A LAW OF LARGE NUMBERS CONCERNING THE NUMBER OF
CRITICAL POINTS OF ISOTROPIC GAUSSIAN FUNCTIONS

LIVIU I. NICOLAESCU

ABSTRACT. Let ® be a smooth isotropic random Gaussian function ® on R™. Denote
by Zn(®) the number of critical points of ® inside the cube [0, N]™. We prove that
N~ Zn(®) converges a.s. and L? to a universal explicit constant Ciy, (®).
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1. INTRODUCTION

Denote by Meas(R™) the space of finite Borel measures on R™. Suppose that a : R — R is
an even Schwartz function such that a(0) = 1. We will refer to such functions as amplitudes.
Consider the finite measure p € Meas(R™)

1
(QW)mw“»m(g)’\[dg]’ wa,m(f) = a( €| )2-
Its characteristic function is the nonnegative definite function

K(z)=Ka(z) z/me"<5’“’>ua[d£] = (2;)m /Rm @l l¢]) A de ] (1.1)

u[de] = ol de ] =

Clearly K () is an O(n)-invariant, real valued Schwartz function. Then K, (& —y ) is the
covariance kernel of a real valued, smooth isotropic Gaussian function ® = &, on R with
spectral measure .

A box is a subset of R™ of the form [a1,b1] X -+ X [am, bm], a; < b;, Vi. For any box B
we denote by Za(B) the number of critical points of ®, in B. Then a.s. ®, has no critical
points on 9B and all the critical points of ®4 in B are nondegenerate; see [1, 4].
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Fix numbers a1, . ..,am > 0 and denote by B the box [0,a1] X -+ [0, ap]. For £ € N we
denote by Bj the box
m
By=[] 1 - Daj, tja;].
j=1
For N € N we denote by By the box

m
By =N-B=]][0,Na].
j=1
The main goal of this paper is to prove some laws law of large numbers concerning the
random variable Z4(B). The first main result is the following.
Theorem 1.1. Fiz an amplitude a € 8(R). Then the following hold.

(i) There exists a universal explicit constant Cp(a) > 0 such that for any box B we
have

E[Za(B)]| = Cp(a)vol [ B].
(ii) As N — oo, the random variable

1
ymZal V- B]
converges a.s. and L? to the (deterministic) constant
E[Za(B)] = Cm(a) vol [ B].

O
In the earlier work [17] we proved that the random variable Z,[ N - B] is highly con-

centrated around its mean. More precisely we showed that as N — oo the renormalized
random variables

N="2(Z,(B) ~E[Z(B)])

converge in distribution to a normal random variable with nonzero standard deviation.
Let us offer a different perspective on Theorem 1.1. For A > 0 we set

an(t) :==a(ht), VteR.

Consider the finite Borel measure u!' € Meas(R™)

. 1 1 2
A1) = ()AL ] = a1l A L]

Its characteristic function is the nonnegative definite function

<2§>m /Rm e'6Tla(|ng|) d
=h "K.(h ).

K (z) = Ki(2) = .

We deduce that K Z( @ — y ) is the covariance kernel of the Gaussian function
o'(z) := 20, (h 'z,
The Fourier inversion formula we deduce

Ky(x)dx = a(0)* = 1.
Rm™m
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Since Kq(x) is O(m)-invariant and smooth it has the form ¥(|z|?) for some function
¥ : [0,00) — R. According to Schoenberg’s characterization theorem [20, Thm.7.13], the
function ¥ must be completely monotone. In particular, ¥ is non-increasing, nonnega-
tive and convex, [20, Lemma.7.3]. This implies that the probability measures K ﬁ(:n)d:v

converge weakly to the Dirac measure dy. For example, if a(t) = et/ 4 then

5 1 _l=l?
h2

Ki(x)= W@

is the probability density the Gaussian measure on R™ with variance h%1,,.
To use a terminology favored by physicists, we have K" () — d0(x), where 6(x) is
Dirac’s Delta function. In particular,

Kh(:c—y) — 0z —y).

In other words, as i\, 0, the Gaussian random function CIJE converges in some sense to a
Gaussian random “function” ®° whose covariance kernel is K°(x — y) = §(x — y). This is
a Gaussian white noise, [10].

Let us introduce some notation. For any Euclidean space V', any function f : V' — [0, 00)
and any Morse function ¥ € C%(V') we set

Z(£,9):= > f(v). (1.3)
VI (v)=0
If S C V is a subset of V' we set
Zs(f, W) = Z(Isf, )= Y f(v). (1.4)

V¥ (v)=0,
vesS

where I's denotes the indicator of the set S. Note that
Z(Ip,®") = Z,,[B] = Z[h"'B] = Z(I}-15, ®a)

Consider the random measure’

Vp = hm Z (593

Vi (x)=0
Then A Z,, [B] = Vh[B]. Now let & = N~!. In this case
1
vn-1[B] = WZQ(N-B).

Theorem 1.1 shows that in the white noise limit (N — co) the measure vy-1 converges in
some sense to the deterministic measure Cp,(a)A, where A denotes the Lebesgue measure
on R™. In other words, the critical points of ®" will a.s. equidistribute as i \, 0. We can
be more precise by investigating the linear statistics.

When m = 1, M. Ancona and T. Letendre [2, Thm. 1.16] (see also L. Gass [8, Thm.1.6])
proved that any compactly supported continuous function f € Cgpt(R)

1 ~
/Rf(x)uNﬂdac] = NZ(f’ Y ) — Cl(a)/Rf(ac)d:n a.s.,

for any f € C9;(R). Our next results shows that ta similar result also holds for m > 1.

