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Abstract— Contrary to the common use of random coding
and typicality decoding for the achievability proofs in infor-
mation theory, the tightest achievable rates for point-to-point
Gaussian channels build either on geometric arguments or
composite hypothesis testing, for which direct generalization
to multi-user settings appears challenging. In this paper, we
provide a new perspective on the procedure of handling input
cost constraints for tight achievability results. In particular, we
show with a proper choice of input distribution and using a
change of measure technique, tight bounds can be achieved via
the common random coding argument and a modified typicality
decoding. It is observed that a codebook generated randomly
according to a uniform distribution on the “power shell” is
optimal, at least up to the second order. Such insights are
then extended to a Gaussian multiple access channel, for which
independent uniform distributions on power shells are shown
to be very close to optimal, at least up to second order.

I. INTRODUCTION

Random coding and typicality decoding have proven to
be powerful tools in information theory, to the point that,
these techniques are the standard method for proving most
source and channel coding theorems in an intuitive and
straightforward manner [1]. They can be used to prove the
asymptotic achievability results for point-to-point (P2P) and
multi-user memoryless channel models in the discrete and
Gaussian memoryless settings [2], as well as those for the
most general set of channels, including those with memory or
lacking ergodicity [3]. Recently it has been shown that these
methods are also capable of achieving the optimal second-
order coding rates for P2P discrete memoryless channels
in the near-capacity, finite-blocklength regime [4], [5]. That
random coding can operate close to capacity in the non-
asymptotic case was also shown much earlier in the context
of error exponents, although using maximum likelihood
(ML) decoding [6].

By contrast, for P2P Gaussian channels subject to a
maximal power constraint, the tightest known achievable
rates in the non-asymptotic regime do not rely on random
coding along with typicality decoding for handling the input
cost constraint. The best known achievable rate is due
to Shannon [7] who employs random coding but utilizes
relatively sophisticated geometric arguments for the analysis
of the performance of the optimal maximum likelihood
decoder. The next tightest non-asymptotic achievable rate
for P2P Gaussian channels is via the recent /3 bound of
Polyanskiy et al. [4], which is similar to the non-random

sequential coding of [8], but whose analysis involves a
composite hypothesis test to treat the input cost constraint.
The main part of the proof in [4] centers around the
performance analysis of this composite test. Other bounds
involving Gaussian channels are Gallager’s random coding
error exponent [6] which uses ML decoding, and the cost-
constrained version of Feinstein’s coding theorem [8], which
uses typicality decoding but with a non-random sequential
encoding procedure.

The comparison of the choice of input distribution
among all these different bounds for P2P Gaussian chan-
nels provides an initial interesting observation. Denote
the maximal power constraint by P. The loosest bound
in the non-asymptotic sense is the cost-constrained ver-
sion of Feinstein [8] with an independent and identically
distributed (i.i.d) Gaussian input distribution N(0, PI,,)
or N(0, (P — §)I,,) with an arbitrarily small J; however, it
can be shown that neither result yields the optimal second-
order coding rate. Gallager’s random coding error expo-
nent [6] achieves relatively better performance by truncating
the Gaussian distribution A (0, PI,,) and selecting a thin
layer as the input distribution such that P —¢ < X 2 < P for
an arbitrary parameter J. Polyanskiy et al.’s k3 achievability
result [4], which is second-order optimal, is not defined
in terms of an input distribution, but the analysis involves
codewords which all lie on the n-dimensional “power shell”
of radius vnP. Finally, Shannon [7] selects the uniform
distribution on the aforementioned power shell as the input
distribution. These choices suggest that, as the selection of
input distribution becomes more refined and the codewords
are placed closer to the power shell, they exhibit better non-
asymptotic performance.

Motivated by these observations and following Shan-
non [7], in this paper we focus on random coding with inputs
having a uniform distribution on the power shell and derive
achievable rates resembling those of Polyanskiy et al. [4]
in the near-capacity, finite blocklength regime. Unlike [7]
and [4], however, we rely on a slightly modified typicality
decoding rule, which is more intuitive and relatively less
complicated. Our technique appears easier to generalize to
multi-user settings, specifically the Gaussian multiple access
channel (MAC) for which we provide a second-order achiev-
able region that appears to match a single-user outer bound
except for slight gaps at the two corners of the outer bound.



