Available online at www.sciencedirect.com

SCienCEDi rect Procedia Computer

Science

ELSEVIER Procedia Computer Science 00 (2011) 1-10

Weakly Coupled Event Triggered Output Feedback System in Wireless
Networked Control Systems

Lichun Li and Michael Lemmon

Department of Electrical Engineering, University of Notre Dame, Notre Dame, IN 46556, USA.

Abstract

This paper examines output feedback control of wireless networked control systems where there are separate
links between the sensor-to-controller and controller-to-actuator. The proposed triggering events only rely on local
information so that the transmissions from the sensor and controller subsystems are not necessarily synchronized.
This represents an advance over recent work in event-triggered output feedback control where transmission from the
controller subsystem was tightly coupled to the receipt of event-triggered sensor data. The paper presents an upper
bound on the optimal cost attained by the closed-loop system. Simulation results demonstrate that transmissions
between sensors and controller subsystems are not tightly synchronized. These results are also consistent with derived
upper bounds on overall system cost.

Keywords: Weakly coupled triggering events, Event triggering, Output feedback control, Wireless networked
control systems

1. Introduction

Large-scale wireless networked control systems (WNCS) are invaluable in many civil and military applications
for monitoring and controlling in complex environment. An important issue for large-scale WNCS concerns energy
efficiency. Sensor nodes need to operate on an extremely frugal energy budget, since they are battery driven and
since battery replacement is not an option for large-scale WNCS with thousands of physically embedded nodes. To
conserve power, it is important to manage wireless communication as such communication is a major source of power
consumption [1]. There has been a great deal of prior work seeking to conserve power [2, 3] through energy efficient
networking protocols. Another way of conserving power, however, is to make the application power aware, and
attempt to minimize the application’s use of the communication network, while still maintaining a desired level of
control system performance. One recent method for realizing this goal is known as event-triggered sampling.

Event triggering can be seen as a communication protocol where information is transmitted only if some event
occurs. In particular, information is transmitted when a measure of data ‘novelty’ exceeds a specified threshold. In
contrast to more commonly used periodic transmission schemes, event-triggering tends to generate traffic patterns that
are sporadic in nature. Prior experimental results has demonstrated that event-triggering can use fewer communication
resources than periodic transmission schemes having comparable performance levels [4, 5, 6, 7, 8]. The reason for this
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Figure 1: Structure of the event triggered output feedback control systems

more efficient use of communication resources is that event-triggering makes use of on-line information in making
transmission decisions. This method, therefore, can adapt its usage of the communication to channel to the importance
of the data it must transmit.

Most prior work in the event triggering literature discusses state feedback control and state estimation. This work
has traditionally assumed a single feedback link in the system. It has only been very recently that researchers have
turned to study event-triggered output feedback control where there are separate communication channels from sensor
to controller and controller to actuator. These recent papers on event-triggered output feedback control have assumed
that only part of the control loop was closed over wireless network [9, 10, 11], or they have assumed that transmissions
from sensor-tocontroller and controller-to-actuator were strongly synchronized (the transmission in one link triggered
the transmission in the other link) [12]. Neither of these frameworks is suitable for large-scale WNCS. The direct
connection between controller and plant prohibits the long distance monitoring and control when the plants are in
hazardous environments. Frameworks with strongly coupled transmissions have the same problem when the number
of sensors is large.

This paper designs local event-triggers for a wireless networked control system in which there are separate com-
munication links from sensor-to-controller and controller-to-actuator. The event-triggers attempt to be optimal in the
sense that the triggering sets of the sensor-to-controller link minimize the mean square estimation error discounted
by communication cost and the triggering sets of the controller-to-actuator link are designed to minimize the mean
square cost of the estimated system state discounted by the communication cost in that link. The sum of these two
separate optimization problems provide an upper bound on the optimal mean square performance of the entire system.
The events generated by this approach are only weakly coupled, rather than strongly coupled as seen in [12]. The
results in this paper serve as a foundation for large-scale event-triggered output feedback control that will be studied
in future papers.