IThe fact that vy is indeed a random measure on kernel follows from [12, Lemma 3.1].
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1
Theorem 1.2. Fix f € Cpt(Rm), m > 2 and set Yn(f) = 2= Z(f,®&). Then
Var [Yn(f)] =O(N™™), as N = o0 (1.5)

In particular, as N — oo,

- f(@)vy-1][dx] =Yn(f) = Cn(a) o f(@)A[dz] in L? and a.s..

O

The strategy we employ in the proof of Theorem 1.1 can be easily explained. Set
Iy :=[1, N] N N. Bulinskaya’s Lemma [1, Lemma 11.2.10] implies that

1 1
Za(N-B) = > Zi(B;
ety
Since the Gaussian function @, is stationary, the family of random variables (ZCl ( B Z) )
is stationary.
Using the multiparametric ergodic theorem [13, Ch.6.Thm. 3.5], [18, Thm.5] we conclude

that 7 Za [N -B } converge a.s. and L' to some random variable Z.,. To show that Z. is
a.s. constant we prove that

Var [N""Z(N-B)] -0 as N — oo.
We achieve this by observing that
Var [N""Zy(N-B)] =N"2" 3" Cov[Zs(B;). Z(B7)].
ke i

lezm

)

The above sum consists of N?™ terms, but the terms that are far from the diagonal k=10
contribute very little. More precisely, using the Kac-Rice formula we will prove that for any
p > 0 there exists C' = C(p) > 0 such that

. o) )
Ok, 0)| < ==, V(k,{) €
[CRD < iy

=:C(

where
’m‘l Z!ml , Ve = (x1,...,2p) € R™.

According to Lemma 3.1, this 1mphes that
Z C(k, 0) = O(N*™ 1) as N — cc.
E,ZE.(RN
In fact, as shown in Lemma 3.3, if p > m, then
ZC’EZ (Nm) as N — oo.
kIERN

In particular, this guarantees the a.s. convergence in the case m > 1, without having to
invoke the ergodic theory.

There is more to this ergodic angle. The Gaussian function ®4 defines a Gaussian measure
T on C%(R™). The additive group R™ acts on C?(R™) by translations Ty,z € R™

ToF(y) = F(y — ).
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Since the Gaussian function @, is stationary, the translations T, are I'-preserving. Since
the spectral measure of @, is absolutely continuous with respect to the Lebesgue measure,
the above action of R™ is ergodic; see [5] or [16, App. CJ.

In the case m = 1 of Theorem 1.1. was proved in 1960 by V. Volkovski [19] using the
ergodicity of the action of R on C?(R). We refer to [6, Sec. 11.5] for details.

The proof of Theorem 1.2 uses a similar strategy but we can now longer invoke ergodic
theory. We rely instead on Lemma 3.3.

Theorem 1.1 is valid for a wider family of homogeneous Gaussian functions on R™ with
fewer constraints on their spectral functions. We chose to work in this more restrictive
context for two reasons. First, relaxing the assumptions on the Gaussian function would
have added a few more technical complications that would have blurred the main arguments.

The second reason is that the class of Gaussian functions discussed in this paper is
exactly the class of function that arises when studying critical points of certain random
Fourier series of eigenvalues on Riemann manifolds.

More precisely given a Riemann manifold (M, g) with Laplacian A we denote by X§ the
Schwartz kernel of the smoothing operator a(A,)?. This is the covariance kernel of a smooth
random function on M that can be represented as a random eigen-series. Upon rescaling
the metric ¢ — g = h~2g we have Ay, = hQAg and, as h \, 0, the kernel X" converges in
a precise sense to the kernel K, in (1.1).

The paper is organized as follows. In Section 2 we describe some basic properties of ®,.
Section 3 describes an abstract weak law of large numbers for families of mean zero random
variables (X7);.,m such that Xz X are weakly correlated if k and ¢ are far apart. It is
based on the technical Lemma 3.3 that seems to be new and we believe will find other uses.
Theorem 1.1 is proved in Section 4 and Theorem 1.2 is proved in Section 5.

2. SOME PROPERTIES OF THE FUNCTION ®,

We collect in this section several useful properties of the random function ®, used
throughout the paper. For k € N we denote by D*®, the k-th order differential of ®,
Proposition 2.1. Let N € N. Then the following hold.

(i) The function ®4 is N-ample, i.e., for any are distinct points x1,...,xNn € R™, the
Gausian vector
(q)a(ml)v SRR <I>a($N) )
is nondegenerate.
(ii) The function ®4 is Jn-ample, i.e., the Gaussian vector
Do(x) ® DO(x) @ - - ® DV Dy(x)
is nondegenerate for any x € R™.
Proof. (i) Since wa,m( ‘ 19 ‘) = a( €] )2 is positive on an open neighborhood of 0 € R™ we

deduce from [20, Thm. 6.8] that if &1,...,zx € R™ are distinct points, then the symmetric
N x N matrix

(K(‘Bl — ;) )1§i,j§N
is positive definite. This matrix is the variance matrix of the Gaussian vector
((I)a(wl)v SRR (I)a(w]\f) )

(ii) Observe that for any multi-indices o € (Zxo)"", we have

E(0°®a()0°0q(@) ) = 050 Ko(z — y)|

=Yy
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Rm

This shows that for any N € N and any * € R" the variance the Gaussian vector
(8“<I>a(m))|a|§N is the Gramian matrix of the functions (ga)MSN with respect to the

inner product in LQ(Rm, ua). Since a(0) = 1 we deduce that the functions £ are linearly
independent in L2( R™, ,ua) so the determinant of their Gramian matrix is nonzero. Hence
the Gaussian vector

Do(x) ® DO(x) ® - - ® DV Dy(x)
is nondegenerate, for any k£ € N and any = € R™. O

We deduce from the above proposition and the results of Ancona-Letendre [3] or Gass-
Stecconi [9] that for any box B the random variable Z, [ B | has finite moments of any order.
To compute the expectation of Z,(B) we rely on the Kac-Rice formula [1, 4].