II. BACKGROUND
A. Random Coding and Typicality Decoding

The basic idea in a random coding and typicality decoding
argument can be reviewed most clearly for a P2P chan-
nel Py xn~. The channel encoder generates M codewords
of the codebook independently at random according to some
given n-letter distribution Px~, where n is the designated
blocklength. Observing the output y”, the decoder then
chooses the first codeword z™(7) of the codebook which
looks “typical” with y™ in a one-sided sense

i(z"(m);y") > log, (D)
where v is a prescribed threshold and (2" (m);y™) is the
corresponding realization of the mutual information random

variable
Pyn |xn (yn |l’n)
PYn (yn)

Here, the reference distribution Py~ is the marginal output
distribution induced by the input distribution Pxn, i.e.,

ZPXn ") Pynyxn (-|27). 3)

Using one realization of such a code {2"(j)} . j=1, the average
error probability can be bounded as the sum of an outage
probability, that the correct codeword does not look typical,
and a confusion probability, that a preceding codeword
incorrectly looks typical, i.e.,!

i(z";y") := log 2)

Py (-

M

1 . .
= M};PY"IX”:WW(I (k);Y™) < log~]
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and the error probability averaged over all possible realiza-
tions of the codebook can be bounded as

€ < PxnPynxn[i(X";Y") <log~]

M—-1
+

PxnPyn[i(X™;Y™) > logy]. (5)

The final result is that there exists a deterministic codebook
with M codewords whose average error probability e satis-
fies (5). It is worth mentioning that, in the standard asymp-
totic analysis of memoryless channels Py xn(y"|z") =
[17—1 Pyvx(y¢|z¢), the input distribution is selected i.i.d.
Pxn(z™) = T[,; Px(z¢), and the threshold is selected
as a function of the average mutual information log~y =
nl(X;Y) —o(n) = nEpy p,  [i(X;Y)] — o(n). This leads
to the proof of achievability for rates % <I(X;Y). In
this paper, however, we would like to preserve the general
n-letter form of the input distribution.

'Throughout this paper, we use a non-standard notation of the
form Px Py [f(X,Y) € A] to explicitly denote the distributions with
which the probability Pr[f(X,Y’) € A] is calculated when X, Y follow
the joint distribution Px Py-.

One can easily extend the result (5) to input cost con-
strained settings requiring X" € F,, [4]:

€ S PX‘HPYILlXTL[Z(Xn7Yn) S IOg’Y]

M—-1
T

Pxn Pyali(X™;Y™) > logy] + Pxr[F7]. (6)

Considering an i.i.d. Gaussian input Px» ~ A(0, PI,,) and
applying the central limit theorem (CLT) in (6) results in the
approximate achievability bound only useful for e > %

1
1+PQ (6_ 2) +0(),
)

where? C(P) = 1log(1 + P). With iid. Gaussian input

IOgMSO(P)— loge
n Vn

Pxn ~ N(0, (P —0)I,), the bound (6) yields the following
approximation valid for any 0 < e < 1:
loge P—6
log M <nC(P—56) -1 1), 8

where § > 0 is an arbitrarily small constant.

B. Polyanskiy et al’s k8 Bound

A tighter achievability result for the P2P Gaussian channel

is provided in the recent k3 bound of Polyanskiy et al. [4].

Using a slightly different language from that in [4], this

bound fixes an arbitrary output distribution Qyn, similar

to [9], and employs this as the reference distribution for the

definition of a modified mutual information random variable:
Pyajx» (y"|z")

ia"sy") = log A

Building upon the maximal coding idea, the sequential
codeword generation process stops after M codewords
{z"(j )}M 1 if the error probability for any choice of the
(M + 1) th sequence exceeds the target maximal error
probability e, i.e.,

€< PYn‘Xn:xn [g(ﬂjn; Yn) S
M
+ Pyn‘Xn_,cn U Z

©))

log 7]

7Y™ >logy| (10)

for all sequences z" € F,, where F,, is the feasible set of
codewords according to the input cost constraint. Thinking
of the union in the brackets of the second term above as
a binary test, one can cast the problem into the framework
of the following composite hypothesis test which is used to
treat the input cost constraint:

Ky ({Pyn|xnzgn faner, Qyn)

= min

n Z Y” = 1 5
Zpyn‘xn_‘nn [Z(Y") Y [ ( ) ]

(1)

where Z(Y™) is a binary test choosing either the class of
conditional channel laws {Pyn|xn—znfsner if Z = 1, or

