C; is
Y
-1 0 —1
Range(Cy) = Range 10 = span 1|,
1 1 0

So for any zy € R?, we have A%z, € Range(Cy), so every state in R? is
controllable in two steps and the system is controllable. The set of all inputs

that drive z to the origin in two steps is

0 10
A%y ——| 0 :Cgluu)]: 10 [u(l)]
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The null space of Cs is trivial so there is a unique input that satisfies the
LAE. That input is

We verify the correctness of this control by computing the states

1 1 0 o -1 a+B+y
$1) = | =1 =10 ||B|+] 1 [(=)=|-a-8-1
0 0 1] |~y 1 0
1 1 1 -1
2(2) = | =1 =1 0 |z()+| 1 |0=
0 0 1 1

3. Observability and Constructibility Definitions

Observability is a finite-time property of a linear state-based system that is
”dual” to reachability. In particular observability means that one can deduce
the system’s initial state, z(, at time ¢, from a finite duration of inputs and
outputs after time ¢y. Constructibility is similar to controllability in that it
reverses time and means that one can deduce the system’s state, x; at time

t1 using finite duration inputs and outputs observed before time ¢;.

Observability can be informally explained using discrete-time LTI sys-

tem

In this case we know the system output is

k—1
y(k) = CA*z(0)+> CA*UBu(i) + Du(k)

=0
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for k£ > 0. This implies that

k—1

gk ¥ oyk) - {Z CAF DBy (i) + Du(k)}

=0

= CAkZEO

for £ > 0. Note that y(k) is known for 0 < k < K, so the initial state is

obtained as a solution to the linear algebraic equation

YO,K4 = Okxg

where
C y(0)
o C.A T = 5(.1)
CAK—l g(K.— 1)

Whether or not we can determine z from a given set of X measured inputs,
u and outputs, y, will depend on whether the preceding linear algebraic
equation has a unique solution. This is the basic approach adopted when

extending these ideas to continuous-time and time-varying linear systems.

We now formalize our definition of observability for continuous-time

LTV systems

The output y(?) is

y(t) = C(t)P(t; to)x(to) —I—/ C(t)®(tT)B(7)u(T)dr + D(t)u(t)

to

where ®(¢; 7) is the state transition matrix. We can rewrite the above equa-

tion as

y(t) = C()@(t; to)xo
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where xg = x(ty) and where
t
70 10 - { [ ctoptmBur + DO |
to
A state v € R" is unobservable at time 1 if the zero-input (natural) response
of the system is zero for all ¢ > ¢,. In other words, x is unobservable at ¢,

if and only if
C(t)®(t;t9)r =0, forallt >t

The unobservable subspace at t, is denoted as R and consists of all states
that are unobservable at t,. We say the system is completely observable at
to if and only if the only unobservable state is the origin. In other words, the
system is observable if and only i R = {0}. If the system is observable,

then we refer to (A(t), C(t)) as an observable pair.

Observability uses future output/inputs to determine the initial state at
time ¢y. Constructibility uses past inputs/outputs prior to the initial time, ¢,
to determine the initial state, . So a state x is unconstructible at time ¢ if
and only if for all ¢ > ¢, the zero input (natural response) of the system is

Z€e1ro
Ct)®(t;t)x =0, forallt <t

The unconstructible at ¢; subspace is denoted as R and consists of all
states that are unconstructible at time ¢;. The system is constructible at t,
if and only if the only state that is unconstructible at ¢; is the origin (i.e.
RE = {0}). If the system is constructible then we refer to (A(t), C(t)) as

a constructible pair.

As before, observability and constructibility are equivalent for continuous-
time LTV systems and may not be equivalent for discrete-time systems.
To prove the equivalence of these concepts for continuous-time systems,
we define the observability gramian as a matrix-valued function, W, :
R x R — R™*" that takes values

W, (to, t1) = /t1 ST (1:1))CT(T)C(T)P(T; to)dT

to
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Note that W, (%o, t1) is symmetric and positive semidefinite for all ¢; > t.

So if x is unobservable at ¢, then
C(t)®(t;t9)r =0, forallt >t
This means that
W, (to, 1)z — / " B (1) CT (7)C(r)B(r fo)dr — 0
to

for all t; > ty. The last equality holds because C®x = 0 and so we can

conclude
x e ker(Wo(tO,tl))

This implies that x being in the null space of the observability gramian is

necessary for x being unobservable at 7.

Conversely, let x be in the null space of W, (g, 1) for all t; > ¢y. This

means that
t1
0 = 2TW,(tg, t))x = / |C(7)®(7;t0)x|* dr
to

for all t; > t¢¢. This can only occur if |C(7)®(7;to)x| = 0 for all 7 > ¢,
which is only true if C(7)®(7;ty)z = 0 for all 7 > ty, or rather that x is
unobservable at £y. So x being in the null space of the observability gramian

is also sufficient for x being unobservable.

The preceding argument says that = is unobservable at ¢, if and only if
x lies in the null space of W (to,¢;) for all t; > to. If x is observable at
to, then there is a t; > t( such that the null space of W, (g, 1) is trivial or
rather than rank(W,(to, t1)) = n for some t; > to. This condition can be

readily verified by checking the determinant of W (¢, ¢1).
We can also define a constructibility gramian

W (to, ) = / BT (1:1,)CL (7)C()B(7, 11 )dr

to
A similar argument can be used to show that x is unconstructible at ¢; if and

only if x lies in the kernel of W, (%o, t1) for all ¢, < ;. In a similar way,



4. CONDITIONS FOR OBSERVABILITY/CONSTRUCTIBILITY 179

we can assert that x is constructible if there is ty < t; such that W, (¢, t1)
has full rank; a condition that can be checked using the determinant of the

constructibility gramian.

Note that
W, (t1,t0) = @7 (t1;t0) Wen(to, t1)®(t1; o)

Since the transition matrix for a continuous time system is nonsingular, we

can conclude that
rank(Wo(tl, to)) = rank(ch(tg, tl))

thereby establishing that W, has rank n if and only if W, has rank n,
which implies observability and constructibility are equivalent in continu-

ous time systems. This result is summarized in the following theorem.

THEOREM 22. Consider the LTV system &(t) = A(t)x(t) with output
y(t) = C(t)x(t). The state x is unconstructible at t, if and only if it is
unobservable at ty. The system is completely observable if and only if it

completely constructible.

4. Conditions for Observability/Constructibility

This section develops conditions that can be checked to see if a state or
system is observable or constructible. We will confine our attention to LTI

systems. Let us first consider the continuous-time LTI system

The output will be

t
y(t) = CePay +/ CeA"Bu(r)dr + Dul(t)
0
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for ¢ > 0. As before we rewrite the output equation as

it = ylt) - { / t CeA=DBu(r)dr + Du(t)}

0

= CePlzy

By definition, this state x is uobservable if the zero-input response of the

system is zero for all £ > 0. In other words, x is unobservable if
Cerlag =0

for all ¢ > 0. This set of unobservable states is denoted as R and (A, C)

is an observable pair if Rz = {0} or rather if the observability gramian
T T
W,(0,t) = / A TCTCeArdr
0

has full rank for any ¢ > 0. Evaluation of the observability gramian for
all time ¢ may be complicated so we seek a simpler condition that is not

dependent on ¢. In particular, define the observability matrix as

C

CA
O:

cA™!

We will show that the null space of W, is independent of ¢ and equals
ker(O).

To prove this assertion, first let z € ker(O) so that Ox = 0. From the
definition of @ this means CA*z = 0 forall 0 < k < n — 1. Taking the

series expansion for ¢!, we rewrite the zero-input response as

Cetty = C EA’“ T
k=0
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for all ¢ > 0. Now look at the gramian

T
W,(0,T)z = / A TCTCeAN wdr
0
T >k
= / eATCTC Z—Ak xdT
0 prd k!
e T T Tk
= > A TCT—dr  CAFx
0 k!

k=0
= 0

The last line occurs because we assumed CA*z = 0. So we can con-
clude that z € ker(W,(0,7)) for all 7 > 0 which means ker(O) C
ker(W,(0,7)) for all 7.

Conversely, let z € ker(W,(0,7")) for some 7" > 0 and examine the

quadratic form
T
"W, (0,T)z = / ‘CeAtx‘z dt =0
0

with the last equality holding because x is in the gramian’s null space. This
integral can only be true if |Ce'z| = 0, which implies Ce*'z = 0 for
every t € [0, T)]. Taking the kth derivative of Ce!x with respect to ¢ and

evaluating at ¢t = 0 yields,
Czr=CAz=---=CA*z=0

for all k. This implies that Oz = 0 and so ker(W,(0,7)) C ker(O).
Taking this result along with our earlier deduction that ker(O) C ker(W,)

leads to the following theorem.

THEOREM 23. For the continuous-time LTI system, ker(O) = ker(W,(0,7))
forall T > 0.

Because ker(O) = ker(W,(0, 7)) for all 7" > 0, we can readily see that
a state x is unobservable if and only if z € ker(O). Moreover, we can also
see that (A, C) is an observable pair if and only if R; = {0}. This means

that rank(Q) = n is a necessary and sufficient condition for (A, C) to be
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an observable pair. Assuming that the system is observable, then one can

determine x as follows. Take the equation
y(1) = CeP g

Pre-multiply by eA"7CT and integrating from 0 to 7" yields

T T
/ eATTCTg(T)dT = / eATTCTCeATdeO = W,(0,T)x
0 0

If the system is observable then W ,(0,7") is invertible and so the we can

solve the preceding linear equation to get

o = W10, T) { /0 ' eATTchT)dT}

We can summarize our results in the following theorem.

THEOREM 24. The LTI system is observable if and only if rank(QO) = n.
The initial state at time 0 may then be obtained from observed inputs, u,

and outputs y over the interval [0,T] as
T B
zo = W, 1(0,7) {/ e TCTC'Tg(T)dT}
0

Note that in general x( is not determined directly using this formula.
The reason is that for small 7', the observability gramian’s inverse may be
very sensitive to small perturbations or noise in the data. In practice we use
recursive estimation algorithms to estimate the initial state in a manner that
minimizes the estimate’s covariance. Such “estimators” will be discussed

in the next chapter.

For discrete-time LTI systems, observability and constructibility are not
equivalent. To see this, note that the system’s output is
k—1

y(k) = CA*z(0)+> CA*UBu(i) + Du(k)

=0
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for k£ > 0. We rewrite this as

g(k) E oyk) — (Z CAk—<i+l>Bu(z‘)+Du(k)>

=0

— CAFz,

183

For discrete time systems, we say that state = is unobservable at 0 if and

only if

CA*z =0

for all £ > 0. This is analogous to how we defined unobservable states in

continuous time. We can, readily show that x is unobservable if and only

if it lies in the null space of the observability matrix. If that observability

matrix has full rank, then we know the system is completely observable. To

get xy, note that

k-1
y(k) = CAFzo + > " CAFFUBu(i) + Du(k)
i=0
which for k = 0,1,...,n — 1 leads to the following system of linear equations

y(0) — Du(0) = Cux
y(1) — CBu(0) — Du(l) = CAxg
CA*xg

<
S
|
Q
>
e
<
©
|
Q
o
s
|
o
<
S
I

n—2
y(n—1) — Z CA" HDy(i) = Du(n—1) = CA™ 'z
1=0

which in matrix vector form is

C (0) D 0
Y CB D
CA y(1)

. To = . - : :

L ' CA" B CA"°B
CA" y(n—1) . L
CA" "B CA" B
Oz = [Yo,n—l - MnUO,n—l]

The matrix M, is sometimes called a matrix of Markov parameters.