2. Problem Statement

Consider a controllable and observable linear discrete time process, whose control loop is closed over the network.
A block diagram of the closed loop system is shown in Figure 1. This closed loop system consists of four components:
a plant subsystem, a sensor subsystem, a controller subsystem and an actuator subsystem.

The plant subsystem consists of two parts: a plant and a sensor. The plant is a controllable and observable linear
discrete time process whose state x : Z* — R (Z* indicates nonnegative integer set) satisfies the difference equation

x(k) = Ax(k = 1) + Bug(k — 1) + w(k — 1),
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fork =1,2,---, where A € R™", B € R™", u,(k — 1) € R is the actual control input applied into the plant which
will be further explained when the actuator subsystem is introduced, and w € R” is a zero mean white Gaussian noise
process with variance W. The initial state x(0) is assumed to be a Gaussian random variable with mean y and variance
ITy. The sensor generates a measurement y : Z* — R? which is an output with noise. The sensor measurement at
time k is

y(k) = Cx(k) + v(k),

for k € Z*, where C € RP*", and v : Z* — RP? is another zero mean white Gaussian noise process with variance
V. Notice that w, v and x(0) are independent from each other. The corrupted measurement is fed into the sensor
subsystem that decides when to transmit information to the controller subsystem.

The sensor subsystem shown in the right upper corner of Figure 1 consists of a Kalman filter, a local observer
and an event detector. Let Y(k) = {¥(0),y(1),---,y(k)} denote the measurement information available at step k.
The Kalman filter generates a state estimate xgr : Z* — R” that minimizes the weighted mean square estimation

error (MSEE) E [le(k) - )_cKp(k)Ilé | Y (k)] at each step conditioned on all of the sensor information received up to and

including step k, where Z > 0 is a symmetric weighing matrix and IIHII% = 0776. Let P, be the square root of Z (i.e.
Z = P;PZ). For the process under study the filter equation is

Xkr(k) = AxXgr(k — 1) + LP;' L(y(k) — CAXkrp(k - 1)),
where L= P,'L, L = ZXET(EXfT + V)71, and X satisfies the discrete linear Riccati equation
AXA — X - AXC (CXC +V)'CXA +W =0,

where A = PZAP;, C = CP;, W= PZAPEI. The steady state estimation error exr(k) = x(k) — Xxr(k) is a Gaussian
random variable with zero mean and weighted variance E (EKFZEQF) =0=(1U- LE)X .

Let {Tﬁ}zl denote a sequence of increasing times (Tf € [0, +o0]) when information is transmitted from the sensor
to the controller subsystem. We require that 7 is forward progressing, i.e. for any k > 0, there always exists a
¢ such that ¢ > k. Let X(k) = {)_cKp(Ti),)_cKF(‘rg), .- ,)_cKp(‘rf(k))} denote the filter estimates that are transmitted to
the controller subsystem by step k where {(k) = max {f crh< k}. We can think of this as the ’information set’
available to the controller subsystem at time k. The local observer generates an a posteriori estimate xgp : Z* — R”
of the process state that minimizes the weighted MSEE, E [le(k) - )_cRo(k)H% |X(k)], at time k conditioned on the
information received up to and including time k. The a priori estimate of the local observer, Xz, : Z* — R”,
minimizes E [||x(k) - )_c,_ao(k)H% |X(k - 1)], the weighted MSEE at time k conditioned on the information received up
to and including step k — 1. These estimates take the form

Xro(k) =Axgo(k — 1) (D
_ | Xgolh), if ey ’ oK) €S
Xro(k) = { Xxr(k), othgf\gise , @

where €.z (k) = Xk (k) — Xgo(k), S5 C R” is the triggering set in sensor subsystem, and Xz, (0) = po.

The event detector in sensor subsystem detects the a priori gap €y . . ,(k) and compares the gap with the triggering
set S . If the gap is inside the triggering set S;, then no data is transmitted. Otherwise, the state estimate of Kalman
filter X (k) is sent to the controller subsystem.