Theorem 2.2. Let V' be a finite dimensional Euclidean space, V C V' an open set and
F :V — R a Gaussian random function that is a.s. C? and such that the Gaussian vector
VF(v) is nondegenerate for any v € V. We denote by PV F(v) 18 probability density. For a
subset S C 'V we denote by Z(S, F) the number of critical points of F in S. Then F is a.s.
Morse, for any box B C 'V, the function F a.s. has no critical points on 0B, and for any
continuous function p: B — R

E[Zp(e, F)| = /BE[ydetHessF(v) | VF(v) = 0]pyrw) (0)e(v)dv, (2.1)
where Zp(p, F)] is defined as in (1.4). 0

We want to apply the above result to the function ®,. Proposition 2.1 shows that the
Gaussian vector V®,4(x) is nondegenerate for any « € R™.
For any multi-indices «, 8 € (Zzo )m we have

« 3 a qfBaq-a (_1)‘6Hi|a‘+w| a+f 2
E[0°®q(2)0 ®a(y) | ,_, = 050y K (2, y)| amy = ~— 5 [ £*Pa(lé])?dE. (22)
v (2m) R
For any multi-index o € (Zzo )m we set
1
M = o[ d :/ “a(|¢])?de.
We say that the multi-index o = (a1, ..., ap,) is even if o is even for any j = 1,...,m.

The multi-index « is called odd if it is not even. The radial symmetry of a( 1€ ]) implies
that

MS =0 if o is odd. (2.3)
Using spherical coordinates on R™ we deduce that for any a we have
1 oo
MS = a (/0 rm1+°‘|a(r)2dr> X /m_lga volgm-1 [d€] . (2.4)

2
Note that m,, is independent of a. If we let ag := (27r)m/267t?, then

a _ T lEP/24¢ — m/2 2 a; d
My = [ e - om) ]]:[1/R€ v, [ de]
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where v, denotes the Gaussian measure on R with mean zero and variance 1. If « is even,
a = 2k, then

M2 = (2m)™2 T J(2k; — D).
j=1
On the other hand, using (2.4) we deduce

e}
1 g2 T B
Mg :m%/ P2l =2 gy — \/;mgn/ |21 by [ da ]
0 R

= 2|”|+m/2_1m2HF( k] +m/2).

Hence
e, 2r; — )N 2] T(kj +1/2)
_ o|s|+m/2-1115= _ J _
=2 C(wl < m2) ~  T(jal+m/2) (25)
For every k € Z>o we set
Ii(a) ::/O r*a(r)2dr.
We deduce 271 I 12)
i (K +
(27r)mM§m: m—1+2|m|(a) 1—‘](‘;|+m/2) (26)
We set
Sm ::/mua[dﬂ, = Rms%ua[ds}, B 1= Rmffﬁ%ua[dﬂ. (2.7)
Then
27Tm/2
L a<ra>2df:mfm_ma):@w)msm, 2.5)
[ e = o 2 @) = () s (2:9)
242 2 (27T>m/2 m .
/ &ea(l¢) df=m1m+3<a>=(2w> s Vi # (2.10)
[ e = o hs(a) = 3 s i (211)

Using (2.2) and (2.3) we deduce that for any & € R™ the Gaussian vectors V®(x) and
Hessg (x) are independent. Hence

E|[ det Hessg, ()] | V@4(x) = 0] = E[ det Hessa, ()| ]
Using (2.2)and (2.9) we deduce that the variance matrix of V®(x) is
Var [V®(z) | = dn1,,, Vo eR™, (2.12)
where 1,, denotes the identity m x m matrix. Hence
DY) (0) = (27dm) "2,
The space Sym(R™) of real symmetric m x m matrices is equipped with an inner product

(A, B) = tr(A). Moreover the linear functions ¢;;,w;; : Sym(R™) - R, 1 <i < j <m,

Qg 1=17

lij(A) = aij, wij(A) = {\/ﬁazj i< j (2.13)
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define coordinates on Sym(R™) that are orthonormal with respect to the above inner
product. We set

Lij(x) = Eij( Hessg () ), Qij(x) == wij( Hessg () ) (2.14)
Then

1 .
E[ 07,0, 2a(2)05,0,Pa(®) | = o= / &iigngra( €17 )dg, i <j, k<L
Note that if 7 < j, then the above integral is nonzero iff (¢, j) = (k,¢) in which case
2
E[ Lij(z)Lij(x) ] = E[ (97,4, Pa(x) )" ]

= e L, a2

If i = j, then the above integral is nonzero iff £ = ¢, in which case we deduce from (2.10)
and (2.11)

hom i # K,
3hm, i=k.

The above equalities can be rewritten in the more compact form

E[ Lij(2) Lye(2) | = hum ( 050k + 6indje + 6iedjn ), Vi <j, k < L. (2.15)

E[ 02, ®a(2)0, Pa(x) ] = {

These equalities show that the off-diagonal entries of Hessg are i.i.d., and also independent
of the diagonal entries. The diagonal entries have identical distributions but are dependent.
The parameter h,, describes the various variances and covariances.