D 0

CB D
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The notion of constructibility will be defined differently for discrete-
time LTI systems than it was for continuous-time systems. This difference
comes from the fact that the discrete-time system’s transition matrix may
be singular. For discrete-time systems, we say that x is unconstructible if

and only if for all £ > 0 there exists a nonzero T € R” such that
r=AF2 and CzZ=0

If A is nonsingular, then this is equivalent to saying that CA %z = 0,
which corresponds to our definition of constructibility for continuous-time
systems. The preceding definition essentially says there is a “prior” state,
7 that reaches z in a finite number of steps and that this prior state is indis-
tinguishable from 0. Results relating observability and constructibility in
discrete-time are similar to results regarding reachability and controllabil-

ity. Our main result is formalized in the following theorem

THEOREM 25. For the discrete-time LTI system we have

o [f the state x is unconstructible, then x is also unobservable
® Rch C R5

o [fthe system is observable, then it is also constructible

Let us first verify the first assertion and assume that x is unconstructible,

so for every k > 0 there exists = such that
r=AFZ, Cz=0
Premultiply by C to get
Cz = CA*z

for every k > 0;. Note that Cxz = (0. Therefore CAFz = 0 for all k,
which means ¥ € ker(O. The null space of O can be shown to be A-
invariant, so we also know that AT € ker(Q), which would mean that z is
unobservable. So x being unconstructible implies x is unobservable. The

remaining assertions are immediate consequences of this fact.
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5. Standard Forms for Uncontrollable/Unobservable LTI Systems

The preceding sections provided necessary and sufficient conditions for a

A B

system realization, G = to be controllable/reachable or observ-

able/constructible. But clearly not all system realizations of interest to us
may have such completely controllable/observable realizations. One exam-
ple is shown below in Fig. 1. This figure shows an airfoil in a wind tunnel
and the flows around that foil. The state” space is obtained by gridding
the 2-dimensional space around the foil and the state in each grid element
denotes the type of flow in that grid cell. What we see is the formation
of vortices in the cells containing air/wing interfaces and we would like to
control the surface of the wing to reduce the size of these vortices since they
create drag. The impact of a control surface on the wing, however, will not
effect the states of the flows in all grid cells. In particular, those grid cells
next to the wing and those cells after the wing containing vortices can be
controlled by the control surfaces. But those grid cells far from the wing/air
interface will be minimally impacted by our controls, if at all. So this is a
partially controllable system since our control cannot impact all grid cells
equally. We are not only concerned with whether we can control a dis-
tant state, but also the amount to which a controllable state can be effected.
Moreover, we note that because of our gridding of the 2-d surface, the num-
ber of states is extremely large. Since many of these states are not effected
by the control, then perhaps we can develop a reduced order realization of
the wing’s air flows by neglecting all those grid cells that are minimally
impacted by the control surface. The utility of such reduced order real-
izations is that they are easier to work with computationally since they have
fewer states. This example clearly shows the importance of the controllabil-
ity/reachability concept. This section examines methods for characterizing
partially reachable/observable systems. Later sections examine methods for

model reduction based on these characterizations.
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FIGURE 1. Aerodynamical Flows Example

Based on the preceding example, we can see that a realization’s reach-
able subspace provides a basis for decomposing the original realization into
controllable and uncontrollable subsystems. Such decompositions then pro-
vide the basis for useful schemes for model reduction. Unobservable sub-
spaces provide a similar decomposition in terms observable and unobserv-

able subsystems.

Let us begin by considering reachable decompositions for LTI continu-
ous or discrete-time systems. If (A, B) is not a controllable pair, then we
will show that we can decompose the system into controllable and uncon-
trollable subsystems through a similarity transformation. In particular, let
rank(C) = n, < n and let

{Ul,Ug, e 7UnT}

be a basis for the reachable subspace, R,. We will introduce the following

nonsingular matrix

(39) Q=[v v v Qi ]

where Q,,_,, is an n x (n —n,) matrix whose linearly independent columns

are chosen to ensure QQ is nonsingular.

We know that the reachable subspace, R, is A-invariant and so Av; €

R, fori=1,2,..., n,. This means that the columns of the matrix

Avy -+ Av,,
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can be written as a linear combination of vy, ..., v,, and so
A,
R B - S |

where A; is some n, X n, matrix. Because the columns of B are in

Range(C) = R, it should also be apparent that

B,

B — [ v v ’Unr Qn_nr :| 0

where B, is an appropriately dimensioned matrix. This means that we can
write AQ and B as

AQ = Alw v, Qo
= [ v Un, Qs } _ ?}1 12122 = Q;&
B = [ vy o Un Quon, } - ]?)1 = ]§Q

These last equations imply that (fA, ]§) is also a state space realization for

the original system (A, B) where

A Ap
0 A,

B,
0

~

_ 8 _

Y

The matrices (A, B;) are special because we can show they form a con-
trollable pair. This assertion can be verified by computing the controllability
matrix for (A, B),

Bl A1B1 A?ilBl

We know by assumption that rank(C) = n,. < n and since Q is nonsingular
this means that rank(C) = n,. From the form we computed for C, it should

be apparent that

rank B, AB, --- A?_IBI = Ny
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which means that (A, B;) is a controllable pair. The preceding discussion

can be summarized in the following theorem.

THEOREM 26. If (A, B) is not a controllable pair, then there exists a

nonsingular matrix Q such that

A Ap
0 A,

B,

. B=Q'B=|

A=Q'AQ= [

where (A1, B1) is a controllable pair.
The preceding theorem provides the basis for decomposing an uncon-

A|B
C|D

controllable subsystems. If we define a new state 7 = Q 'z we get

trollable state space realization G = into controllable and un-

By 53\1 A Ap 2 B;
T= . = R u
i) 0 A2 T2 0
Yy = [ Cl CQ i| fl -+ Du
o)

where (A1, B1) is a controllable pair. We call this the standard form for un-
controllable LTI systems. The n, eigenvalues of A; and their correspond-
ing eigenvectors are called controllable eigenvalues/eigenvectors (modes)
of the pair (A,B). The n — n, eigenvalues of A, are the uncontrollable

eigenvalues (modes) of the system.

Example: Consider the system

0 -1 1 10
r=11 -2 1]+ |1 1 ]|u
0 1 -1 1 2
The controllability matrix is
10 1 -1
c=|B|AB|AB | = |1 1 0
1 2 —
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This matrix has rank n,, = 2 < 3, and so (A, B) is uncontrollable.

A basis for R, is obtained by taking the first two linearly independent

columns of C to get

N~ O
_ o O

1
Q:|:U1 02‘Q1i|: 1
1

where the third column was chosen to make () nonsingular. For this Q we

get
A = Q'AQ
0 —1 1 100
= 1 -2 1 110
0 1 -1 121

and for B we get

B = Q'B
1 0 0 10
= | -1 1 0 11
1 21 1 2
1 0
B,
— 01| =
— 0
[0 0

where (A, B;) is controllable. The matrix A has 3 distinct eigenvalues
at 0, —1, and —2. We see that A; has eigenvalues 0 and —1 which are

controllable and the eigenvalue of A, is —2 which is uncontrollable.

We can also obtain standard forms for unobservable systems. This means

we use a similarity transformation on the pair (A, C) to decouple the system
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into observable and unobservable subsystems. We do this by invoking the
duality between the controllability matrix C and the observability matrix O.
In particular, define a dual pair (Ap, Bp) where Ap = AT and Bp = C”

which will not be controllable. We then use the preceding transformation

Qp to get

where (A p;, Bp) is controllable.
Taking the dual again we obtain (A, C)

A=A = QhAL(Qh)

AT 0 ]
A%lQ A%Z

_ QrAQ) " - [

where (AL, BY)) is observable and the similarity transformation we can
use for this is Q = (QF) 1.

If we then let # = Q 'z then we get

3;3’1 o A1 0 5?3'1
i’Q A21 A2 i'2

+ Du

B,
B,

u

which we call the standard form for unobservable systems. The n, eigen-
values of A; and its modes are called observable eigenvalues and modes.
The n — n, eigenvalues of A, and modes are unobservable eigenvalues and

modes.



6. EIGENVALUE/VECTOR TESTS FOR CONTROLLABILITY/OBSERVABILITY 191

A|B | .
is unobservable
C|D

and uncontrollable. This is called the Kalman Decomposition

The standard form can also be used when

(A 0 Ay 0
A — Q_lAQ _ Ay Ay Ay Ay
0 0 Ag 0
=
B
B=Q 'B = ’

c-cq - [cl 0 Cs 0]
B,

A A A
where w0 1s controllable, 1 1
Ay Ay B, 0 As

is observable and (A1, By, C;) is controllable and observable.

Y

| cg]>

6. Eigenvalue/vector Tests for Controllability/Observability

This section derives eigenvalue-vector tests that are used to identify a sys-
tem’s uncontrollable or unobservable modes. These methods can be simpler

to use than converting the system to its standard form.
Let us assume there exists a row vector v # 0 and A € C such that
(40) T M-A|B|=0

This would mean that YA = A7, so that (\,v) is a left eigenvalue/vector
pair for A. It also means that YB = 0. We can use both observations to see
that

vAB =B =0
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and we can then use mathematical induction to see that
7A"B =0
for all £ > 0. This means, therefore that
-7 A AB - AV'B | =0

Since v # 0, we can conclude the system is not completely controllable.
So we have just shown that having such a ¥ that satisfies condition (40) if

sufficient for uncontrollability.

We can also establish the necessity of this condition (40). In particular,
assume that (A, B) is uncontrollable. We can assume wlog that the realiza-

tion is in its standard form with
A A
A 1 12 . B-
0 A,

with (A, B;) being a controllable pair. Now let A be an uncontrollable

B
0

eigenvalue and let v = [ 0 « } where
a(AI—Ay) =0
This means that condition (40) can be written as
FIM-A[B| = [0]aT-As]0]=0

thereby showing that condition (40) is also necessary for uncontrollability.
Similar arguments can be used to obtain a second eigenvalue/vector test for
unobservability. These two results are summarized as the Popov-Belevich-

Hautus (PBH) test for uncontrollability and unobservability.