1>7VaneF

2As usual, Q~1(-) is the inverse of the complementary cumulative
distribution function (CDF) of a standard Gaussian distribution Q(z) =

= lie o™ 2dt,



the unconditional output distribution Qy~ if Z = 0. Notice
that rearranging (10) yields
M
Pyn|xnzgn U i(z"(4);Y") > logy
j=1
> € — Pyn|xn_gn[i(z"Y") <logy] > 7
where

T* =€~ sup Pyn|xn_g[i(z™;Y") <logny].  (12)

el
The x5 bound of [4] for maximal error probability can then
be stated as follows:

Krs ({Pynixn=gn faner, Qyn)

M
< Qv [Ji@"();Y™) > logy|  (13)
j=1
< M sup Qyn[i(z™Y™) >logn].  (14)
znel

Interpretation of the composite hypothesis test . and
accordingly its evaluation for the P2P Gaussian channel
is quite involved. Polyanskiy et al. [4] invoke arguments
from abstract algebra to analyze the performance of this test
for the feasible set F,, = {z" € R" : ||z"|| = VnP}
being the “power shell” and the special choice Qyn ~
N(0,(1 + P)I,) with the selection 7* = 1//n, finally
concluding that

1
log K« > ilogn—i—O(l), (15)

which with application of the CLT results in the following
second-order optimal achievable rate for the P2P Gaussian
channel

lognM <c(P) - W@‘l(e) +0(1), 6

where V(P) is the dispersion of the Gaussian P2P channel

log?e P(P +2)
2 (14 P)?

Comparing the k8 bound of [4] with the random coding
and typicality decoding method discussed earlier suggests
an important insight. Introducing the composite hypothe-
sis bound kK, in [4] enables a change of measure from
Pyn|xn—gn in (10) to Qy~ in (14) in computing the con-
fusion probability. A similar process occurs in the random
coding argument with typicality decoding, as the random
generation of the codebook makes it possible to change the
measure for computation of the confusion probability from
Py n|xn_zn in (4) to its average Py« in (5). We suspect the
reason why the composite «, test is introduced in [4] is to
enable such a change of measure argument which is required
for the evaluation of the confusion probability, but is not
directly available in the sequential generation of a maximal
coding, which does not incorporate any random generation
process. This insight is one of the main ideas we will use in
this paper for the analysis of the Gaussian P2P channel and
MAC with a random coding and typicality decoding.

V(P)

a7)

C. Shannon’s Geometric Bound

As mentioned before, the best known achievable rate for
P2P Gaussian channel is due to Shannon [7] who starts
with a random codebook generation according to the uniform
distribution on the n-dimensional sphere of radius VnP,ie.
the power shell, but follows with the optimal ML decoding
method. Since this rule is equivalent to minimum Euclidian
distance in R™, he employs geometric arguments to evaluate
and bound the code-ensemble-average probability that the
1.i.d. Gaussian channel noise moves the output closer to
some incorrect codeword than to the originally transmitted
codeword.

A key observation in Shannon’s work is his use of the
uniform distribution on the power shell, which enables him
to develop sharp non-asymptotic bounds. In this paper, we
will follow Shannon in this respect, but rely on the more
familiar and less complex method of typicality decoding
which we show is still capable of achieving sharp non-
asymptotic bounds for the Gaussian channel, at least up to
the second order.

Having reviewed the basic elements of the different pro-
cedures for handling cost constraints, especially in Gaussian
settings, we now move on to the formal statement of our
problems and results.

III. P2P GAUSSIAN CHANNEL

A general P2P channel with input cost constraint and
without feedback consists of an input alphabet X', an output
alphabet ), and an n-letter channel transition probability
given by Py xn(y"|2"): Fy — Y7, where F,, € &A™ is
the feasible set of n-letter input sequences.

In particular, a P2P memoryless Gaussian channel without
feedback consists of an input and an output taking values
on the real line R and a channel transition probability
density Py |x(y|r): R — R whose n-th extension follows

N(z™ 1), ie.,

- —n/2 —|lyt—zn |2
PY"‘X"(ynlxn):HPY\X(ytlwt):(277) /26 [ly Il /2.
t=1

For such a P2P Gaussian channel, an (n, M, ¢, P) code is
composed of a message set M = {1,..., M} and a corre-
sponding set of codewords and mutually exclusive decoding
regions {(z"(j),D;)} with j € M, such that the average
error probability satisfies

M
1
P .= i > Pr[Y™ ¢ D;|X"(j) sent] < e,
j=1

and each codeword satisfies a maximal power constraint:

Ler@ir <P viem
Accordingly, a rate % is achievable for the P2P Gaussian
channel with finite blocklength n, average error probability
¢, and maximal power P if such an (n, M, ¢, P) code exists.