The controller subsystem which is in the right lower part of Figure 1 has three components: a remote observer,
a controller and an event detector in controller subsystem. The remote observer has the same behavior as the local
observer, and produces an a posteriori state estimate Xgo(k) which is fed into the controller. The controller generates
a control input u.(k) = Kxgo(k), where K is the controller gain. Notice that this control input is not the actual control
input fed into the plant. ' '

Let’s define an increasing and forward progressing time sequence {Tﬁ};’.‘;l, where 7 is the jth time when the control
input is sent to the actuator subsystem from the controller subsystem. The event detector in the controller subsystem
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transmits the current control input u.(k) to the actuator subsystem when [Xzo(k) u,(k)]” lies outside of a triggering set
S .. Once the current control input is sent to the actuator, an acknowledgement is transmitted to the sensor subsystem
to let it know that the control input has been updated. When the sensor subsystem receives the acknowledgement, it
uses the xgo(k) generated by the local observer to obtain the new control input to the actuator subsystem.

The actuator subsystem has two parts: a zero order hold and an actuator. Let u,(k) denote the actual control input
applied to the plant. When u.(t7.) is transmitted, the actuator subsystem updates u, (k) to be u.(r), and holds this value
until the next transmission occurs. u,(k), therefore, takes the form

(k) = ue(th), Yk € [tl, ).
The average cost is defined as

N-1

!
IS8 = lim kz(; E (c(x(k). 5. S.).
where the cost function c is

Xro(k
k), 5, 50) = IO + AN exrrot) € §) + A1 ([ ol ] ¢ SC),
where A; and A, are the communication prices for transmissions over the sensor-to-controller link and controller-to-
actuator link, respectively. 1(-) is the characteristic function.
Our objective is to design the triggering sets S and S . to minimize the average cost J(Ss, S ), i.e.

J = Lrgrynsr: J(Ss, Se).

3. Main Results

The main result in this section derives event-triggers for the sensor and controller subsystem. The novel feature of
these event triggers is that they are weakly coupled in the sense that transmissions over the sensor-to-controller link
do not necessarily trigger transmissions over the controller-to-actuator link. By breaking the strong coupling between
the two channels, we provide a path for extending event-triggered control to wireless networked systems involved in
remote telerobotic systems.

The derivation of these weakly coupled triggering events is done by decomposing the average cost J(S s, S ) into
two parts. The first part is only a function of the sensor subsystem and represents the cost introduced by remote
state estimation. The second part relies on information from the controller subsystem and the statistics of the state
estimates generated by the sensor subsystem. This second part, therefore, represents the controller cost conditioned
on the event-triggers for the sensor-subsystem. It is the conditioning on the sensor-subsystem in this second term that
weakly couples the events generated by the sensor and controller subsystems.

The following lemma formally states the decomposition of the total system cost J(S, S ) that will be used later
to derive the triggering events.

Lemma 3.1. Let egp(k) = x(k) — Xro(k). The average cost J(Ss, S ;) may be written as

J(§5,8) =J(Ss) +J(Se, S),

where
] M-1
JuS:) = lim kz(; E [ero(II% + As1(exro(k) € 5]
SR I PN Xro(k)
Jo(Se,S5) = 1&/111120 M ; E [||XR0(k)||Z + 4.1 ([ Uy (k) :| ¢ Sc) SY:|
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Remark 3.2. The second cost J. is conditioned on the sensor’s triggering set, S s, because the expectation taken in J,
must be computed with respect to the probability distribution of the state estimate, Xgo(k). As this random variable’s
distribution is a function of the sensor subsystem’s triggering set, we see that the expectation in J. must also be
conditioned on S s, thereby weakly coupling the cost of the controller subsystem to the cost of the sensor subsystem.

Proof. The key step in separating J into the two costs J; and J,. relies on the fact that Xgo(k) and ego(k) are uncorre-
lated. This is shown in Lemma Appendix A.1. Realizing x(k) = Xgro(k) + ero(k) together with the fact that xzo (k) and
ero(k) are uncorrelated, J(S g, S ) can be rewritten as

M-1

. _ _
J§:80) = lim — > B (nem(k)n% + ko (IZ + As1(exrro(k) + A1 ([
k=0

Xro(k)

I/ta(k) ¢S¢)) = J(Ss)"'-](Sc,Ss)v

O

Since both J; and J, rely on S, the S ; which minimizes J; doesn’t necessarily minimizes J. We can see, however
that the minimum cost J* is bounded above by

J<ISLSH =Tl +7i(ST) 3)
where S I is the optimal sensor triggering set that minimizes J,(S ;). The sensor cost achieved by SI is Jj = ngin Jo(S ).