THEOREM 27. The pair (A, B) is uncontrollable if and only if there

exists a complex-valued row vector v # 0 such that
5[ aM-A|B]|=0

for some \ € C.
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The pair (A, C) is unobservable if and only if there exists a column
vector v # 0 such that
AN— A
C

v=20

where \ € C.

Example: Consider

1
0

x + U

i 11
T —_=
0 1

The A matrix has an eigenvalue at 1 with multiplicity 2. Note that (A, B)

is already in standard form for uncontrollable systems and we can clearly

see that one of the repeated eigenvalues at 1 is uncontrollable since

a-A|B| - [0 _1”

A=1 0 0
has a nonzero left eigenvector v = [ 01 } . So by the PBH test we know

this eigenvalue is uncontrollable.

But, we also know the other eigenvalue at 1 is controllable because this
system is in its standard form. This example shows that the PBH eigenvalue
test can only detect if one of the repeated eigenvalues is uncontrollable. It

cannot be used to detect if the other eigenvalue is controllable.

The proof for the PBH condition suggests that it should be possible
to test for controllability/observability directly from the eigenvalues of A.

This observation is summarized in the following theorem
THEOREM 28. The pair (A, B) is controllable if and only if
rank[)\I—A‘B } =n

for all A € C. If \; is an uncontrollable eigenvalue value of A, then
rank[)\Z»I—A ‘ B } < n.
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The pair (A, C) is observable if and only if
M- A
rank | ——| =n
C

AMI—A
forall A\ € C. If \; is an unobservable eigenvalue of A, then rank [

n.

Example: Consider the preceding example of the system

0 —1 1 10
T = 1 -2 l x4+ |11 1 |u

0 1 -1 1 2

y = [0 1 O]x
Form the matrix

A 1 -1 11 0
M—-A B B -1 AX+2 -1 |1 1
cC (o] | 0 =1 xt1|1 2
0 1 0 00

The eigenvalues of A are 0, —1, and —2. We can readily see that the only
ways the PBH matrices lose rank is when

[ 1 1 -1
M- A 1 1 -1
rank | ——— = rank =2
C 0 —1 0
A=—1
0 1 0
[ —2 1 —1]1 0
rank[)\I—A‘B]kQ — rank | -1 0 —1|1 1| =2
- 0 -1 —1]1 2

which implies the eigenvalue at —1 is unobservable and the eigenvalue at

—2 1s uncontrollable.
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7. Controllable/Observable Realizations

Canonical realizations are state space realizations that have a special useful
form. In prior lectures, we introduced two such realizations, those based on
companion matrices and those based on diagonal or Jordan matrices. This
section takes a closer look at the companion realizations and discusses their

relationship to the controllability and observability matrices.
Consider the system

t = Az + Bu
y = Cz+ Du

and let (A, B) be controllable so rank(C) = n. Assume that
rank(B) =m <n

In other words we assume B has full column rank. We will show how to
find the similarity transformation that takes this realization to its controller

canonical form.

The controller companion realization is

0 r .- 0
A, =
0 0 1
| —Qo0 —Q@1 o —Op—]
[ 0
B. =
0
| 1
C. = no particular structure
where o; (1 = 0, ...,n—1) are coefficients of A’s characteristic polynomial

a(s) =det(sI — A) = "+ 15"+ -+ as+ g
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The similarity transformation taking us to this form is

qAn—l

where ¢ is the nth row (i.e. last row) of the inverse, C~!, of the original

system’s controllability matrix.
We will verify this assertion by direct computation. Note that

gA™'B = 0, fori=1,...,n—1
gA"'B = 1

This assertion may be verified from the definition of q. The above relations

can then be seen to imply,
=0 - 01]

Extending the preceding computation to the product PC gives

PC — P[B AB ... A"—lB}
[0 0 - 0 1]
00 --- 1 «x
- z —C.
0 1 T T
L X ZL'ZE_

This shows that
det(PC) = det(P)det(C) # 0

if and only if det(C) # 0 and det(P)#0. The first holds because the orig-
inal system is controllable and the second condition holds because P is a

similarity transformation (i.e. nonsingular). In view of our expansion for
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PC, we can now use the Cayley-Hamilton theorem to show that
qA

AP = = PA

qAnfl
gA"
Similar arguments can be used to show

0

If we consider an LTI system with multiple inputs, m > 1, then the

controllability matrix
C-=|B AB .- A"'B|

is no longer square. But if (A, B) is controllable, we can still find » linearly
independent columns of C. There are however many ways of choosing these

linearly independent columns.

Let B = [ by -+ bn ] where b; € R" is a column of B. We now

rearrange the controllability matrix

C:[bl e b, Aby - Ab, - A"l ... A”_lbm]
into the form

E:[bl Aby - AMlp oo b Ab, - APmTlp }

where yi; is the number of the first linearly independent columns of the

matrix
[bi Ab; - A”*lbi].

We call p; the controllability index of b;. Note that > ", /1, = n and the
largest controllability index ;1 = max;{y;} is called the controllability in-

dex of the system.
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We can now form the inverse of C as

dm

) ——1
where ¢, is the oith row of C  and 0, = Zle ;- We can then use these
rows to construct a nonsingular matrix that transforms (A, B) to its MIMO

controller canonical form. The similarity transformation is

q1
aA

q A1

Im
gmA

G AL

The associated controller canonical form is

(AC,BC) =

= O Ol8 O O O|8 © © ©

8 O O O|8 © © ©O|8 © © ©
8 O O O|8 ©O © O|8 ©O © =
8 © © Ol8 © © Ol © ~ O
8 O O ©O|8 ©O © O|&8 = O ©
8 O O O|8 ©O © ©O|8 © © ©
8 O O O|8 © O |8 O © ©
8 O O ©O|8 ©O +~ O|8 O © ©
8 O O O|8 = O O|&8 ©O © ©
8 O O O|8 ©O © O|g8 O © ©
8 © ©O H|8 ©O © Ol © © O
8 O H O|8 ©O © O©O|8 © © ©
O O O Ol O O ol o o o
O O O Ol O O Ol o o o
SO O O Ol O O OoO|o ©o o o
O O O Ol O O OoO|o ©o o o
_ O O Ol O O O+ O O O
8 O O ©O|8 © © O©O|8 © © ©
8 O O O|8 ©O © O|8 ©O © ©
8 © ©O Ol © © ol ©o ©o ©

8
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Note that C,. has no particular structure.
Consider the system

t = Az + Bu
y = Cz+ Du

where (A, C) is observable with C being a p x n matrix with full row rank

p < n.

A similar companion realization called the observer companion form ex-

ists when the realization is observable. The observer companion form when

p=1is
0 0 —ag
A — 1 0 —o
0 --- 1 _Oé'n_l
Co = [0 01

where «; denote the coefficients of the characteristic polynomial
a(s) =det(sI — A) = "+, 18" '+ +as+ g
The similarity transformation giving this canonical form is
Q=7 Aj - A
where ¢ is the nth column of the inverse, O~!, of the original system’s

observability matrix. The derivation of this form is similar to what we did

above for the controller companion form.

Example: Consider the system
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The observability matrix and its inverse are

C 1 -1 1
O = | CA|=]|-1 -1 =2
| CA? 1 -1 4
1 -3 —3
-1 _ 1 1 1
0" = | =3 =3 %
1 1
L3 0 3

1 1 _1
2 2 2
Q = |§ A A% =] -~ -
L _2 4
3 3 3
and so the observer companion matrices are
00 2
A, = Q'AQ=|1 0
01 =2
C, = cQ=[00 1]

8. Controllability of Modal Realizations

Consider a modal realization of a SISO LTI system with n distinct eigen-

values.

AN o 0| b

s | Ag| B : A
G d|Bda | _

C,| 0 0 - A\, | by

C1 e Cn 0

The controllability matrix for this realization is

Ca = | By ABs - A}'B, |
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Note that
Moo 0 by A1by
ABg= 1| + . | = :
0 - A\ by Anbn,
If we continue inductively, it can be shown that
b,
A'B, =
e,

201

for £ > 0, which means that the controllability matrix for a modal realiza-

tion whose eigenvalues are distinct has the form

by Mby - A?‘lbl
Cqi = : : :
b, Anb, - )\271%
- . 1 A A ..o\t
by - 0 LA 171
) . Ld A3 - A
0 . bn . . . M .
- = 1 A, )\% )\Z_l
_ b . -
— : Y,
0 b,
The matrix
RO VEED VEEPRRIED Ui
vo | D
1 A\, )\i )\Z‘l

is called a Vandermonde matrix and one can show using induction to show

that

det(V)= J[ =N

1<i<j<n
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This means that the determinant of the modal realization’s controllability

matrix is

by - 0
det(Cy) = det Do det(V)
0 --- b,

(i) (o)

This determinant is nonzero if and only if \; # A; for¢ # j (i.e. no repeated
roots) and b; # 0 for all© = 1,2, ..., n. From the preceding argument we

can therefore conclude that

¢ A modal realization is controllable if and only if \; # \; for ¢ # j
and b; # 0 foralli=1,2,...,n.

e In a similar manner one can say the modal realization is observable
ifand only if \; # A\ fori # jand¢; #Oforallt =1,2,... n.

Let us now consider what impact uncontrollability might have on the
transfer function of a systems with a given modal realization. Consider
the transfer function of the n dimensional modal realization with distinct

eigenvalues

n

G(s) = Cy(sT— Ay 'By=)_

=1

bici

S_/\i

Since the system eigenvalues are not repeated, then the realization can only
be uncontrollable if b; = 0 for some ¢ = 1,2,...,n. The realization can
only be unobservable if ¢; = 0 for some ¢ = 1,2, ..., n. If this is the case
(i.e. the realization is uncontrollable or unobservable) then the preceding

partial fraction expansion only has < n terms

T

SORD P

j=1 i
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where iy, ..., 14, are distinct integers drawn from {1,2,...,n}. We could

write the transfer function as the ratio of two n-th order polynomials

G(s) = b(s) _ bp_18" "t 4 b,y_98" 2 4+ +bys+ by
a(s) S 4 18"+ ars + ag
b(s)
det(sI — Ay)

But recognizing that there are only r nonzero terms in the partial fraction
expansion, we can also see that the transfer function may be written as the
ratio of two rth order polynomials

B(s) _ Broas" 4 Brgs" P+ 4 Pis + By
a(s) ST 1S ags + o

G(s) =

where r < n. Because r is strictly less than n we can conclude that the
nth order polynomials a(s) and b(s) share a common root. Since the zeros
of G(s) are the roots of b(s) = 0 and the poles of G(s) are the roots of
a(s) = 0, we can conclude there is a pole-zero cancellation in the original
nth order transfer function b(s)/a(s) that gives rise to the rth order trans-
fer function (s)/a(s). This means that a modal realization with distinct
modes is uncontrollable or unobservable if and only if its transfer function

G(s) = % has a pole-zero cancellation.