The Gaussian measure on Sym(R™) determined by these covariance equalities is invariant
with respect to the action of O(m) by conjugation on Sym(R"™). For v > 0 denote by SY,
the space Sym(R™) equipped with the O(m)-invariant Gaussian measure on Sym(R™)
determined by the covariances

E[Lij(@)Lie(x) | = v( 055000 + ikbje + 6iedji ), Vi < j, k <L

Hence
E[ det Hesso, (z)|] = Eghm [|det H|].

For any box B C R™ we denote by Z,(B) = Z,(B) the number of critical points of ®, in
B. We deduce from the Kac-Rice formula (2.1) that

B[Z(B)] = [ By [|det H| oo (0)A[do]
2 (2dy) " *Eg, [ | det H]| ] vol [ B]
(X = (2hn)/20)

h m/2
= (J) Eg/»[|det X|] vol [ B].

—Cn (@)
Hence
E[ Zam(B)] = Cm(a)vol [ B]. (2.16)
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Remark 2.3. One can prove that as m — oo

s [(m+3 By, \ ™2 1 1/2
w2 ("37) () ()
Using (2.9) and (2.10) we deduce
h

'm F(l + m/2) Im+3(a) _ 2Im+3(a)
dn  T(2+m/2) " Inia(a)  (m+2)Inga(a)’

Cn(a) ~ 25/ (Z:%)mmr <m;r3> m1/2

m/2
~ 2" ( Lms3(a) > T (m—i—?;) m Y2 asm — oo.
(m + 2)Im+1(a) 2

The constant Cy,(a) tends to grow very fast as m — oo, but its large m behavior depends
on the tail of the amplitude a. Roughly speaking, the slower the decay at oo of a the faster
the growth of Cy,(a). O

Hence

(2.17)

3. AN ABSTRACT LAW OF LARGE NUMBERS

Fix m € N. For N € N, let Iy := [1, N] N N. Suppose that we have an even continuous
function p : R™ — (0, 00) that decays sufficiently fast to 0 as |z| — co. Then

/ p(ac—y)da:dy:N2m/ pn (u —v)dudv
NBxNB BxB

where py(x) = p(Nx). Observing that py(x) — 0 almost everywhere on B we deduce
from the dominated convergence theorem that

/ pN(u—v)dudv—>0
BxB

as N — oo. Hence

/ p(w—y)da:dyzo(N2m) as N — oo
NBxNB

In fact we can be more precise. If we use Fubini theorem and integrate p along the m-planes
orthogonal to the ‘diagonal Ay = {& =y} C NB x nB we deduce that

/ p(x — y)dedy < Cvoly, [ Ay | / p(x)de < CNm/ p(x)de.
NBxNB || <N || <N

If we specialize further, p(x) = ﬁ, p >0, p # m, then

/ p(iﬂ)d$ _ O(Nmax(m—p,O) )
|z| <N

so that
/ p(x —y)dzdy = O( NmAmax(m=p0) ).
NBxNB

> pk—1)

(k,0)eIg <17

The sum
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is a very rough Riemann sum approximation of the above integral when B = [0,1]". The
next results show that if p(x) = ﬁ, then this Riemann sum is also o N*™) as N — oco.
Lemma 3.1. Fizm € N. For any N € N we set Ry, := I x I'§.

(i) If m > 1, then there exists a constant K = K(a,p,m) > 0 such that

1
< KN?"50) k(p) = min(p, 1).

(ii) If m =1, then there exists a constant K = K («,p) > 0 such that
1 N2m=r(p) 1
Z - - ke §K{ ap_# ’
k,zeﬂn( + alk — 1)) NlogN p=1.
Proof. (i) m > 1. For any N € N define
Dy = {(k,0) € Ry,; Fj=1,....m, kj=0}, Ripm=Rn, \ Dnm
Note that

—

Dy =)Dy, Dy ={(k0)eRy; ki=10;}.

=1
For1<i; <+ <14, <m we have

#(D%QQD;\?) :N2m727”+1

Using the Inclusion-Exclusion Principle we deduce that

m
#DN — Z(_l)p—l <m> N2m—2r+1 < 2mN2m—1.

r=1 p
We have
1 1 1
Z > 7P Z == p T Z > 7 \P
ieny (IOl = k)T i, (Ll =kl )" - g, (L alf=kl)
=Yy =N
Note that

Yn < #Dy < 2mN?m-1

To estimate Zxn we need to first analyze the structure of the region R};. Denote by R; the
reflection

1 U1 1 Y

R; :R™ x R™ — R™ x R™, @ = @

L Tm Ym | L Tm  Ym |

Denote by G, the direct product of cyclic groups
Gm = (Z/?Z)m = {e_’: (€1, -y 6m); €k = 0,1}.
The group Gy, acts freely on Ry,
& (k,0)=R(k,l), R°*=R"---RSp.
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We denote by G} the positive chamber of R%;,

el =1 ((k,0) € Ry £; > kj, V1<j<m},
and we observe that

Cr=T%, Tn:={(k0)ely xIn; >k}

J ret

€eGm

We have

The function p is Gp,-invariant so

(K.0) Ry L+alt €€Gm (D) ReC},
1 2 1
D> T w2
p P _ 1.|P
ey (1ol =R aF glces Ikl

ey =T
2m m fp/m 2m p/m
- (ma)P H (6 =) ~ (ma)p Z (£=k) )
J=1(k;j ;) ETN (k,0)eTN
Now observe that
—~1N—k
Soo(e—k)" = ZZ]"’/’”
(k,£)€TN k=1 j=1

To proceed further we need to use the following result.

Sublemma 3.2. Let r € R. Then for any M € N

1 1
M g o
, M™+1, re(-1,0),
(M) =3 J" Su(M)i=q =t -1
! 20g .- 1
, r< —1.