In a similar way we can see S Ias the controller’s event-triggering strategy that minimizes the controller cost J.(S ., S )
assuming the sensor is the optimal event-trigger S T, In this case the controller’s cost becomes J! = HSlin J(Sc, 8.

The problem of search for the optimal triggering sets can now be obtained by solving two coupled coptimization
problems. The first optimization problem seeks the sensor triggering set, S I, that minimizes J,(S,). The second
optimization problem seeks an optimal triggering set, S . that minimizes the cost J (S, S 1) The next two subsections
present methods for solving these two optimization problems.

3.1. The optimal and suboptimal triggering sets in sensor subsystem

This subsection first characterizes the optimal triggering set minimizing the estimation cost J;. Determining the
optimal triggering set from this characterization has high computational complexity both in terms of terms of compu-
tation time and space (memory). We therefore present a suboptimal triggering set whose computational complexity
is more tractable and upper bound the cost achieved with this suboptimal trigger. The results presented in this section
were originally described in [13], so we only review the main results below.

Lemma 3.3. [f there exists a bounded function hs : R" — R and a finite number J such that
T+ h(egpro®) = Gy (hs(ekpro(K)) )

where
G, (hy(6)) = min {E(hy(ek ok + Dlexrro(l) = 0) + (6.5}
then the optimal average cost of remote state estimation is
5= (5)
and the optimal triggering set in sensor subsystem

ST ={0: E(hy(expgotk + Dlexrro®) = 0) + 1013 < A, + E(hy(expgoth + Dlexrro®) = 0)). ©)

To compute S I, we need to compute the function i, which satisfies Equation (4). This equation can only be solved
numerically, which means that the function /; can only be expressed in a numerical way, and we need a large table
to store the function ;. Computation and storage of such a large table will be impractical for many applications. We
therefore introduce a suboptimal triggering set for sensor subsystem whose computational complexity is tractable and
cost can be bounded.
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Lemma 3.4. Given a quadratic triggering set

S5 = {ekrro® : lekpro®llyy, < A= &b, ()
where the n X n matrix Hy > 0 satisfies the Lyapunov inequality
ATHA
- Hg+ <0,
1+ 62 1+ 62

for some 6* > 0, and
0%, + 1r(H,R)
s 1 + 6? 9
where R = P,' L(CAQATCT + CWCT + V)LT(P,")", then
J5(Ss) < TS s) =min{tr(HR) + &5, A} ®)

Remark 3.5. Forany A and Z > 0, there always exists an Hy > 0 and a 5> > 0 such that the Lyapunov inequality (3.4)
holds. We should notice that the greatest singular value of A, 0(A), is always greater than or equal to the absolute
value of any eigenvalue of A. So if we set 6> to be the value such that 7(A) < /1 + 62, then A/ /1 + 62 is always
stable, and there always exists H; > 0 such that (3.4) holds for any semi-positive definite matrix Z.

3.2. Optimal and suboptimal triggering sets in controller subsystem
This subsection first studies the optimal triggering set for the controller subsystem and the corresponding minimum
average cost of control. As was found in the preceding subsection, direct computation of the optimal triggering set is
complex. We therefore introduce a suboptimal event-trigger and bound the performance obtained using this trigger.
Since minimizing J.(S., S ) with respect to S, is a discrete time average optimal control problem, the method
in [14] can be applied to our problem. So we have the lemma below to state the optimal triggering set and cost in
controller subsystem.