Remark: This pole zero cancellation impacts the input-output stabil-
ity of the system. Note that the zeros of det(sI — A) determine whether
the origin of the state space realization is asymptotically stable. However,
the input-output stability of the system is determined by the transfer func-
tion 3(s)/a(s) obtained after cancelling out the common factors between
the numerator and polynomial. This can be seen by an examination of the
partial fraction expansion for the transfer function. This means that if an
unstable pole of the realization is canceled by a zero it will not impact the
input-output behavior of the system. In other words, it is possible for an

LTI system to be input-output stable and yet not Lyapunov stable.

The following theorem considers an nth order strictly proper transfer

function for a SISO system and notes that if one of its nth order realizations
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is controllable/observable, then all of its nth order realizations are control-

lable/observable.

THEOREM 29. If a transfer function

n_l PR
G(S) _ b(S) _ bn,18 + + bo

a(s)  s"+ap18" M+ +a

has one nth order realization that is controllable and observable, then all

of its nth order realizations are controllable and observable.

Proof: Consider two nth order realizations of the transfer function G(s),
B1 d [ A2 B2 Al Bl

1 2 Cl 0
1s controllable and observable. One can show that

that we denote as

. Assume that [

O(A41,Cy)C(A1,B1) = O(A,,Cy)C(A4, By)

We assume O(A;,C,) and C(A4,B;) are nonsingular, so we can imme-
diately conclude O(A,, C,) and C(A,, B,) are nonsingular, which means

the other realization is also controllable and observable. >

In view of the above theorem, we will examine the controllability/observability
of a companion realization. In particular, let us consider the controller

C . . .
where A, is a suitable companion ma-

companion realization [
C

trix whose last row contains the coefficients of the matrix’ characteristic
polynomial. Let e; denote the ith elementary basis vector (i.e. all compo-
nents of e; are zero except the ith component which is 1). Note that for
1 <i<n-—1that

1 0
0 1
el A, = [0...1...0} :
0 0 0 1
| —ap —a1 —az - —Gp-1 |
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where the one component in e; moves to the ¢ 4 1st place. For ¢ = n, we can see

that

1 0
0 1
e;fFAC:[()...O...l} :
0 0 0 1
| —@ —a1 —az - —Gp-1 |
= [*ao —ay —ay - *anq}
We can therefore conclude that
elTb(Ac) = [1 0o --- 0:|(bn—1A271+"'+bOI)

= byel AT 4 bgel
= bp_1ed AM2 4o 4 bgel
= bn—16£ + bn_gezfl et boef
— [ bo by -+ by } _C,
In a similar way we can show that
eTb(A.) = eTAb(A,)
= e10(A)A. = C.A,

and continuing inductively for e/ b(A.) with i = 3,...,n — 1 we can show

the observability matrix of the controller companion realization is

This means that O, is nonsingular if and only if det(b(A.)) # 0. Or rather
that the controller companion realization of a system is observable if and
only if det(b(A.)) # 0.

Note however, that
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where )\; is the ith eigenvalue of A.. By construction, we also know that

So we can say that b(\;) = 0 for some 7 in 1,2,...,n if and only if ); is a
root of both the b(s) and the characteristic polynomial det(sI—A.) = a(s).
In other words, det(b(A.)) = 0 if and only if a(s) and b(s) have a common

root. (pole zero cancellation).

The preceding observations motivative the following conventions. Con-

sider two polynomials with distinct roots that we can factor as
a(s) = (s=M)(s— )~ (s — A
b(s) = (s—m)(s—p2) (s —p)
We say the two polynomials are coprime if and only if the largest common

factor between them is 1. Clearly if a(s) and b(s) are coprime then they do

not have a common zero and we can therefore conclude

THEOREM 30. The nth order controller companion realization of a strictly

proper SISO transfer function G(s) = % is observable if and only if a(s)

and b(s) are coprime.

o)
and b(s) are coprime. This leads to the following theorem.

We say a transfer function G(s) =

is irreducible if and only if a(s)

THEOREM 31. A strictly proper transfer function G(s) = % is irre-
ducible if and only if all nth order realizations are controllable and observ-

able.

Finally, we say that a realization of G(s) is minimal if and only if this
realization has the smallest state space dimension over all realizations of the

transfer function. This definition leads to the following theorem.

THEOREM 32. A realization of a strictly proper transfer function G(s)
is minimal if and only if a(s) = det(sI — A) and b(s) = C [adj(sI — A)| B

are coprime.
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Proof: So we know

Cladj(sI—A)|B _ b(s)
det(sI — A) a(s)

A B b(s)

Suppose is minimal but ) is not irreducible. This implies

there is a lower order transfer function obtained by cancelling the common

factors. That lower order transfer function would have a realization whose

A
dimensional is less than that of clo which would contradict the min-

imality assumption.

Conversely assume that [ clo ] is not minimal but that % 1s irre-

ducible. So there is a realization of lower dimensionality. But the transfer
function of that lower dimensional realization has an order less than that

of b(s)/a(s) hence contradicting the assumption that b(s)/a(s) was irre-
ducible.

We can now conclude with the following theorem, which follows directly

from our preceding theorems.

A | B
THEOREM 33. [ o ] is minimal if and only if (A, B) is control-

lable and (A, C) is observable.

Remark: The preceding discussion focused on minimality of realiza-
tions for SISO systems with distinct eigenvalues. We focused on this be-
cause the derivation of the results is more easily seen. These results also
extend to MIMO systems with repeated eigenvalues, but the proof is more
involved and can be found in Antsaklis and Michel (2006).
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Example: Consider the state space realization

[0 1 0 0]
0 0 1 0
G=|0 0 0 0
1 2 0 —2|1
|1 -1 0 0 |0 |

Is the state space realization controllable and/or observable?

Rather than trying to solve this by brute force computation of the con-
trollability and observability matrices. Let us first note that this realization
is already in controller companion form. So we immediately know that it is
controllable and from this form we can immediately write down its transfer

function

_b(s) —(s—1)
Gls) = a(s) st+2s3—2s—1

We divide out s — 1 to see if there is a common factor

s2 4352 +3s +1

s—1) st 424 —2s —1
-5t +s3
353 —2s5 —1
—3s% +3s?

352 —2s5 —1

—3s? +3s
s —1
—-s +1

This shows that s — 1 is a common factor between b(s) and a(s) since the
remainder of the division is zero. We can therefore conclude that
b(s) —(s—1) -1

Gl = e 5921 GTIP

Since there is a pole zero cancellation, we know the realization is not min-

imal and so the realization is not observable. Note that this was deduced
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without resorting to a direct computation of the controllability and observ-

ability matrices.

The relative degree to which modes are “’controllable” or “unobservable”
depends on which state space realization we choose for the system. It there-
fore makes sense to consider realizations where a given mode has an equal
degree of observability and controllability. Such realizations are said to be
balanced and provide the basis for obtaining reduced order models (ROM)
of linear systems. The following discussion on balanced realizations and

their use in model reduction was taken from Green and Limebeer (2012).

s | A|lB
A continuous-time state space realization G = [?‘T] is balanced

if A is Hurwitz and

A +3ZAT +BBY = 0
AT+ XA+ CTC = 0

in which

UIIrl

ol

Tm

with ; # 0; when ¢ # j and o; > O forall « = 1,2,...,m. Note that
n =r +---+r, and r; is the multiplicity of o,. We say the realiza-
tion is an ordered balanced realization if 07 > 0y > --- > o7, > 0. In
a balanced realization, the basis for the state space is such that each basis
vector is “equally” controllable and observable with the degree of control-
A B
C| 0

is a balanced realization and the system’s initial state z is partitioned as

lability/observability being given by the diagonal entry of 3. If




210 4. CONTROLLABILITY AND OBSERVABILITY

Ty
Ty = : where x; 1s an r; X 1 vector, one can show that

T

A fooo‘y(T)FdT _ in: 2. T

5 = ocr; X
u€Ly f_oo lu(T)|2dr ‘=

[t

In other words, 03, may be seen as a measure of the extent to which the cor-
responding r; dimensional subspace of the state space transfers energy from
past inputs to future outputs. The o;’s are called Hankel singular values of
the system. The next theorem establishes the existence and uniqueness of

balanced realizations.

B
THEOREM 34. A given realization clo can be transformed to a

balanced realization if and only if it is asymptotically stable and minimal.
Furthermore, the balanced realization is unique up to an ordering of the

0;’s and an orthognal matrix S satisfying S = XS. When the realization
A|B
C|0

the realization

is asymptotically stable (i.e. A is Hurwitz) and minimal, then

TAT ' | TB
CT ! |

transformation to be T = S'2UTR™Y, where P = RR” is a Cholesky
factorization of P and RTQR. = UX?U7 is a singular value decomposi-
tion of RTQR in which P and Q are the controllability and observability

is balanced if we choose the similarity

gramians that satisfy the Lyapunov equations

AP +PAT +BB?T = 0
ATQ+QA +C'C = 0

Proof: I'll only approve the existence of the balanced realization. Note
that if P and Q) satisfy the Lyapunov equations in the theorem, then for any
nonsingular T we have

0 (TATY)(TPTT) + (TPTT)(TAT )T + (TB)(TB)”

0 = (TH'QT™')(TAT ) + (TAT HT((TT)'QT ) + (CT HT(CT ™)
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If the original realization is balanced, it is asymptotically stable by as-
sumption and ¥ > 0 implies minimality. If the original realization is
asymptotically stable and minimal, then it has positive definite controlla-
bility and observability gramians, P and Q), satisfying the two Lyapunov
equations. Setting T = X/2UTR ! gives

TPT” = (ZV2UTRHRRY(RT)'UEY?) =%
(TT)'QT™" = (T ’U'R")QRUE ) =%

9. Model Reduction

We already noted that modal realizations are useful in the sense that their
eigenvalues are less sensitive than the companion canonical forms with re-
spect to perturbations of the system matrices. Another useful aspect of
modal forms is their use in model reduction [Green and Limebeer (2012)].
Many applications give rise to extremely high order state space realizations.

Not all of these modes, however, are of equal importance to the application.
A B
C|O0

whose dimension

So given a state space realization with large dimension n, G =

b

. A|B
. . . . . S
there is value in generating realizations G = |—

r < n and yet the realizations input-output behavior (i.e. transfer function)

is very similar to that of the high dimensional system.

One of the easiest ways of generating such reduced order systems is to
take a given realization and discard those states that are felt to have little
impact on the overall system’s behavior. In particular, let us assume the

original system (n-dimensional) is

t = Az + Bu
y = Cz+ Du



212 4. CONTROLLABILITY AND OBSERVABILITY

Let us assume this is in its modal form with distinct eigenvalues. We take

e

where x; is r-dimensional and x5 is n — r dimensional and represents the

the state x and partition it as

states of the system we want to discard in forming the reduced model. Be-
cause we are discarding states, we also refer to this as model truncation.
Let us conformally partition the original system matrices with respect to

our decomposition of = as

A, A
A 1 A2 . B-=
Ag Ay

The truncated system obtained by discarding x5 is then

.i’l = A11$1+B1U

y = Ciny

In particular, if we started with a modal realization with distinct eigen-

values then it should be apparent that

A1 B,
A= , By = . ; 01:[01 o G,

We are interested in selecting those modes to truncate such that the differ-

ence between G and G is small. How should this be done?