Proof. Using approximations by Riemann sums for the integral

we deduce
AT(M-1), o rz0,
1 +1 _
s,y < J A0 >0 fag (M) 1, € (1,0,
I.(M)+1, r<0 1+logM r=-—1,

S (T=M") 41, r< -1
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M >0,

r—{l
< mMr+1, re (_1,0),
“|1+logM, r=-1,

2, r < —1.

Suppose that p # m. Using Sublemma 3.2 we deduce that

N—k 1 1-p/m
S 5 < (N — k) = { T Y TR pfm < 1,
= - r 1 <p/m.

Next, using the sublemma again we deduce

N 1  ar2-p/m
} up(N—k) < {(lp/m><2p/m>N P+ N, p/m <1,
k=1

2N 1<p/m.
Hence
1 N2-p/m
Soo(e-k)m< {(l_p/’")(?—p/m)N M+ N, p/m <1,
(kOETN 2N 1< p/m.
and thus
1 2m N2m—p
In= ). —— é(ma)pgam,a,p){Nm e
— P )
(k,H)eRy, (L +[6—Fkh) p>m
If p = m, then Sublemma 3.2 implies that
N—k
Z P <u (N —k)=1+log(N — k),
j=1
and
N
Z(l—FlOg(N—k)) = N +log N.
k=1

The conclusion follows from Stirling’s formula which implies that
log N! = O(NlogN).
(ii) Suppose that p = 1. Then

1 1
——— =N+42 <k<l<n—-————
> Utak=qpr 7" le— SESM AT ak—gp

k=[x
N—-1
2 1 2 N —j
<N+—= Y =N+—
p — p P p
of Sz (E—K) Yia
9 N-1 k 1 9 N—-1
k=1 j=1 k=1

The conclusion now follows exactly as in (i).

(3.1)
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Lemma 3.3. Fix m € N. For any N € N we set Ry, := Iy x I}}. For any o > 0 and any
p > m there exists a constant K = K(a,p,m) > 0 such that

>

ey, (110

~—

5 < KN™.

| =

_];’|1)

Proof. We argue by induction. The case m = 1 is covered in Lemma 3.1 (ii). Define

. 1
pm N x N™ — (0, 00), pm(k‘,é): (1+alﬁ—ﬂ1)p‘

For any region R C N™ x N we set

S(R, pm) = Z pm(E,E)

For any N € N define
DN,m = { (];7[) c :RN,m; 3] = 17 sy, k] = g] }1 R}(\ﬂm = :R'Nm \DNm'
We have
S(RN,mapm) = S(DN,aum) + S(CR*NJmpm)
The inequality (3.1) implies that

S(RN > pm) < KN™.

As before we have

=

Dy =|J DN D= {0 eRn,; ki=4t}.
=1

Using Inclusion-Exclusion Principle we deduce

S(DN,m7pm) :Z(_l)pil Z S(Dﬁ\%,mm'”ﬂD%,m7pm)
p=1 1<i1 < <ip<m
= 1>’”(m)5<D%v,m NN DR o)
p=1 b
= Z(*l)p_l <m>S(RN,mp7Pmp) < Z (Z)S(RN,mpapmp)

(use the induction assumption)
m
<KY <m> N™ 7P < K(N +1)" < 2"KN™,
1\P
p_
d

Corollary 3.4. Consider a family of random variable (XZ)ZGNM defined on the same prob-

ability space (2, 8,P) such that there exist constants C,a,p > 0 such that
‘COV[XE,X[]‘S 9 =7’ VE,ZGNm.
(1+alk—1],)
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Then, as N — oo
1
AN(X) = 2 (X —E[Xg]) =0
kel
in L2. In particular An(X) converges in probability to zero as N — co. Moreover, if p > m,
then An converges a.s. to 0.

Proof. We have

1

2

E[AVX)?] = 3w 2. Cov[Xp X
(k) el xIy

Lemma 3.1 implies that E[ Ay (X)?] — 0. Moreoverif p > m , then E[ Ay (X)?] = O(N~™)

as N — oo. Hence, by Chebysev’s inequality there exists a constant C' > 0 such that, V.V,

In particular, for m > 1 we have

ZP[AN(JJ) >e] <oo
N
so Ay — 0 a.s.. For m = 1, the result follows from [14, Thm.10]. O

This follows from the Strong Law of Large Numbers [15, Thm. 4]. For » € N we denote
by C, the lattice cube I5t. Set N, := 271,

Remark 3.5. (a) We have a.s. convergence in general without assuming p > m > 1. This
follows from the Strong Law of Large Numbers [15, Thm. 4]. For » € N we denote by C,
the lattice cube I5t. Set N, :=27+L,
Then
- 2m—1
wi= Y |B[XpXp][ < Y0 [E[XpXp] [ < KNP

—

keCrii\Cr k.0eCryy
where K > 0 is a universal constant. We deduce that
(r+1)? (r+1)2
> u <KY TN, <™

N2m
r>0 r r>0

According to [15, Thm. 4], this implies that Ax(X) — 0 a.s..