Lemma 3.6. Given S|, if there exists a bounded function h, : R" X R" — R, and a bounded function J, : S" — R
(S" indicates the collection of all subsets of R") such that

TS + he(Rro(k), ua(k = 1)) = min {E[hc(xro(k + 1), ua(k)xro(k), ua(k = 1), S ] + Ce(xpo(k), ta(k = 1), S )}, (9)

then

TS D = JUS D, (10)
and the optimal triggering set in controller subsystem is

e . Xro(k + 1) Xpotk) | _| O Xro(k + 1) Xrok) | _| 6

‘ﬂn}'EV%[ PRCIN /1 v Vo I | el | RO RO Ol IV O |
To determine the optimal triggering set in controller subsystem S I, one must find the function, 4., which satisfies
Equation (9). This equation would be numerically solved to obtain a concrete representation for the function of /. and
hence the controller’s event-trigger, S .. Due to its concrete representation, the event-trigger would require a great deal

of memory to store. We therefore introduce a suboptimal triggering set for the controller subsystem which is easy to
computer and store. The next lemma describes this suboptimal triggering set and provides an upper bound on its cost.

S

o —+

Lemma 3.7. Let S in Equation (7) be the triggering set in sensor subsystem, A, = [ ?) 119 ], ¢ = A +KBK 8 ],
Z, = [ g g ] and Hy = Pz Pus. Given a quadratic triggering set of controller subsystem
Tro(k) Trok) ||
_ RO . RO — 2
Se _{[ us(k—1) ] ' H[ uak =1 |[|,, +4e < lxro(R)ll7 + /lc}’ an
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where H, > Z, and controller gain K satisfy

ATH.A, + (1 +62)(Z, - H,) <0, (12)
ATH.A: + (1 - p2)(Z, - H.) <0, (13)

for some constant 62 > 0 and 0 < p? < 1, and

2 +pr-1
L= sz/lc, (14)
the optimal controller cost is bounded from above by
7 5 1 1
J(‘(S s Sc) < JC(SCv S?) Zmﬂc + E((PZ]Y)_ HC,IMP;]X)(/IS - gs)’ (15)

where o (-) indicates the greatest singular value, and H,y, is the left upper n X n sub-matrix of H,.

The upper bound on J.(S., S ), 7C(S ¢S 5), 1s greater when the uncontrolled system is more unstable. It is easy to
see that 7C(S ¢» S s) is monotonically increasing with respect to 63 which can be seen as a measure of how unstable the
matrix A, is. The (n +m) X (n + m) matrix A, indicates the dynamic behavior of [xgo u” during the interval between
two consecutive transmissions from controller subsystem to actuator subsystem.

7C(S e S) is less if the controller is more aggressive. 7L.(S ¢S 5) is monotonically decreasing with respect to pf
which indicates how aggressive the controller is. The greater the p? is, the more aggressive the controller is. So a
more aggressive controller will provides a greater p2, and hence a less TS, Sy).

The more precious the communication resource between controller and actuator subsystem is, the greater upper
bound we will have. This is easy to see from Equation (15), since higher communication price A, implies more
precious communication resource.

A larger triggering set in sensor subsystem S ; results in a larger upper bound on the average cost of control. In
Section 3, we have said that J.(S., Ss) is influenced by the triggering set in sensor subsystem S. The second term
in 7C(S ¢»Ss) involves all the parameters in S, so it is the impact of S on the upper bound on the average cost of
controller. This term o((P%, )™ H.1, P} )(; — ;) reflects how big S, (centered about the origin) is. If S, is big, the
value of the second term of 76.(5 ¢S 5) is great, which results in a great upper bound on the average cost of controller.

From the results in Equation (3), 3.3, and 3.6, we can give the optimal weakly coupled triggering sets in sensor
and controller subsystems, and an upper bound on the optimal cost.

Theorem 3.8. The optimal triggering set in sensor subsystem S f defined in Lemma 3.3 minimizes J4(S ), and the
optimal triggering set in controller subsystem S Z defined in Lemma 3.6 minimizes J.(S:, S I). The optimal cost of the
closed loop system J* is bounded from above by J™ = .II + J;r S Jf) where J;f and Jz S I.) are described in Equation (5)
and (10), respectively.