This section summarizes our main results for P2P Gaus-
sian channels. We first state a modified random coding



and typicality decoding achievability result for general P2P
channels with input cost constraints, which expresses a
non-asymptotic achievable rate valid for any blocklength.
It basically describes the error probability in terms of the
outage, confusion, and constraint-violation probabilities, and
is based on the dependence testing (DT) bound of [4].

Theorem 1: For a P2P channel (X, Pyn xn(y"[2"),)),
any input distribution Px~ and any output distribution Qyn,
there exists an (n, M,e) code satisfying the input cost
constraint F,, with

€ < Pxn Pyuxn[i(X™;Y™) < logy(X™)]

M-1 Trymn.yn n c
PX"LPY”[Z(X 7Y ) > logp)/(X )] +PX”[‘Fn]7

(18)

+

where the modified mutual information random vari-

able 4(X™;Y™) is defined as

Py xn(y"|z")

iz y") :=log , (19)
( ) Qv (y™)
and v : X — [0,00) is an arbitrary measurable function
whose optimal choice to give highest rates is y(z") = 2L,

Proof: For brevity, we do not include a complete proof.
The main idea is to use the conventional random coding
and typicality decoding method, as reviewed in Section II,
but instead to define typicality using the modified mutual
information random variable. The input cost constraint can
be addressed similar to [4] by simply taking the decoding
threshold v =00 for the randomly generated sequences that
do not belong to the feasible input set F,, and remapping all
of them to an arbitrary sequence belonging to F,,. |
If the input distribution is chosen to be i.i.d., then an
evaluation of the modified DT bound above would have
been straightforward, using a CLT for the first term, the
outage probability, and a large deviation bound for the second
term, the confusion probability. However, for non-i.i.d. input
distributions, such as the uniform distribution on the power
shell, the evaluation of the second term, the confusion
probability, can be especially challenging due to the potential
complicated nature of the actual output distribution Py~
induced by the input distribution Px~». We are therefore
interested in changing the measure with which the confusion
probability is analyzed, as follows:

PxnPyn[i(X™Y™) > log y(X™)]
=Epen [Epy [1{i(X™Y™) > logy(X™)}]]

— [ [ 160 > 0ga@) } dPy (5P o)

//1{ Yy >log (@ }dPLde(

APy (Y™)
dQyn (Y™

™)dPyn (™)

iy >log‘fy(X")}H
(30)

= EPX" |:EQY” |:

The final expression (20) enables us to compute the
confusion probability with respect to the more convenient

measure (Jyn~, but at the expense of the additional fac-
tor % If we can uniformly bound this factor for
all y™ by some positive constant K (or even an slowly
growing function K, independent of y™), then we will be

able to further bound (18) in a very simple way as follows:

€ < Pxn Pyuxn[i{(X™;Y™) < logy(X")]

M —
+ K

1 -
PxnQyn[1(X"Y™) >log v (X™)]+ Pxn [F7].
21

A close examination of [4] shows that the ., performance
characteristic in the k3 bound is also mainly concerned about
the factor % introduced above, and the bound (15)
is analogous to the uniform bounding by K in the analysis
above. The difference is that our analysis using random
coding, typicality decoding, and change of measure is a more
transparent procedure and more closely follows conventional
lines of argument.

We now specialize the analysis above to the P2P Gaussian
channel. First, we choose the input distribution to be the
uniform distribution on the power shell

S(|J="|| = vnP)
S,(v/nP) '

where 0 is the Dirac delta function and S,,(r) = %r”‘l

is the surface area of an n-dimensional sphere of radius r.

Notice that this distribution satisfies the input power con-
straint with probability one, so that

Pxn[FE] =0.

Pxn(z") = (22)

(23)

Moreover, the output distribution induced by this input is

Py (y™)
1 n
— g2 (2
;7 (5)e (v \|¢nP>n/2(14’)

where I, (-) is the modified Bessel function of the first kind
and v-th order. It is worth mentioning that the general form
of the above marginal distribution is obtained in [10] up
to its ||y™||-independent coefficient. Next, we choose the
output distribution @y~ to be the capacity-achieving output
distribution N'(0, (14 P)1I,,). The following proposition will
then bound the divergence term introduced in (20). The
reader is referred to [11] for the proof, which is a slight
generalization of that in [4, p. 2347].