In particular, note that if we use the same input to drive both G and G,
we would want their corresponding outputs to be “close” to each other with
respect to some appropriate norm. We usually choose the £, norm (i.e.

energy). Recall that

o 10— Gl
TR S TS

HG—G




9. MODEL REDUCTION 213

So we want truncate those modes whose transfer of input signal energy to
the output is “small”. That “energy” transfer is measured by the H ., norm

of the error system G — G.

So what is the H., norm of the error system. When we have a modal
realization, we can bound this rather easily. In particular, it should be clear

that the error system for a modal realization is

n

G(s)—G(s)= 3 CiB;i

X S
i=r+1

We can then use standard bounding arguments to show that

A —~ [C:B;||
G — G, < ESUTANEY
Z,;l Real(\;)

In other words, we want to select those n — r modes to discard such that the

preceding sum is minimized.

Note that common engineering practice is to discard high frequency
modes. In light of the preceding equation, this makes sense if all ||C;B;||
are the same. In real life, however, the terms ||C;B;|| will not be the same
and they are, in fact, dependent on how we decided to factor the residue
term R;. This suggests that the common engineering practice of discard-
ing high frequency modes (i.e. modal truncation) is not necessarily the best
strategy. In particular, we will show that a better strategy is to truncate
modes of a balanced realization of the system. The key feature of such bal-
anced realizations is that the observability and controllability gramians of
the system are the same. In particular, one may say a balanced realization
is a particular type of modal realization in which each mode has the same

“degree” of observability and controllability.

Model reduction by balanced truncation simply applies the truncation
A B

. In particular, if the
C

operation to a balanced realization G =
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realization is balanced then we can partition X as

2 0
S
with
o1, o1l
= , o=
ool,, omly,,

Note that we don’t split states corresponding to a o; with multiplicity greater

A
than one. If we then partition clo conformally with 3, we obtain a

All Bl

reduced order system G with realization which is a balanced

1
truncation of G. The following theorems regarding the balanced truncation

are stated below without proof.

THEOREM 35. If G is a balanced realization, then a balanced

All Bl

truncation with realization C is also a balanced realization.
1

1 1 B

THEOREM 36. ' Let G(s) = D + C(sI — A)™'B where 5

A, | By
is a balanced realization with a balanced truncation with r
1

modes in whichr =11+ ---+ rp. Then

IG = Gllae < 20041+ + 0m)

Example: Consider the following system for a flexible structure
4 2

W
A NS i
G(s) Z "2+ 2Cw;s + w?

=1

IThe proof of this theorem relies on facts about the Hankel singular value that would

take some time to develop. For details the reader can refer to (Green and Limebeer, 2012).
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Wi Gi ki
0.5680 | 0.0010 | 0.0165
3.9400 | 0.0010 | 0.0020

10.5800 | 0.0010 | 0.0100
16.1900 | 0.0100 | 0.0002

AW N | S,

which can be seen as having four vibrational models w; for i = 1,2,3,4

where

e Use Matlab to compute the modal canonical form of this system,

G, and determine the modal truncation Gm that truncates the two
vibrational modes with the highest natural frequencies. Compute
IG = Gl

Determine the balanced realization of G. Verify that the observ-
ability and controllability gramians for the balanced realization are
the same. Determine the modal truncation G where the two vibra-
tional modes with smallest Hankel singular values are truncated.
Compute ||G — G, and compare to the truncation error computed
in the first part.

Use Matlab to draw the gain-magnitude plots of G, G, and G,
Describe the difference between the two different truncation meth-

ods?

Let G; = LT Using MATLAB canon to construct the modal

32+2Ciwis+wi2

form for G = Zle G; yields (note that we have rounded the results to the
second least significant digit)

[ —0.016 16.19 0 0

0 0 0 0| 1.30 |
~16.19 —0.16 0 0 0 0 0 ol o0.01
0 0 -001 10.58 0 0 0 ol 112
0 0 —10.58 —0.011 0 0 0 0| —0.09
0 0 0 0 —0.00 3.94 0 0| -022
0 0 0 0 —3.94 —0.00 0 0| —0.00
0 0 0 0 0 0 —0.00 057 007
0 0 0 0 0 0 —057 —0.00| 0.00
0.00 —0.00 —0.01 —0.10 —0.00 0.04 0.00 -0.13 0 |
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The modal truncation where the vibrational modes with the highest natural
frequencies are dropped is G = G; + Gy and the modal form for this is

—0.00  3.94 0 0| —0.29

—3.94  —0.00 0 0| —0.00

G= 0 0 —0.00 0.57 0.13
0 0 —0.57 —0.00 | —0.01

—0.00 —0.03 —0.00 —0.07 \ 0

Figure 2 shows the Bode plot for G and G as well as the error system
E = G — G. We used norm command to identify the H ., truncation error
as 5 (13.98 dB) at w = 10.58 rad/sec.

modal truncation

20 i
a0 [ i
60 - i
80 ,
-100 F 8

107! 10° 10’ 102

2 modal |G-Ghat|=13.98 dB
‘ ‘

20

-40

.60

-80 !
107! 10°

FIGURE 2. Modal Truncation

Now we look at the second part using the balanced realization. We first
compute the controllability and observability gramians for the original re-
alization

P = lyap (A,BxB’"); $SAP+PA’ +BB’ =0
lyap (A’ ,C’*C); SA’Q+QA+C’C=0

and then we compute the transformation

T = 2/2U'R™!
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where P = RR ! and RTQR = UX2U7 is a singular value decomposi-

tion. The balanced realization is then

(TAT ', TB,CT 'D).

I generated the following balanced realization using this method

—-0.00 —0.57 —0.00 0.01 0.00 0.00 —0.00 —0.00 0.07
0.57  —0.00 —0.01 0.00 0.00 0.00 —0.00 —0.0007 | —0.0682
—0.0024 0.0097 —0.0106 10.5800 0.0048 0.0072 —0.0037 —0.00 0.23
—0.01 0.00 —10.58 -0.01 -0.01 -0.00 0.00 0.00 0.23
G= 0.00 —0.00 0.00 0.01 -0.00 -394 0.01 0.0051 | —0.0628
—0.00 0.00 —0.01 —0.00 3.94 —0.00 0.01 0.01 0.06
—0.00 0.00 —0.00 —0.00 0.01 —0.01 —0.16 —16.1892 0.0400
0.00 —0.00 0.00 0.00 -—0.01 0.01 16.19 -0.17 —0.04
0.07 0.07 0.23 —-0.23 -0.06 —0.06 0.04 0.04 0 |

If we compute the gramians for this realization we essentially obtain the

following

W. = diag(4.1291,4.1209, 2.5025, 2.4975, 0.5005, 0.4995, 0.0050, 0.0049)
W, = diag(4.1209,4.1291,2.4975,2.5025, 0.4995, 0.5005, 0.0049, 0.0050)

which is essentially the same (up to reordering) and so we’ve verified that

the realization is balanced.

We now truncate the realization by dropping the last 4 modes in the
balanced realization to obtain

—0.00 —0.57 —0.00 0.01 | 0.07
0.57 —0.00 —0.01  0.00 | —0.07

G=Z| —000 001 —001 1058 | 0.23
—0.01  0.00 —10.58 —0.01 | 0.23

0.07  0.68 0.23 —0.23 \ 0

Figure 3 shows the Bode plot for G and G as well as the error system
E = G — G. We used norm command to identify the H ., truncation error
as 1 (0dB) atw = 3.94 rad/sec. In comparing the modal versus the balanced
truncation we see that the balanced truncation produces a lower error. This
is accomplished because the balanced truncation retains the two vibrational

modes with the largest gain magnitude. The vibration modes with smallest
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natural frequency are not the modes with the largest gain magnitudes and

so the modal truncation produces a larger model approximation error.

balanced truncation

-20

-40

-60

-80

-100 ‘ ‘
107! 10° 10’ 102

2 balanced |G-Ghat|=-0.00 dB
T T

40 i
-80 I \l

107 10° 10' 102

FIGURE 3. Balanced Truncation



CHAPTER 5

Feedback Theory for Linear Systems

Feedback is a useful mechanism that one uses to regulate and stabilize the

behavior of a dynamical system. Consider an LTI system

z(t) = Ax(t)+ Bu(t)
y(t) = Cu(t)

Feedback takes the output, y, and subtract it from a reference signal, r, to
form an error signal, e(t) = y(t) — r(¢). Taking a linear combination of
these error terms generates an input u(t) = kTe(t), where k is a vector of
gains. We are interested in choosing £ so the error, e, asymptotically goes
to zero (stability), thereby regulating the output, y, to track the reference
r. This chapter examines feedback mechanisms used to stabilize the states
and regulate the outputs of a linear system. These methods are also relevant
to the design of state estimators that we refer to as observers. The chapter

confines itself to continuous-time time-invariant linear systems.

1. State Feedback

Consider the continuous-time LTI system whose state space realization is

©(t) = Ax(t)+ Bu(t)
y(t) = Cu(t)

We say the realization can have its eigenvalues arbitrarily assigned by state
feedback if for any nth order polynomial cy,(s), there is a matrix F € R™*"
such that the eigenvalues of A+BF are the roots of the polynomial equation

219
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ag(s) = 0. In other words, there is a state feedback law of the form
u(t) = Fx(t)

such that when this « is applied to our system, we obtain

z(t) = (A+BF)z(t)

y(t) = Cu(t)
By requiring the characteristic polynomial of A + BF to equal ay4(s) for
whatever nth order polynomial we select, we are using state feedback to
arbitrarily place the eigenvalues of the closed loop system matrix, A + BF.

We will show that the eigenvalues of (A, B) can be freely assigned in and

only if (A, B) is a controllable pair.

To prove this assertion, let us assume the eigenvalues of (A, B) can be
arbitrarily assigned, but that (A, B) is uncontrollable. Then we know there
exists a nonsingular matrix P that takes the system to its standard uncon-

trollable form
A, Ayp

2

B,
0

P 'AP = P 'B=

Y

where (A4, B;) is a controllable pair.

Now consider a matrix F € R™*"™ and apply P to it as
FP = [ Fl F2 :|

where the block matrices are conformal with the standard form blocks. If
we then look at A + BF and apply our similarity transformation to it, we

get
P 'Y(A+BF)P = P 'AP + P 'BFP

[ A, Ap B,
0 A,

£

[ A+B,F, A,+B,F,
0 A,
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The characteristic polynomial is invariant under similarity transformations

so with the above block partition we have

det(sI — (A +BF)) = det(sI - P (A + BF)P)

sI — (Al + BlFl) —(A12 + B1F2)
0 sl — A2

= det(sI — (Al + B1F1)) det(sI — Ag)

= det

This means that the eigenvalues of A 4 BF are either eigenvalues of A, and
or are eigenvalues A; + B,F;. Clearly the uncontrollable eigenvalues of
A, cannot be freely reassigned by state feedback. This contradicts our ear-
lier assumption that the eigenvalues of (A, B) were freely assignable. The
contradiction arose because we required (A, B) to also be uncontrollable.
We can, therefore, conclude that if the eigenvalues of freely assignable then

the system must be controllable.