From the analysis following Lemma 3.3 and 3.6, we know that the optimal triggering set S Tand S are hard to
compute and store. So suboptimal triggering sets and an upper bound on the cost of closed loop system triggered by
these triggering sets are derived, which are computationally effective and easy to store. From the results in Lemma
3.1, 3.4 and 3.7, we can have the theorem below.

Theorem 3.9. Given the triggering set in sensor subsystem S ; defined in Equation (7) and the triggering set in con-
troller subsystem S . defined in Equation (11), the average cost J(S s, S ;) given by the two weakly coupled triggering
sets is bounded from above by 7(SS, S = 7S(S )+ 7C(S e S), where Jo(Sy) and J.(S ., S s) are defined in Equation
(8) and (15), respectively.

4. Simulation Results

In this section, an example is used to demonstrate Theorem 3.9. We first calculate the triggering sets S, and
S according to Equation (7) and (11), and search for the controller gain K such that Inequality (13) is satisfied.
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Figure 2: Simulation results about average cost and transmission times

The system, then, is run with the calculated controller gain K, and the transmission is triggered with the computed
triggering sets. Next, the average cost given by simulation is compared with the upper bound given in Theorem 3.9
to demonstrate Theorem 3.9. Finally, we show the number of transmission times in sensor subsystem, the number
of transmission times in controller subsystem, and the number of times when both sensor and controller transmit
(concurrent transmission times) to illustrate that the transmission in sensor subsystem doesn’t necessarily trigger the
transmission in controller subsystem, or vice versa.

04 O

Let’s consider the system with A to be [ 0 101

], B to be [ } ]and C to be [ 01 1 ] The variances of the

system noises are W = [ 8? 8; ], and V = 0.3. The weight matrix Z is chosen to be an identity matrix.
Given 62 = 1.5, A, = 3, 6> = 1.02 and p. = 0.3, we can obtain the triggering set in sensor subsystem S ; as below

_ 2.5641 0 _
{eKFRO eKITDRO[ 0 4.0543 ]EKF,RO < 0.8414},

the triggering set in controller subsystem S . as below

_ r[ 13315 -02836 -03512 |, _
[ ng(_k)l)] [ ng(k) ~0.2836 3.6377  2.6808 [ xfkofk)l) }gogoosac ,
Ha Ha —03512 2.6808 13.7606 |l "a

and the controller gain K = [-0.1967 — 0.3133]. The closed loop system is run for 3000 steps with different 1.. We
first compare the average cost given by our simulation (J) with the upper bound given by Theorem 3.9 (J,,,), and then
have a look at the transmission times in sensor subsystem, the transmission times in controller subsystems and the
concurrent transmission times.

The left hand side plot of Figure 2 shows that the average cost given by simulation (J) is always bounded from
above by the upper bound given by Theorem 3.9 (J,,). The x-axis of this plot indicates the communication price in
controller subsystem A., and the y-axis is the average cost. we can see that for any A., the average cost J (blue star)
is always bounded from above by the upper bound given by Theorem 3.9 (black cross), which demonstrates Theorem
3.9.

The right hand side plot of Figure 2 shows that the transmission in sensor subsystem doesn’t always trigger the
transmission in controller subsystem, or vice versa. The x-axis of this plot is the communication price in controller
A, and the y-axis indicates the transmission times. We can see that the number of concurrent transmission times (pink
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circle) is always less or equal to both the numbers of transmission times in sensor and controller subsystems, which
indicates that the transmission in sensor subsystem doesn’t always trigger the transmission in controller subsystem, or
vice versa.

5. Conclusion and Future work

This paper presents weakly coupled triggering events in event triggered output feedback system with the whole
control loop closed over wireless network. By *weakly coupled’, we mean that the triggering events in both sensor
and controller only use local information to decide when to transmit data, and the transmission in one link doesn’t
necessarily trigger the transmission in other link. We also show that with the triggering events and controller we
designed, the cost of the closed loop system is bounded from above, and an explicit upper bound on the cost is
obtained. Our simulation results demonstrate the proposed weakly coupled triggering events and the upper bound on
the cost of the closed loop system. This paper serves as a foundation for our future work which will study the multi
sensor systems. We are interested in how the cost increases with respect to the number of sensors, and the methods to
bound the increasing rate.