Proposition 1: Let Py~ be the distribution (24) induced
on the output of the P2P Gaussian channel by the uniform
input distribution (22) on the power shell, and let Qy~ be
the capacity-achieving output distribution A'(0, (1 + P)I,).
There exists a positive constant K such that, for sufficiently
large n,

Ny /2 y—npy2 Lnj2-1 (1Y |[VnP)

dPy~(y™)
YY) g, Yyt e R (25)
dQyn(y™) Y

Remark. Using some more complicated manipulations, this

proposition can be shown to be valid for any finite n, but
the above statement is enough for our asymptotic analysis.



Combining the modified random coding and typicality
decoding bound in Theorem 1, the change of measure
argument (20), and the uniform bound of Proposition 1, along
with an application of the CLT as in [4], leads to the second-
order-optimal achievability bound [4], [5]

logn M 'V Q o),

where C'(P) and V(P) are the capacity and dispersion of
the P2P Gaussian channel, respectively.

IV. GAUSSIAN MAC

A general 2-user multiple access channel (MAC) with
input cost constraints and without feedback consists of
two input alphabets AX; and A5, an output alphabet ),
and an n-letter channel transition probability given by
Pyn‘X?X;(yﬂx{‘,xg): Fin X Fon, — V"™, where Fi,, C
X7 and Fo,, C AT are the feasible sets of n-letter input
sequences for the two users, respectively.

As a particular example, a memoryless Gaussian MAC
without feedback consists of two inputs and an output
taking values on the real line R and a channel transition
probability density Py|x, x,(y|z1,72): R x R — R whose
n-th extension follows N (z7 + 2%, I,,), i.e.,

n

PY"|X"X" y |, xy) HPY\Xng(yt|$1tax2t)

t=1

= (2m) /27l

y" e —ag|2/2.

An (n, M, Ms,e, Pi, P,) code for a Gaussian MAC
is composed of two message sets M; = {1,..,M;}
and My = {1,..,M>}, and a corresponding set of
codeword pairs and mutually exclusive decoding regions
{(z7(j),25(k),D; )}, with j € My and k € My, such
that the average error probability satisfies

My Mo

P .= 1M DO Pr[Y"¢D; kX7 (5), X

jlkl

2 (k) sent] <e,

and each codeword satisfies a maximal power constraint:

1 n . .
ﬁ||x1(.])||2§P1a Vj € My,

1
—ll2s(B)I* < P, Vh € Mo,

Accordingly, an (%, %
Gaussian MAC with finite blocklength n, average error
probability €, and maximal powers P, and P» if such an
(n, My, Ms, e, P, Py) code exists.

This section summarizes our main results for the Gaussian
MAC. We first state a modified random coding and typicality
decoding achievability result for a general MAC with input
cost constraints, which expresses a non-asymptotic achiev-
able rate valid for any blocklength. It basically describes
the error probability in terms of the outage, confusion, and
constraint-violation probabilities, and is based on the DT
bound for the discrete MAC [12].

) pair is achievable for a

Theorem 2: For a MAC
(X1, X2, Py xrxp(y"|ot, ¥5),)), any pair of independent
input distributions Pxp and Pxp, and any triple of
(conditional) output distributions Q Y X"’Q " XH,Q§,3,)L,
there exists an (n, My, Ma,€) code satlsfymg 1nput cost
constraints Fi,, and Fo,, with

€ < Pxp Pxp Pynixpxp [((XTY"X3) < logm (X7, X3)]
+M1 -1

PX{*PX;PY”WX”[ (XT3 Y™ X5 )>log 71 (XT3 X3)]

+ Pxp Pxp Py xpxyp [i(X55Y"X]) < logya(XT, X3)]
+M2 — 1PX;LPX;PY"|X"[ (X35 Y[ XT)>log 72 (X1, X3)]
+ Pxp Pxy Pynixpxgp [((X7X55Y™) <logs(XT, X5)]