Controllability is not only necessary for free assignment, it is also suffi-
cient. This assertion can be verified as follows. Let us assume (A, B) is a

controllable pair, then it will have a controller companion form

_ . I
0 1
(A, B.) = S ,
0 0 0 1 0
| —@ —a1 —az - —0ap-1 | | 1 |

Now consider the state feedback gain matrix

o= (6 ]

and form (A, + B.F,) as
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0 1 0 0
0 0 1 0
Ac + Bch = . + [ fo fn71 ]
0 0 0 1 0
—apg —ai —a2 —Qn—1
0 1 0 0
0 0 1 0
L —(a0 — fo) —(ar—f1) —(a2—f2) -+ —(an-1— fn-1)

Note that (A, + B.F., B.) is still in controller companion form so that

det(SI - (Ac +BCFC)) = (ao - fO) + (al - fl)s +---+ (anfl - fnfl)sn_l + s™

So for any desired nth order polynomal, o4(s), there is a set of gains, F.,
such that det(sI—(A.+B.F.)) = ay(s) and so (A, B.) has freely assign-
able eigenvalues. Since eigenvalues are invariant under similarity transfor-
mations, we can conclude (A, B) will also have freely assignable eigenval-

ues. The preceding discussion can be summarized in the following theorem

THEOREM 37. Consider a continuous-time LTI system with the pair
(A, B), then the pair has eignvalues that are arbitrarily assignable by state
feedback if and only if (A, B) is controllable.

Note that if P is the similarity transformation taking (A, B) to its stan-
dard form. Once we’ve selected gains for the standard form, the gains for

the original realization are
FP =F.

In general we want to select F so that A + BF is Hurwitz. We say the pair
(A, B) is stabilizable if only if there exists an F such that all eigenvalues
of (A + BF) have negative real parts. A necessary and sufficient condition
for the existence of such a set of gains is that all uncontrollable modes of

the system are asymptotically stable.
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Example: Consider the system

/3 1/3 —2/3 1/3
#t) = | 1/3 —2/3 1/3 |z(t)+ | 1/3 |u()
@10 93 —5/3 —2/3 1/3

y(t) = [1 1 _2}:5@)

and determine a linear state feedback law
(42) u(t) = Fa(t) + kr

where F is the state feedback gain matrix and £ is a scalar gain so that the ir-
reducible transfer function of the closed loop system formed from equations
(41-42) is equal to m The other input, r, is an exogenous reference

signal that is supplied to the system.

Are the eigenvalues of (A, B) freely assignable? To answer this we first

check to see if the pair is controllable or not. Computing the controllability

matrix
1/3 0 2/3
C=|B AB A’B | = /3 0 -1/3
1/3 -1 2/3

The eigenvalues of C are all nonzero and so C has full rank and we know

there exists a gain that can freely assign the eigenvalues.

Following what was done in the proof of the theorem, let us first con-
vert (A, B) to its standard form. From the preceding chapter we know the

desired transformation matrix to standard form is

P! = qA
qA?



224 5. FEEDBACK THEORY FOR LINEAR SYSTEMS

where ¢ is a row vector obtained from the last row of C~1. We can readily

see that
—1
/3 0 2/3 1 2 0
ct'=11/3 0 -1/3 =11 0 -1
1/3 -1 2/3 1 -1 0
so that
a=[1 -1 0]
and so we get
q -1 0
P'=|¢A |=]0 1 -1
qA? 1 1 1

and converting (A, B) to controllable companion form is

01 0
A, = P'AP=|0 0 1
1 0 —1

with D, = 0.
So now consider

te = Acre+ B (Fox.+ kr)

= (A+B/FF.)z.+ B.kr
0 1 0
= 0 0 1 Te+ | O
L+ foe fie =1+ fa k

y(t) = [1 2 o}a:c(t)
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where z.. is the state of the controller companion realization.

Let us write out the transfer function for this system

(25 + 1)k, ~ n(s)

TTy(S> = g3 + (1 _ f20)32 + <_f1c)5 —+ (_1 - fOc) d(S)

We will need to introduce a pole zero cancellation at —1/2 so the desired

characteristic polynomial we wish to match is
aq(s) = (s+1/2)(s* + 35 +2) = s° +3.58* + 3.55 + 1
which suggests we need
foe =25, fie=-35, fo.=-2

and so F, = [ -2 —3.5 —2.5 |. We will also need to select k£ = 1/2 to

get the desired numerator.

The actual gains we are going to use in our original system are

F — F.P
1 -1 0
— | -2 35 —25]|0 1 -1 :[—4.5 41
111

To check our work, compute the transfer function for the state space real-

ization of the closed-loop system

“lg -1 =55

. | A+BF|Btk 1 2 2 |1
=17 0 9l 3 1]l
6 6

11 -2]0

If we compute the transfer functions for this system we see it is

T s+ 0.5 1

vl8) = (s +2(+1(s+05) ~ (s +2)(s +1)

which matches our specification. As expected, the pole we added at —1/2

indeed cancelled out the transmission zero at —1/2.



226 5. FEEDBACK THEORY FOR LINEAR SYSTEMS

The preceding discussion showed how to select the gains F to arbitrarily
reassign the eigenvalues of the closed-loop system. This approach required
that we first transform the system to its controllable companion form. A
more direct “formula” for pole placement is known as Ackerman’s For-
mula. This formula directly computes the state feedback gains required
to arbitrarily assign the eigenvalues of A + BF. The following theorem

gives this formula

THEOREM 38. Assume that (A,B) is an n-dimensional controllable
pair and let ay(s) be an n'™ order monic polynomial. Then the eigenvalues
of (A + BF) will be equal to the roots of cy(s)= 0 if and only if

F=—clC'ay(A)

where
0
e, = | ern
0
1
aq(s) = desired characteristic polynomial

= "+dy1s" + -+ dis+ do

Proof: To verify this formula, let us assume we already know the con-
trollable companion form, (A., B,.) of the given controllable pair (A, B).

We’ve already shown that
Fo=|a+dy - an1+d,
where the characteristic polynomial of A is
pa(s) = 8"+ an_18" '+ +ars +ag

The matrix F is related to F. through the similarity transformation F =
F.P where P = C.C~! and

C. = controllability matrix if (A., B.)
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We will now show that
F.= —echTozd(Ac)

arbitarily assigns the n eigevalues of A. to the roots of the desired plyno-
mial ay(s). Note that

ag(A) = A" +dp AV - di AL+ dol
through the Cayley- Hamilton theorem we know that
pa(A) = A+ a, AV o+ AL+ al =0

which means that

n—1
ag(Ae) =) (a;+d;)Al
i=0
Also note that
0 0 1
elCc. = |10 0]
01
1 =z
= ez

or rather that eIC! = el Pre-multiply ay(A.) by —elC ! to get

—enClaa(Ae) = —ef [(do+ao)l+ -+ (dny +an1)AL"]
= [ao—i*do ay+dy - an—1+dn—1]
— F,

which verifies Ackerman’s formula when the system is in its controllable

companion form.
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To complete the proof, simply transform F. back to the original realiza-
tion using the similarity transformation P = C,C~!. This gives
F = F.P=—¢/ClayA,)P
= —elClag(PAP P = —€!C. '"Pay(A)
= —¢,C. ' (C.LTNau(A)
= —el'Cray(A)

which completes the proof. <

To illustrate the use of this method, let us return the earlier example

which had the state space realization,

1 L _2)1

3 3 3|3

L2 1 71

s | 3 3 3 |3
G = 2 _5 _21
3 "3 3|3

1 1 210

The desired polynomial was
ag(s) = (s +1/2)(s* +35+2) = s>+ 355> + 355+ 1

and so the following script will compute the desired gain F' directly without

having to first convert the realization to its controller companion form.

en = zeros(3,1); en(3)=1;
adA = A"3+3.5xA"2+3.5xA+teye (3,3);
F = —en’*inv (ctrb (A, B)) ~adA

which gives the output

F:

-4.5000 -4.0000 1.0000
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which is identical to what we computed before.

Remark: We used the MATLAB command ct rb to compute the con-
trollability matrix. The computations in Ackerman’s formula are easily en-
capsulated into a MATLAB function. In particular, MATLAB has already
done this using the command acker which is in MATLAB’s control sys-

tem toolbox.

2. Luenberger Observer

In many applications, one may not have direct access to the full state. In
this case, one would like to find a way to estimate the full state, x, from the
available observed outputs, y. Such a system is called an observer. This
section discusses methods used for building such observers. The tools we
developed above to identify stabilizing state feedback laws will be used to

determine such observers.

First let us consider an “open-loop” way of constructing a state observer

for a plant, G, with state space realization

#(t) = Ax(t)+ Brw(t) + Bou(t)

(43)
y(t) = Cux(t) + Du(t)

where z : R — R" is the system state. We supply the other signals with the

following “physical” interpretations

u : R — Ris a “known” control input
y : R — Ris a “observed” system output

w : R — R is an “unknown” external disturbance

o s | A By By
We assume that the state space realization for G = clo D 1s

known. Note that the “B” and “D” matrices have a block form determined

by the two types of inputs, v and w, that are driving the system.
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Since we know the system matrices, we can try to build a state estimator
that simply “mimics” the dynamics of the plant. If we let 7 : R — R”"
denote the estimated state, then this would mean we might try an estimator
of the form
Z(t) = AZ(t) + Byu(t)

(44) N N
y(t) = Cz(t) + Du(t)

Note that we have not included the terms determined by the external distur-
bance w since this signal is not known. So the estimator is an LTI system
with input u (which is known) and an output y which is the “estimated”

output based on the information in v and 7.