(b) The estimate E[A?V} = O(N _m) used in the above proof is optimal. For exam-
ple, if the random variables X are independent and their variances are equal to 1, then
E[A% ] =N"™. O

4. PROOF OF THEOREM 1.1

We have
Zo(N-B) =Y Za(Bp)
el
since , according to Bulinskaya’s lemma, the probability that ®, has a critical point on the
boundary of some By is zero.
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The Gaussian function ®, is a stationary is stationary, so the collection (Za(B[) ) FeNm

is stationary as well, i.e., for any n € N and any E_:Fl, e ,Zn € N the random vectors

(Za(By), - Za(Bg)) and (Za(By ). -, Za(B )

have the same distribution. We deduce from the ergodic theorem [13, Chap.6, Thm.2.5]
that the averages

1
———Z(N-B Za(
vol(N B) ( )= vaol e§
N

converge a.s. and in L' to some random variable Z,,. We need to prove that the limit Z,
is the constant

To achieve this we set

Then
> X;=Z,(NB)—-E[Z,(NB)]
lerp
We have to show that
L Port It

Lely
We will deduce this from Corollary 3.4. We se]:‘]c
C(k,0) := Cov [ Za(By), Za(By) | = E[ X;X;], Vk,[€T¥.
Notice that since ®4 is a stationary Gaussian function we have
E[ Zo(By)P | = E[ Zo(B)P] < 00, ¥p € [1,00), £ € N"

and we deduce that

—

3K, = Ki(a,m) > 0: |C(k,0) | < Ky, Vk,0€N™, (4.1)
To proceed further we define
P :R" xR™ 5 R, ®(x,y) = Pu(x) + Paly)
and we set
H(z,y) := Hessg(x,y), H(x):= Hessg,(x).
Denote for any Borel subset B € R™ x R™ by Z ( B ) the number of critical points of ® in
B. Note that if BN By = (), then

Z(By x B;) = Za(By) Za(B;)

i 7

S0
E[ Za(By)Za(B) | =E[ Z(B; x Bp) .
We want to compute E[ (B~ x By )] using the Kac-Rice formula. We first need to verify

that V<I>(a:, y) is nondegenerate for any x # y.

Lemma 4.1. For any x,y € R™, x # y, the Gaussian vector VCTD(:B, y) is nondegenerate.
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Proof. We have

v [V(/ﬁ( - Var [ V() | Cov [ V®q(x), V®a(y) |
T Cov [V@q4(y), VOq(x) | Var [ V®,(y) |

As shown in(2.12), for any € R™ we have

Var [ V®q4(z) | = dpn 1y, dm:/Rn Eual de].

We have
Cov [ V®q(z), Va(y) | = (0s,0y, Kalz —y))

1<j,k<m
and

O, 0y Ko(x — y) = /R . e HET Ve 6 q [ de]. (4.2)

Since ®, is stationary it suffice to consider only the case = 0. On the other hand, ®,
is O(m)-invariant so, up to a rotation we can assume that © —y = —tey, t # 0, where
{e1,...,en} is the canonical basis of R”. Hence

8$jaykKa(m —y) = /]Rm eit&gjfk,ua[dg]-

Let us observe that if j # k, then either j # 1, or k¥ # 1. Suppose j # 1. The function
e’tflfjﬁk is odd with respect to the reflection &; — —&; so

Oy, 0y K o, ) = /R G Epa[dE] = 0, V) # k.

If j = k, then

() i= 00,0, Koly) = [ e*0&palde] = [ cos(ter)éial de]

m m

and we deduce?
oni) < [ | costt6n) €] < [ €[] = dn
After a reordering

(8x1<1)a(:13), e ,8xm(1>a(az)¢, Oy Pa(y), ... 0y, Pa(y) )

(8z1(1)a(a3)7 ayl(pa(y)a ceey 8xm(1)a(w)7 aqu)a(y) )
we see that

Var [VO(z,y) | = @ [ di@) dg(j) ] '

J=1 i

:‘/j

Note that, for each j, the symmetric matrix Vj is positive definite since

det V; = d2, — dpu(5)? > 0.

2At this point we use the fact that a([¢]) > 0 for |¢| sufficiently small.
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Suppose that B; N By = . We deduce from Lemma 4.1 that V@(m, y), is nondegenerate
for any (z,y) € By, xBy. We can the apply the Kac-Rice formula to deduce that
E[ Za(By)Za(By) | =E[ Z(B;; x By) ]

=/M E[|det H(z,y)| |[VO(@,y) = 0]pgg 4, (0) A dedy ], 43)

£

=p(z,y)
if BEQBZ:Q)
For x € R™ we denote by ‘ x ‘Oo the sup-norm of
|z ‘OO = 1r£n@ag;1|xz\
Note that
‘w‘l Sm|:'3‘<>o'
and By N By= 0 if ‘ E—E‘Oo > 1. Hence,
|k~ 0|, >m= B;nB;=0.

Hence

E[ Za(Byk)Za(B;) ] :/BAXBﬂ]E[\detﬁ(m,yﬂ [VO(2,y) = 0] Py (ay (0) Al dedy],

=p(x,y)

(4.4)
if ‘E—Z‘l > m.

Let us now express E[ Zq(B;) |E[ Za(Bj) | as an integral over By x By. Choose an inde-
pendent copy ¥, of ®,. We set

O(x,y) = Po(x) + Vo(y), H(x,y):= Hessz(z,y).

Then
E[Za(B;) |E[ Za(By) | = E[ Z5(Bg x By) |
= /B~xB~EH det fl(w,y)‘ Vo (z,y) = 0]pv5(m7y)(0)A[dxdy], (4.5)
o =bf;y)
if‘E—Z‘l > m. Thus
Cov [ Za(Be). Zu(Bal = [ ((w.y) = i(o.))A[ady.] (4.6)

To proceed further, we need a few technical results that seem to be part of the mathematical
folklore, but whose proofs are difficult to locate in the existing literature.

Digression 4.2. Suppose that V is an m-dimensional real Euclidean space with inner prod-
uct (—, —). Denote by S1(V') the unit sphere in V' and by Sym(V') the space of symmetric
operators V' — V and by Sym (V') the cone of nonnegative ones. For A € Sym,(V)
we denote by I'4 the centered Gaussian measure with variance A.