AU p b iK1 Y ) 5log 35 (K7 X))

where the modified mutual information random variables are

Pynxnxp (y"|zT, z5)

i(zy"ah) = log D , 27
|Xn(y |lz%)
5 m mlom PY’X{LX;(y |z, 23)
1(zh;y"|2]) :=log ‘(2) — , (28)
yn|X{1r<y |x1)
~ P n nyn nxTL’xn
ey y™) = lo Y| X7 X3 (y"|xf 2)7 (29)

3
)
and where v1,72,73 @ X" X X3 — [0,00) are arbitrary
measurable functions whose optimal choices to give the
highest rates are as follows:

M; -1 My —1
1 n(X7, X5) = —5—,

Y3(XT, X3) = (M, ~ 1) :

The above expression for the random coding and typicality
decoding bound is to match our outage-splitting approach
later in Theorem 4. However, it is possible to strengthen this
bound by focusing on the three outages jointly.

Theorem 3: For a MAC
(X1, Xo, Pynxpxp(y"|zy,25),Y), for any pair of
independent input distributions Pxy and PX; and any triple

Vl(Xina X?) =
(M —

of (conditional) output distributions QYW Xz Q Yo xp Qyn,

there exists an (n, M7, Ms,€) code satlsfymg 1nput cost
constraints F1, and JFy, with

€ < PxpPxp Py xpxp [1(XT5Y"|X3) < logm (X7, X5)

U (X5 Y™ XT) < logvye (X7, X3)

U Z(X{LX2 7Yn) < 10g73 Xl 7X2 }

M; -1

+— PX{‘PX;PYHX"[ (X7 Y7 X5)>log y (X1, X3)]

My —1

+ Pxp Pxp Py xp[i(X3:;Y"|X])>log 12 (X1, X3)]

Mi—DH)(Mo—1 i .
“F%PXTPX;PY” ['L(XlXQ ,Y )>]Og Y3 (X17X2)j|

+ Pxp Pxp[Fi, U F3,], (30)



where the modified mutual information random variables are
defined in (27), (28), and (29) and where 1, v2,7v3 : A" X
X3 — [0, 00) are arbitrary measurable functions.

Proof: (Theorems 2 and 3) The complete proof, which
again uses random coding and typicality decoding, is similar
to that for the discrete MAC [12] and is not included here for
brevity. Analogous to the proof of Theorem 1, the modified
mutual information random variables are used for defining
typicality, and the input cost constraints are included via
infinite decoding thresholds. [ ]

Similar to the P2P case, an evaluation of the three confu-
sion probabilities in the modified DT bounds of Theorems 2
and 3 with respect to (w..t.) a pair of non-i.i.d. input
distributions is challenging due to the complicated nature of
the induced (conditional) output distributions. Thus, we again
appeal to a change of measure argument for computing these
confusion probabilities. Analogous to (20), we can show that
the following equalities hold.

Pxp Pxy Pynixy [((X73Y"X3) > logy (X7, X3)]
dPyn xp (Y"X3)
Wi | dQLH) gy (Y7IX5)
x1{i(X7; Y| X3) > logm (X7, X5)}]]
(€2D)]
Pxp Pxy Pynxp [1(X3 Y™ XT) > log 71 (X7, X3)]

=Ep,. Pxp E

dPanqL (Y™ X7)
Qyn|xn dQYﬂ|X“ YnIX{L)
x1{i(X5; Y |XT) > logm(XT, X3)}]]

=Epynpyy |E

(32)
PxpPxpPyn [((XTX5;Y") > log 11 (X7, X3)]
dPyn (Y
= Epynpyy | Eqge) %
Y den(Y")
x1{i(X7'X5;Y") > logm (XT, X3)}]]
(33)

Therefore, we may compute the confuswn probab1l1 (y w.r.t.
the more convenient measures QY"I xp Yn‘ xp yn> D

at the expense of additional factors. If we can unlformly
bound these factors for all z7,z%,y"™ by positive con-
stants K1, Ko, K3 (or even slowly growing functions K1,
K>, ,K3, independent of z7, x5, y"), respectively, then we
will be able to compute the random coding and typicality
decoding bound in a relatively simple form.