We want to study how the state estimation error,
7(t) ¥ 2(t) — 3(D)
behaves. In particular, z, should satisfy the following differential equation
() = i(t)—z(t)

= Ax(t) + Biw(t) + Bou(t) — AZ(t) — Bau(t)

= AZz(t) + Biw(t)
Note that if A’s eigenvalues all have negative real parts, then the origin of
the unforced system when w = 0 is asymptotically stable and so the esti-

mation error would go to zero asymptotically. Let H(s) denote the transfer

function from w to z. One can readily see that
H(s) = (sI - A)"'B;

If w is an £, signal, then we know the £, norm of the state estimation error

is bounded by
122, < Hl, Nwllz,

which allows us to show that the norm of the estimation error is bounded
above. Note that this bound again only exists if the system is finite gain £,

stable, which will always be the case if A is Hurwitz.
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What the preceding discussion showed is that we get useful estimates
of the state using the “open-loop” observer in equation (44) whenever A
is Hurwitz, i.e. the origin of the open-loop system (43) is asymptotically
stable. However, we would also like to build observers for unstable plants
since we will later try to use those estimated states in a state-feedback law to
stabilize the system. If we try our open-loop strategy on an unstable plant,
then the state estimates will become unbounded thereby leaving us with a
useless estimate of the state. To address this issue, we modify the observer

equation to use the observation error

(t) < y(t) — gt

as a state feedback term, just as it was done above with the state feedback

control law. The estimated output is taken to be
y(t) = Cz(t) + Dul(t)

The resulting closed-loop estimator is now called an observer and is defined

by the following state equations

2(t) = AZ(t)+ Bau(t) + L(y(t) — §(1))

(45) N N
y(t) = Cz(t) + Du(t)

where L € R"” is a matrix of observer gains. These observer gains must be
chosen by the designer to ensure that the estimation error, (), asymptoti-
cally goes to zero in the absence of any external disturbance, w and remains

sufficiently bounded when w is a bounded disturbance.

To determine the conditions needed for a “stable” observer, we write out

the state equations for the state estimation error, z,
() = i(t)—2(t)
= Az(t) + Byw(t) + Bau(t)
—AZ(t) — Bou(t) — L(Cx(t) + Du(t) — Cz(t) — Du(t))
= Az(t) - LCz(t) + Byw(t)
46) = (A—-LC)x(t) + Byw(t)
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We obviously want to choose L so that all of the eigenvalues of A — LC
have negative real parts. If this is done then the estimation error goes to zero

asymptotically when w = 0 and remains bounded in £, if w is also Ls.

We call this observer in equation (45) a Luenberger observer. Note that
choosing L is equivalent to a pole placement problem. In particular, we can
see that A — LC and (A — LC)? have the same eigenvalues. Note that

(A—LC)" = AT — CTL”

So our ability to freely assign the eigenvalues of A —LC is equivalent to the
pair (AT, CT) being arbitrarily assignable. We know this is the case if and
only if (AT, CT) is controllable which means that (A — LC)’s eigenvalues
can be freely assigned if and only if (A, C) is observable. We can therefore

summarize our preceding discussion in the following theorem.

THEOREM 39. The eigenvalues of the Luenberger observer in equation
(45) can be freely assigned if and only if (A, C) is observable.

Clearly, we want to choose L so that A — LL.C is Hurwitz. When this
is the case then we say the pair (A, C) be detectable. A necessary and
sufficient condition for detectability is that all unobservable eigenvalues of

(A, C) have negative real parts.

Recall that asymptotic stability of the origin can only be assured if the
external disturbance, w(t) = 0. When w is not zero, then we require the
input/output system from w to the state estimation error x be finite gain L
stable. Let E denote the error system in equation (46) whose state space
realization is
A-LC|B,

1 |o

E <

We are going to choose L so the origin of the unforced error system is
asymptotically stable. We know that this will also imply the input/output
system, E, is £, stable. In this case, we will use the L,-induced gain of

E to characterize the “performance” level achieved by the estimator; with
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smaller gains being associated with better performance. In our earlier work
we showed that the £, induced gain is given by the H ., norm of the transfer

function matrix’, E(s), maximum gain magnitude.
[Ell;,,, = sup [E(jw)]
w

which we can evaluate by an examination of the error system’s gain mag-
nitude plot, or through the use of the bounded real lemma in a bisection
search. There are certain applications where this approach is used to select
gains, L, that minimize the H ., gain of E, thereby maximizing the estima-
tor’s performance. The resulting “optimal” H filters are often used when

we want the estimator’s performance to be robust to model uncertainty.

There are a large number of applications where the input w is a unit
variance white noise process. In this case the state estimate {Z(¢)} is a
stochastic process that is normally distributed so we only need to determine
its mean and covariance matrix. In particular, let E{z(¢)} = pu(t), then
because of the linearity of the expectation operator and because w is zero

%E{f(t)} = i(t) = (A = LC)E{z(1) } + B1E{w(?)} = (A — LC) u(t)

If L is chosen so (A — LC) is Hurwitz then we can see that p(t) — 0 as

t — oo for any particular input w that we have.

A full characterization of the state estimation process, however, also re-
quires us to determine its covariance matrix E{Z(¢)27(t)} = P(t). De-
termination of the differential equation satisfied by the covariance matrix
requires that we use methods from the Ito stochastic calculus [Fleming and
Rishel (1972),Karatzas and Shreve (1998)]. Since these methods are be-
yond the scope of this course, we will simply summarize the results. In
particular, one can use the Ito calculus to show that P(¢) satisfies the fol-

lowing ordinary matrix differential equation

P(t) = (A — LC)P(t) + P(t)(A — LC)T + B,BT
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When A —LC is Hurwitz then as ¢ — oo one can show that P(¢) converges
asymptotically to a constant matrix, P

lim E{Z(t)z"(t)} =P

t—o00

that satisfies the following Lyapunov equation
(47) 0=(A-LC)P+P(A-LC)" +B,B]

So in terms of characterizing the steady-state performance of the estima-
tor, we would simply need to solve equation (47) for P whose trace could
be used as a single number measuring the “performance” of the estimator.
Finding an L that minimizes the trace(P) yields an “optimal” observer that
minimizes the steady-state mean squared estimation estimation. The result-
ing observer is more commonly known as the steady state Kalman filter and

the equations characterizing this optimal L. will be discussed below.

3. Linear Quadratic Regulator

The preceding section showed how state feedback can be used to freely
assign the eigenvalues of an LTI system. The next question, of course,
is why one would want to do this and where are the “best” locations for
these eigenvalues. Rather than answering this directly, we will pose the
question as an optimization problem that seeks a state feedback gain matrix,
F, that optimizes some useful measure of how we believe the system should

perform. Consider the state space equation
r = Az + Byw+ Bou
y = x

Czx

u

with initial condition x(0) = xo. The signal, y, is our usual output signal
which, in this case, provides full access to the system state. We refer to this
as the Full Information or FI controller. The additional output signal, z, is

a signal used to characterize the performance of the system, with smaller 2
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meaning better performing systems. There are two inputs; w and u. The
input w is a disturbance signal that we take to be a unit variance white noise
process. The other input w is the control input to be supplied by a controller
we need to design. Since we have full state access, we know our control
signal will be ©w = Fz. The problem is how do we go about selecting F' in
an “optimal” manner? Optimality depends on how we wish to characterize
performance, but if we take 2 as a “virtual” signal used to help use measure

system performance, then we will want to select F' to minimize

E [||2]1Z,]

Namely we select a gain that minimized the mean squared energy in the

objective signal.

We first consider a finite horizon version of this optimization problem

that seeks to minimize the following cost functional,
Ju; T M) = |l2)|Z,0m + 2" (T)Maz(T)
T
_ / T (7)2(r)dr + 7 (T)YMa(T)
0

where M is a symmetric positive definite matrix. The first term on the right-
hand side represents a path (running) cost and the final term is a terminal
cost associated with not zeroing the output by time 7'. This section finds a
u that minimizes this finite horizon cost and then examines how it behaves

as T' goes to infinity.

We start by assuming a solution exists and then identify necessary condi-
tions that the solution must satisfy. These necessary conditions then provide
the means for determining the optimal control gain F'. Let us first introduce
a matrix-valued function, X : R — R™*"™ where X (¢) > 0 for all ¢t € [0, T]
with X (7') = M. We may then rewrite the cost functional, .J, as

Ju; T,M] = /o 2 (1)z(r)dr + 27 (T)Mx(T)

= /OT (ZT(T)Z(T) + %ZET(T)X(T)ZU(T)> dr + 27 (0)X(0)x(0)
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Note that

d :
E(ITXQ;) =" Xz + 2" Xd + 2" X

Inserting this into the preceding expression for J[u ; T', M] yields,
T
Ju; T,M] = / (z"(r)CT Ca(r) + " (T)u(r)) dr
0
T .
+ / [2(xTAT +wTBT + uTBY) X + xTXg;} dr
0
+27(0)X(0)z(0)

Collecting the quadratic terms in x yields

T
Ju; T,M] = / 2T (CTC+ ATX + XA + X)zdr
0
T
+ / (u"u+ 20" By Xz + 20" B Xa) dr
0
+27(0)X(0)z(0)

We complete the square of the first two terms on the second line by adding

and subtracting the term 27 XB2B,Xx. This lets us rewrite .J as
T
Jlu: T,M] = / i"(CTC + ATX + XA + X - XB,BIX) adr
0
T 2
+/ (\u +BIXz|" + 2wTB1TXw> dr + 27 (0)X(0)2(0)
0

If we select u* = —BI Xz and we let X satisfy the following matrix differ-

ential Riccati equation
-X = ATX+XA-XB,BIX+CTC
X(T) = M
then the first two terms vanish and we have

T
' T, M] = / 2w BT Xadr + 2 (0)X(0)2(0)
0
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Since w is a zero mean white noise process that is statistically independent

from z, then if we take the expectation of J we get
T
E[Ju*; T,M]] = E { / 2wTB’{XxdT} + 27 (0)X(0)z(0)
0
= 27 (0)X(0)z(0)

The first term vanishes because x and w are statistically independent. So
the optimal cost is simply z7(0)X(0)x(0) where x(0) is the initial state
and X (0) is obtained by solving the Riccati differential matrix equation

backward in time from 7.
To summarize the finite horizon problem is solved by
u* = —BIX(t)x(t)
where
-X = ATX+XA -XB,BIX +cC’C
X(T) = M
This has a solution provided CT'C > 0.

If we let T' go to infinity it can be shown [Green and Limebeer (2012)]
that if we choose M > 0 such that

MA + A™™ - MB,BIM + C*C <0
then
711_1)130 X(t; T,M) = Il = constant matrix
This constant matrix must satisfy the algebraic Riccati equation

0=ATII +IA - TIB,BITI + C'C

which is the standard LQR Riccati equation. The control is “optimal” in the

sense of minimizing the expected value of J[u] and this control is given by

u* = —BIiTIx
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The matrix —BgH corresponds to the gain matrix, F, we discussed earlier
when studying pole placement methods. It can be further shown [Green and

Limebeer (2012)] that the origin of this controlled system is asymptotically

C
stable assuming that (A, [ M ]) is detectable.

Example: Let us now give an example to illustrate the use of the LQR
regulator. In this case we consider the servo positioning system shown in
Fig. 1. The motor is used to move a load in a translational manner. The
angular position, ¢, of the motor determines the position of the load. If we
ignore the electrical part of the motor and only focus on the mechanical
states, then the servo’s dynamics may be modeled as a double integrator
that is driven by the applied torque v generated by the motor, a disturbance
torque, w, that comes from the load, and a damping torque, af. The servo

position therefore satisfies the following ODE,
é =u-+w+ 049

where « is a known positive constant.