The space Sym(V) is equipped with an inner product
(4, B)Op =tr(AB), VA, B € Sym(V).
We denote by || — ||op the associated norm.
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We have a natural map Sym((V') — Sym,(V), A A2, We will need the following
result, [11, Prop.2.1]. For any p > 0 and VA, B € Sym,(V'), such that A2 4 BY2 > 1

we have
1/2

op ’

pl a2, <] 4~ 5] (@7)

Lemma 4.3. Fir Ag € Sym,(V') such that A(l)/2 > pol, po > 0. Suppose that f: V=R
is a locally Lipschitz function that is homogeneous of degree k > 1. For A € Sym (V) we
set

Ja(f) = /Vf(v)I‘A[dv].

Then for and R > ||Ao|lop there exists a constant C = C(f, R, po) > 0 with the following
property: for any A € Sym (V') such that ||, Allop < R

1940 (f) = Ja(f) | < ClA = Ao||'/* < C(k, R)||A — Ao|| /2. (4.8)

In other words, A — JA(f) is locally Hélder continuous with exponent 1/2 in the open set
Sym. ( \%4 ) .

Proof. The function f is Lipschitz on the ball
Br(V):={veV;|v| <R},
so there exists L = L(R) > 0 such that

[f(u) = f(v)| < Llu—v]l, Yu,v € Br(V). (4.9)
Note that
JA<f>=/Vf(A1/%)F1[dv],
SO
900 =940 < [ [7(4%0) = (47%) | 71 [av]
= ) [ ) () ot o]
Crm.k
(4.9)

1/2 1/2 7 1/2
= Cm,kL(R)/S(V) | A= — Ay lop volgi(vy [dv] < C(k, R, o) | A — Agllof”-
1

This ends the digression. O

For every z € R we set

T(z):= Y _ |0°Ka(2)|.

|| <4
Since K is a Schwartz function we deduce that
T(z)=0(|z|]7>) as|z|1 = .

This means that
Vp >0, T(z) =0(|z;") as|z|1 = .
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Observe that

Var [V;I;($,y)] = |: Var [Voq)a(x)] Var [vo(pa(y)] :| = dy Lo,
and
R Var [V@a(m)] Cov [V‘I)a(m), V@a(y)}
Var [VO®(x,y) | =
Cov [V, (y), V() ] Var [ V@, (y) |
) 0 Cov [ V®y(z), V4(y) ]
= Var [V®(z,y) | + :
Cov [V@a(y), V@a(zc)] 0 J
:;R;(m,y)

In particular
~ _ ~ -1
Var [VO(x,y) | t= ( Var [VO(z,y) | + Rv(m,y)>

= Var [V(AIS(a:,y) ] - ( 1+ Var [V&S(%y) ] _le(w,y)>_1.

Hence
| Var [Vé(x,y) ] — Var [Vé(z,y)] ||, = 1 Bv(@.y)|op = O(T(@ —y)).  (4.10)
Since Var [ V®(z,y)] is independent of = and y
| Var [V®(z,y)] ' - Var [Vo(z,y)] I, = O(T(@ —y)). (4.11)
Note that
Var [H(z,y)] = [Var[{){(w)] Var[?'{(y)] }

Since ®, is stationary, Var [ﬁ(:c, y)} is independent of x and y. We have

R Var[H(:n)] COV[H(IB),H(?J)]
Var [H(z,y)| =

Cov[H(y),H(x)]  Var[H(y)]

N 0 Cov [H(ac),H(y)]
= Var [H(z,y)| +
Cov [H(y),H(x)] 0
=:Ry(x,y)
We deduce
| Var [ H(z,y)] - Var [H(w,y) ] ||, = IR (2, y)llop = O(T(x —y)). (4.12)

We denote by H (x,y)’ the Gaussian random matrix obtained from H (z,y) by conditioning
on V®(x,y) = 0. Similarly, we denote by H (x,y)” the Gaussian random matrix obtained
from ﬁ(:c, y) by conditioning on V;I;(ac, y) = 0. The distributions of ﬁ(a:, y)” and I:T(m, y)°
are determined by the Gaussian regression formula.

Since H(x,y) and V®(x, y) are independent we deduce

Var [fl(w,y)b] = Var [I?[(a:,y)}
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Using the regression formula we deduce
Var | H H(z,y ] Var [ y) |
— Cov [fl(m y), Vo(z, y) | Var [V(I)(:B y)] Cov [V(I)(:c Y), ﬁ(m,y)ﬂ
= Var [H H(z,y) | + Ru(z,y)
—Cov [H H(x,y), Vo(x, y) | Var [V&D(az,y)]_l Cov [V&D(az,y),ﬁ(a:,y)}.
We have

N R Cov [H(a:), V@a(az)] Cov [H(:c), V@a(y)]
Cov [H(w,y),Vq)(a:,y)] =

Cov [H(y),V®u(x)] Cov|[H(y), V®a(y)]

Cov [0 Cov [H(CC)7 Vi)a(y)] ]

Cov [H(y), V() | 0
This implies
Cov [H(:n,y), V@(w,y)] = O(T(:v —v) )
Since Var [V&)(a:, y) | is independent of x and y we deduce from (4.11) that
Cov [A(w.y), Vo(z,y)] Var [Vd(z,y)] " Cov [V(z,y). A(z,y)] = O(T(z —y)),

Hence

sup || Var [f[(w,y)b] llop < 00, (4.13)
zFyY

Since Var [ (ac y)] is independent of x,y we deduce that there exists pg > 0 such that

Var [I:T(a:,y)b] > uol, Ve #vy.
We deduce from (4.13) and (4.8) that

‘]E[|detﬁ(:c,y)"” —E[|det H(z,y)"|] ‘ = O(T(x —y)"/?). (4.14)