Here, we will take the same P2P approach for a Gaussian
MAC. First, we choose the pair of input distributions to be
independent uniform distributions on the respective power
shells

o(||=]] = vnPr)

Py - SB= VD)

Sn(VnPy)

Notice that this pair of distributions satisfies the input power
constraint with probability one, that is,

Pxp Pxp[Fi, U F3,] = 0. (36)

Moreover, analogous to the P2P Gaussian channel, the con-
ditional output distributions induced by this input pair are

1
Pynixp(y"|ry) = §7r‘”/21“ (%) e~y a3 */2g—nP1/2

" Lyya—1(lly —952\|V7”02Pll)7 37)
(Ily™ — =5|[v/nPr)"/
1 —npp (ﬁ) ol =27 1[2/2—nPs /2
2 2

Al — IR
(lly™ — apl[v/nPy)n/2=1 "

where I, (-) is again the modified Bessel function of the first

kind and v-th order. The analysis of the unconditional output

distribution Py~ for such an input pair is more complicated,
but results in

Pya(y") = on/2—2—n /22 (E) oW 112/2 ;=1 P1/2 ;—nPs /2
2

o Iz (" llVnPy) Lje-a (VRPo([ly" [|-vnl1))
(Ily™[I[V/nPr)"/2=1 (VnPy([ly"|[=v/nPr))"/2 !
(39)
Next, we choose the triple of (conditional) output distribu-
tions to be the capacity-achieving output distributions w.r.t.
each case, that is,

Pynixn(y"[x]) =

Sy (o) ~ N (a3, (1+ P, (40)
C i Cla) ~ N (@, (1 Po)I), (41)
G ()~ NO,(1+ P+ P)L).  (42)

The following proposition will then bound the factor intro-
duced in (31) and (32) and (33). The reader is referred to [11]
for the proof, which is similar to that of Proposition 1.
Proposition 2: Let Pyn|xp, Pynxp, Pyn be the (condi-
tional) distributions (37), (38), (39) induced on the out-
put of the Gaussian MAC by a pair of independent uni-
form 1n ut dlstrlbutions on the respective power shells, and
let QY"I X,L,Qyn‘ X;L»Q@ be the (conditional) capacity-
achieving output distributions (40), (41), (42). There exists
positive constants Ky, Ko, K3 such that, for any =7 and z§
on the respective power shells and for sufficiently large n,

dPyn xz(y"|23)

< K17 v y” € Rna (43)
dQYn|X77 (yn|x2)
dPY"|X”(y |zT) <K, vy eR” (44)
dew|Xn(y |$1)
dPyn
’(”3)< <K;, Vy'eR" (45
dQy (y™)

Remark. Using some more complicated manipulations, the
proposition can be shown to be valid for any finite n, but
the above statement is enough for our asymptotic analysis.
Combining the modified outage-splitting random coding
and typicality decoding bound in Theorem 2, the change of



measure arguments (31), (32), (33), and the uniform bounds
of Proposition 2, along with an application of the CLT
leads to the following second-order achievable region for
the Gaussian MAC. Details of the analysis of the outage
and confusion probabilities are provided in [11].

Theorem 4: An achievable region for the Gaussian MAC
with maximal power constraints P; and P» is given by the
union of all (%, %) pairs satisfying

PEL < op) - PG g o),
1OgnM2 < C(PQ) . @Qil()\zﬁ)ﬁ-O(l),
st 1M _ et pyy [V o000,

(40)

for some choice of positive constants Aj, Ae, A3 satisfying
A+ A+ A3 =1.

In the above theorem, the average error probability € is
basically split among the three outage events of a 2-user
Gaussian MAC according to some (A1, A2, A3) partitioning.
Instead, we can assign essentially all the average error prob-
ability € to the joint outage event. Therefore, upon repeating
the same procedure as in Theorem 4, but with the joint-
outage bound in Theorem 3 and the multi-dimensional CLT,
we obtain the following achievable region for the Gaussian
MAC, which is similar to the results of [13] and [14] for the
discrete MAC.

Theorem 5: An achievable region for the Gaussian MAC
with maximal power constraints P; and P» is given by the

union of all (%, %) pairs satisfying
log M,
n 1 _
g Mz €C(P,P)——=Q (6 V(P1,P2))+0(1),

lOg M1 _’7; log M2 \/ﬁ
where Q7 !(e;X) is the inverse complementary CDF of a
3-dimensional Gaussian random variable defined as