I Motor
Encoder

FIGURE 1. Servo Positioning System

To find the LQR controller, we first need to rewrite the preceding second

order ODE as a pair of first order differential equations. We first introduce
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the following state variable

T 0 — Qc
T = = .
i) 0
The state equations governing x are

. _9_96
r = .
0

T | —aw +ult) +w(t) ]

T 0
Lol

We can now see that in the LQR formalism our system matrices are

0 1 0
A =
1
and our LQR cost functional takes the form

0 -«
Ju] = /Ooo(qx% +u?)dt = /OOO(:ETQJU + u?)

0 1
0 —«

+

) B1:B2:

where Q = e

0
] and R = 1.
0

A MATLAB script was written to compute the LQR gains and simulate
the resulting system. The results from the simulation are shown in Fig. 2.
In this simulation, . = —1 and the initial servo angle, §(0) = 0, and an
initial servo rate 0(0) = 1. The damping ratio o was set to 0.1. Figure
2 shows the servo angle, 6, (top plot) and the servo rate, 9, and control u
(bottom plot) for ¢ = .1, 1, and 10. A small amount of process noise w
was added into the simulation results also. As the weighting parameter ¢
increases, we expect a higher penalty on large deviations away from zero.
This means that for larger ¢, we expect 6(t) to converge more quickly to
6. with a smaller variation. This is exactly what is seen in the top plots.

For larger ¢, however, we also expect a smaller penalty to be paid for larger
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control effort and so for larger ¢ we expect to see larger control torques .
This is also seen in the bottom plots of Fig. 2

position angle theta - q = .1 position angle theta - q = 1 , position angle theta - q = 10

thetadot and control torque thetadot and control torque thetadot and control torque

1
thetadot thetadot thetadot
—u —u —u
0 o o
Bl -1

FIGURE 2. Simulations of LQR controlled servo

One important thing to notice here is that the LQR control law takes the

form
u=f1(0 — 0.) + fa(0)

From Fig. 1, however, we see that the only sensor on the servo is an encoder
measuring the shaft position. In other words, we don’t have the angular rate
of the servo available for the control. This means, of course, that this par-
ticular control system is not “implementable”. Finding a way to physically

implement this control will be the subject of the next sections.

4. Steady State Kalman Filter

By duality [Green and Limebeer (2012)], one can develop optimal full state
observers. We will not do that here and will simply state the main result.

The optimal state observer is called a steady-state Kalman filter and seeks
to minimize the MSE lim; ., E{z7(¢)z(t)}.
We take the open loop plant to have the form,
r = Az+ Byw+ Bsu
y = Cr+wv
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where w and v are uncorrelated white noise processes. The other signal w is
a control signal which we are assumed to know. The state equation for both

filters are
7= (A-QC"C) %+ Byu+QCy

where Q = QT > 0 satisfies an algebraic Riccati equation. For the H; (i.e.
steady state Kalman filter) this ARE is

0 = QAT + AQ - QC'CQ +B,;BT

Note that the above equation for the observer can be rewritten to look
like a Luenberger observer; thereby emphasizing the feedback aspect of the

observer. In particular, since yj = Cz, it should be apparent that

z = Ai+Byu+QCT(y—79)

gy = Cz
In this case we see that the optimal observer gains are

Loptimal = Q CT

Let us see how well this filter works on the earlier LQR controlled servo
system. In this case, we use the LQR gains computed when ¢ = 1 and
assume that the process noise and measurement noise both have unit co-
variance. The simulation starts with 6. = —1 at ¢ = 0 and then switches to
0. = 1 att = 20. Fig. 3 plots the true state and estimated states as a function
of time. The top plot is for the position error # — . and the bottom plot is for
the angular rate 6. Both plots show that the filter estimates track the actual
states. We see that the position error estimate responds more quickly to a
step change than the angular rate estimate, which is to be expected since we
have a direct measurement of the position error. Our estimate for the angu-
lar rate must rely on the past rate estimates, since we don’t directly observe

the motor’s rate.
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position error rhoM = 1.0 rhoP= 1.0 ar
: . . : :

true position error
estimated position error

-1 position error stdv = 0.2512 9

0 5 10 15 20 25 30 35 40
v

angularrate L=[ 1.32 0.87]
T T T

T T
true rate
estimated rate

;f

1r rate stdv = 0.2103 b

ds ; xhat’];
Psamp = Psamp + (xtildesxtilde’)/4000;

FIGURE 3. Kalman Filter simulation - Model matches noise

covariances

As mentioned above, the Kalman filter minimizes the mean square esti-
mation error. But that guarantee of optimality requires that we were truthful
in telling the Riccati equation about the system matrices and the noise co-
variances. Of particular concern to us are the noise covariances, for it may
be very difficult in practice to know exactly what these covariances might
be ahead of time. In practice this means that one may often design a filter
using only a best “guess” about the noise covariances. Such guesses can

greatly impact the filter’s performance.

To explore this sensitivity, let us assume the actual measurement and
process noise in the system have unit variance, but that we designed the
Kalman filter assuming V = 1 (accurate) and W being 0.1 or 10 (too small
or too big by an order of magnitude). If the filter were designed with W =
0.1, then we lied to the filter by saying there is less process noise than there
really is. This causes the filter to trust its past estimates more than the new
measurements and so the observer gains are smaller. We would also expect
to see the position estimate to converge more slowly with larger fluctuations
than the rate estimate. These predictions are borne out on the lefthand side
of Fig. 4. On the other hand, if we had designed the filter with W = 10,

then we lied by saying there is more process noise than there really is. This
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causes the filter to put more trust in new measurements than the past state
estimates and so the observer gains are larger, the filter converges more
quickly, and the rate estimates show greater fluctuations than the position
estimates. These observations are also borne out by the plots on the right
hand side of Fig. 4.

position error rhoM = 1.0 _rhoP=0.1

position error rhoM = 1.0 _rhoP= 10.0

FIGURE 4. Kalman filter sensitivity to variations in Process

Noise Covariance

We can repeat this experiment, but now look at how lying to the filter
about the measurement noise covariance impacts the filter’s performance.
In this case we let W = 1 and let V = 0.1 or 10. If we set V = 0.1, then
we are telling the filter there is less measurement noise than there really is
and so the filter will trust its measurement more than the past state estimates.
This means the observer gains will be larger, the position error will track the
true error closely, and the rate estimate will have a larger error in it. This
prediction is borne out on the left hand side of Fig. 5. On the other hand,
if the filter was designed with V = 10, then we are telling the filter there
is more measurement noise than there really is and so the filter trusts its
past state estimates more than the new measurements. This will be reflected
in smaller observer gains and will suggest that the rate estimate will more
closely track the position estimates. Again this prediction is borne out by
the plots on the right hand side of Fig. 5.
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position error rhoM = 0.1 _rhoP=1.0

N

At position error stdv = 01923

position error rhoM = 10.0 rhoP= 1.0

FIGURE 5. Kalman filter sensitivity to variations in Mea-

surement Noise Covariance

The preceding empirical results show that the behavior of the Kalman
filter is extremely sensitive to the prior information we had regarding the
noise covariances. In general, these covariances are not exactly known.
This is particular true of the process noise covariance, w. Process noise is
really a term we use to approximate random inputs from the external envi-
ronment as well as additive disturbances due to dynamics in the “physical”
system that were neglected in our linear model of that system. The fact
that we don’t really know these covariances exactly means that designing
Kalman filters is a recursive design procedure which often uses nonlinear

simulations of the physical plant to empirically fine tune the Kalman filter.

5. Linear Quadratic Gaussian Controller

When the estimates generated by a Kalman filter are used in the LQR state
feedback law, we obtain what is more commonly known as the Linear Qua-
dratic Gaussian or LQG controller. One important feature of LQG con-
trollers is that the performance achievable by the LQG controller is simply
the sum of the performance of the LQR and Kalman filter. This fact is
called the separation principle and it means that one can design the LQR
and Kalman filter separately with an assurance that the composition of these

two systems will still be optimal.
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We now look at how well the servo system in Fig. 1 is regulated using
the LQG controller. For this simulation we simply took the script used in
Fig. 3 and replaced the line computing the control v = Fx with u = F'%.
The results for the LQG and associated LQR controller are shown side by
side in Fig. 7. We see that both controllers are able to regulate the servo’s
position around the desired .. The difference lies in how well they do this.
Since the LQG uses a noisy estimate of the state, rather than the true state,

we see a larger regulation error, which is to be expected.

LQG position error LQR position error

r
7‘&
0

-1 position error stdv = 0.7312 4 -1k position error stdv = 0.7151

true position error
estimated position error

LQG angular rate L=[ 1.32  0.87]F=[-1.00 -1.63] LQRangularrate L=[ 1.32 0.87] F=[-1.00 -1.63]

true rate
estimated rate

0 [ N

-1 rate stdv = 0.6399 4 1k rate stdv = 0.6189

true rate
estimated rate

FIGURE 6. (left) LQG controlled servo (right) LQR con-

trolled servo

We now look at how well the servo system in Fig. 1 in chapter 1 is
regulated using the LQG controller. For this simulation we simply took the
script used in Fig. 3 and replaced the line computing the control © = F'x
with u = F'Z. The results for the LQG and associated LQR controller are
shown side by side in Fig. 7. We see that both controllers are able to regulate
the servo’s position around the desired .. The difference lies in how well
they do this. Since the LQG uses a noisy estimate of the state, rather than

the true state, we see a larger regulation error, which is to be expected.
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LQG position error

LQR position error

true position error
estimated position error

position error stdv = 0.7312 e

true position eror
estimated position error

position error stdv = 0.7151

LQG angularrate L=[ 1.32 0.87]F=[-1.00 -1.63]

LQRangularrate L=[ 1.32 0.87] F=[-1.00 -1.63]

true rate
estimated rate

rate stdv = 0.6399 e

true rate
estimated rate

rate stdv = 0.6189

rhoP=.
rhoM=1

a1t = .1;

A = [0 130 -alf]

B - [0:1];

c = 10]

D = (0]

tstop = 40; dt = .001;
a=1;

Q = gqreye(2,2);

Ro=1;

S = are(A,Beinv(RI+E’,Q);
F = —inv(R)+BI*S;

eye(1,1)*rhoP;V = aya(1,1)+rholi;
are(A’,Coxiny(V)+C,BxWsB") ;
PeCiny (V) ;

[1:1]5xhat = [0500;
= x(1)+thetacs

w = randn(1,1)+sig;v = randn(1,1)+sig;
x = [theta-thetac;thetadot];

dot = AwxtBrutBry;
xhatdot = Asxhat+Beu+Le(y-Crxhat) ;

+xdotedt;
nat+xhatdotedt
xtilde = x-xhat;
theta = x(1)+thotac;

a ;

= x(2)
[data; time x’ xhat’l;

Psamp = Psamp + (xtildexxtilde’)/4000;
end;

FIGURE 7. (left) LQG controlled servo (right) LQR con-

trolled servo
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