Appendix A. Proofs

Lemma Appendix A.1. Xzo(k) and egp(k) are uncorrelated with each other.

Proof. From the dynamics of the closed system, we can derive that

ero(k) = Aego + w(k — 1)

E O(k) — E};O(k)v el_(F,RO € S.Y;
R exr(k), otherwise.
. _ . . o _ 105) ok k)

From the equations above, we can see that egp(k) is a linear combination of exp (1), w(ty ), w(ty~ + 1), -+, w(k).
From Equation (1) and (2), we can see that Xgo(k) is a linear combination of }KF(Tﬁ(k)), )_cKp(‘rf,(k)*l), oo, Xgp(Th).
Since E](F(Ti(k)), w(rﬁ(k)), W(Tf(k) + 1), - --, w(k) is uncorrelated with }KF(T{) for any ¢’ < €(k), we can conclude

that xXzo(k) and egp(k) are uncorrelated with each other. O

Appendix A.1. Proof of Lemma 3.7

Before the proof of Lemma 3.7, we would like to state a lemma which will be used in the proof of Lemma 3.7.

Lemma éppendix A.2. Given any S . If there exists a function f : R" X R™ — R bounded from below and a finite
constant J ; such that

— Xro(k) Xro(k + 1) Xro(k) Xro(k)
] (s 1 U i e S R (et X R
then J.(S,) < 7:
Proof. See [15]. ]

Appendix A.1.1. Proof of Lemma 3.7
Proof. According to Lemma Appendix A.2, as long as we can find a function f bounded from below such that the
Inequality (A.1) is satisfied with 7: = 70, Lemma 3.7 is true.
— — T —
Xro(k) | Xro(k) Xro(k)
Letf([ ta(k = 1) D - [ ugk=1) | | ua=1)
Inequality (A.1) holds for both cases. If yes, then Lemma 3.7 is proven.

+ .. We will consider two cases, and check whether the
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The first case is when

_ T -
[ Xro(k) Hc[ Xro(k) + 40 < Tro(0) Zxro(K) + Ao. (A.2)

ug(k = 1) ua(k = 1)

In this case, the controller subsystem doesn’t transmit at step k. The right hand side of Inequality (A.1) can be rewritten
as

[ Fot) | g Tro(k) } B} Xeok) | Tro(k)
_|: Ma(k _ 1) :| AuHCAu |: ua(k _ 1) + E(”eKF,RO(k + 1)||H(»1l,,)1(eKF,RO(k + 1) e SS) + é/C + ua(k _ 1) Za |: ua(k _ 1) :|
o) | Xeo®) | — o1 - . o) | Xro(k)
s[ walk — 1) } AZHCAM[ wolk— 1) +T((Py)  HenPy)(As = L) + e + wlk— 1) ] Za[ wolh— 1) }
- Xro(k)
SJ”f( ol - 1) D

The first inequality is from Equation (7), and the second inequality is from Equation (12), (A.2) and (14).
— T _
Xro(k) H Xro(k)

ug(k — 1) | ualk=1)

subsystem transmit information. So the right hand side of Inequality (A.1) can be rewritten as

The second case is when [ + 2. > Xpo(k)T Zxgo(k) + A.. In this case, the controller

- T - - T -
| Xro(k) T Xro(k) - - Xro(k) Xro(k)
_[ u(k - 1) ] A, HL.AC[ (k- 1) + E(llegrrotk + Dl )(egrrotk + 1) ¢ S) + e + u(k - 1) Z, (k- 1) + A
- T - - T -
xro(k) T Xro(k) — pT \-1 Iy _ Xro(k) xro(k)
S[ g - 1) ] A HCA"[ ul— 1y | F O HenPu)Ae =8t er | gy | 2| -1y [T
= Xro(k)
SJ¢.+f( w,(k— 1) ])
The first inequality is from Equation (7), and the second inequality is from Equation (13) and (14).
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