Using (4.10) we deduce

\pm (0 = Poiie, )<o> |

N (4.15)
= (27?)_7”/2‘ det Var [Vfb(x,y)] — det Var [ Vo (z Y] ‘ =0(T(x—1y)).
We can now estimate the right-hand-side of (4.6). Note that if Bz N BZZ ) we have
sup  O(T(k—6)) =0(|k—1];>).
(m,y)GBEXBZ
We deduce from(4.10), (4.11), (4.14) and (4.15) that
sup | p(z,y) — pla,y) | =O0(|k—0|7), |k—C]|,>m. (4.16)

((E,y)EBEXBE

Hence
Ok, 0) = (‘k E‘l )aS}E—Z‘I%OO.
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The above estimate coupled with (4.1) implies that, for any p > 0, there exists a constant
C = C(p) > 0 such that

¢r) v(k,0) € N™ x N™,

|C(k,0)| <
Theorem 1.1 now follows from the above estimate and Corollary 3.4.

5. PROOF OF THEOREM 1.2

Note that x is a critical point of ®, iff N~'a is a critical point of O~ . If we set

fn(x) = f(Nflm).
Then 1
Z(f,2d) = Z(fn, ®a)
since V@, (x) = 0 iff V®4(Nz) =0 and f(z) = fn(Nz). Hence

V() = 5 (s @)

Using the weighted local Kac-Rice formula [4, Thm.6.4] we deduce

E[Z(fn,®d)] = - fn(x) E[| det Hessg, |

V@u(x) = 0]pve,(0) de.

J/

=pa(x)

In the proof of (2.16) we showed that the density pq(x) is constant, pqs(x) = pa(0) = Cy,(a).

Hence
E[Z(fy, )] = Cle) | fv(@)de "= N"Cua) | T(w)dy.

We have to prove that

1
W(Z(fNa(I)a) _E[Z(f7q)a)] ) — 0.
Using the decomposition f = f — f_ we see that it suffices to consider only the case f > 0.
By replacing f(x) with a translate  — f(x —y), we can assume that supp f C [0, R]™, for

some R > 0 sufficiently large. Set B = [0, R]™. Then supp fy C N - B.
We use the same strategy as in the proof of Theorem 1.1. For ¢ € ]I%[ we set

Xé'v(f):ZB[(fNaq)a): E fN(CU)
V<I’a(wB)=0,
paS 7

Since supp fy C NB we deduce Then

and
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so tha
1

= N2m

1
N2m

Var [ Y (f)] Var [Sn(f)] = > Cov [ XX, XF(N].
k,fermn
Hence we have to prove that
Var [Sy(f)] = O(N™) as N — <.
Lemma 5.1. For any m € N and any p > m there ezists a constant C, = Cy(a,m, f),

independent of N such that, for any N > 0 and any E,ZG I%, we have
| Cov [ XN (), XN(H]|<c(1+]k-0] )" (5.1)

Proof. For any Morse function ¥ : RV — R, any Borel subset S C R™ and any nonnegative
continuous function g € C2, (R™) — 0 we set

cpt

Zs(9) = Zs(g, %) = Y glx)
VW(m?gzO,
xe

Then Xév(f) = ZBE(fN7(I)a)- Define
N R xR 5 R, R (x,y) = fy (@) (y):
As in the proof of Theorem 1.1 we choose an independent copy ¥, of &, and we define
(/I;, T :R™ x R™ — R, EI\)(:E,y) = ®q(x) + Pa(y), 6(337'9) = Qo(z) + Va(y)-
Note that for any cube C' = [a, b C NB we have
Zo(fn, ®0)* = Zoz (R7.2) + Zo (S5 ®a),

where

C:={(z,y)eC* w+y}.
Note that

E[Zo(fX)] = Cm(a)/cf?v(w)dw < Crn(@)| fllco vol [C].

Using the weighted local Kac-Rice formula we deduce

B[ Ze: (£2.8)] = [ dlaw) @) (w)dw).

*

where p is defined in (4.4). On the other hand, as shown in [7, App.1] or [9, Sec.1.2] there
exsts K > 0 depending only on a and m such that

Ve # vy, {ﬁ(m,y)} <Kmax(1,‘:n—y}2_m).

= 2—m 2
B[ Ze: (£2.8)] | < KN o [ | —y[*"dady < K17 vol [CT,
where K denotes a positive constant that depends only on a and m. We deduce that
Vk eI Var [XY(f)] = Var [ Zp(fv)] < K
If By N B; =10, E,EE I and p > m, then with p defined in (4.5) we have
Cov [ X2V (f), X} (f)] = Cov [ Zp.(fn), ZB,(fN)]
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:/ (Plz,y) — Pz, y) ) fn(z) fr(y)dedy
Bpx By

< sup | p(@,y) — p@.y) ||| flIEo vol [ By x By]
(w,y)EBEXBZ

(4.16) S p o 2
< Kp(1+|k=2]) "lIflIZo vol [ B,

where K, is a positive constant that depends only on a, m and p and it is independent of
N. O

The estimate (1.5) now follows from Lemmas 3.3 and 5.1 . 0

Remark 5.2. Set Y (f) = Yn(f) — E[Yn(f)]. We proved that
IEI[I_/N(f)2 | =O(N™™), as N — ooc.

This implies a.s. convergence for m > 1 since ) .o N~™ < oo for m > 1. This argument
fails in dimension m = 1. In [2, 8] the authors prove that when m =1

E[Yn(f)'|=O(N"?), as N — co.

This estimate implies a.s.-convergence. a
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