Q '(eX):={zeR:Pr(N(0,X) <z)>1—€}, (48)

and where the shorthand notations C(Py, P2) and V (P, Py)
are defined as

C(P)
C(P, ) = C(Py) ; (49)
C(P + P)
V(P) Vip(P1, Py) Vis(Pr,Ps)
V(P1, Py)=|Vi2(Pr, Pa) V(Pz) Va3(Pr, P2) |,
Vig(Pr, P2) Vogs(Pr,P) V(P + P)
(50
where with shorthand v = 1,2, we have
10g26 P1P2
Vio(Pr, Py) = : 51
12(P1 P2) 2 (1+P)(1+PR) S
log? P,(2+ P + P
Via(Pr Py = 08 ¢ @D+ P (52)

2 (1+P)A+P+P)

Both achievable regions in Theorems 4 and 5 suggest
that taking finite blocklength into account introduces a rate
penalty (for the interesting case of € < %) that depends
on blocklength, error probability and Gaussian MAC dis-
persions.

V. NUMERICAL EVALUATION

In this section, we numerically evaluate the performance
of our achievable rate region for a symmetric Gaussian MAC
with finite blocklength n = 500 in the (noise-limited) low-
power P; = P, = 0 dB regime. For comparison, we also
evaluate and depict the following: the conventional asymp-
totic capacity [1]; the simple single-user finite-blocklength
outer bounds [13]; the finite-blocklength achievable region
via a random Gaussian codebook, and that via TDMA.

To explore how tight the two achievable regions we have
characterized in our Theorems 4 and 5 are, we consider a
simple outer bound that can be developed using single-user
results as follows. The achievable rate for each user cannot
exceed that when the other user is silent. In addition, one
can combine the two users into a super-user transmitting a
super-message consisting of the two messages of the users
over a P2P Gaussian channel using the sum power P; + Ps.
For each case, the total error probability € is assigned to
only one of the outage events. Combining these arguments,
we obtain the following simple outer bound:

PeM o) [T g9 100,

08 oy - [P g1 1o,

e th 80 coptp)- Ve R L ) 01 (e10(1)
(53)

To illustrate the tightness of the random codebooks with
power shell input distribution, we compare our achievable re-
gion with the region achieved by a pair of random codebooks
which are, as usual [1], generated according to independent
Gaussian distributions. One can easily show an extension
of (8) to a Gaussian MAC such that

log M loge P — 6 _1
- <C(P1—01) N A 51Q (Me)+O(1),
log Mg loge Pg— 62 1
Po—099)— 1
<C(P—02) NG 1+P2—52Q (A2e+O(1),

log M, log M
B B2 O(P+ Py - 01— )

P+ P, — 6, — 62
1+ P+ Py — 61— 09

loge

SV

Q™ (AseHO(1),
(54)

for an arbitrarily small constant § > 0 and any choice of
constants satisfying Ay + Ao + A3 = 1.

It is also interesting to compare the achievable rate region
with that of time-division multiple access (TDMA). For
TDMA with power control, the two users can share the n
channel uses, use single-user coding strategies, and average



the error probability e. Specifically, user 1 transmits in
the first an channel uses with power P;/a and rate such
that an average error probability Se is achieved, and user
2 transmits in the remaining an := (1 — a)n channel
uses with power P5/& and rate such that an average error
probability B e is achieved. Since the average error probability
of this scheme can be characterized as € = e + e — 33¢2,
we choose 5 = (1 — 8)/(1 — fBe). Using the power shell
uniform input distribution for each user and relying on the
Gaussian P2P results [4], [5], the TDMA strategy achieves
the following set of rate pairs:

log M, <aC <Pl> % (131)@_1(/86)4'0(1)7
n « n @

kel oo (2) Jo(G=55 o

n
forsome 0 <a<land 0 <S5 < 1.

Figures 1 illustrates the comparison between our two
(splitting and joint) achievable regions for the Gaussian
MAC using independent power shell inputs, the achievable
region using Gaussian inputs, the achievable region using
TDMA with power control, the simple single-user outer
bound, and the asymptotic capacity region. We observe
that coding with power shell inputs outperforms that using
a Gaussian distribution and TDMA. Specifically, Gaussian
random codebooks, while optimal for achieving capacity,
are not second-order optimal and their finite blocklength
achievable rate region falls inside that of power shell inputs.
The independent power shell inputs are also seen to closely
approach the simple single-user outer bounds everywhere,
except for a slight gap at the two corners that shrinks with
increasing blocklength. It is also interesting to notice that,
contrary to the infinite blocklength case, the TDMA strategy
with power control is not even sum-rate optimal.
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Fig. 1. Symmetric Gaussian MAC in the low-power regime
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