A LAW OF LARGE NUMBERS CONCERNING THE DISTRIBUTION OF CRITICAL

POINTS OF RANDOM FOURIER SERIES
QIANGANG “BRANDON” FU AND LIVIU I. NICOLAESCU

ABSTRACT. On the flat torus T™ = R™ /Z™ with angular coordinates § we consider the random
function Fr = a( R’lx/Z)W, where R > 0, A is the Laplacian on this flat torus, a is an even
Schwartz function on R such that a(0) > 0 and W is the Gaussian white noise on T™ viewed as a
random generalized function. For any f € C(T™) we set

Zr(f) = Y [0
V FRr(0)=0
We prove that if the support of f is contained in a geodesic ball of T™, then the variance of Zg(f)
is asymptotic to const X R™ as R — co. We use this to prove that if m > 2, then as N — oo the

random measures N~ ™ Zxn(—) converge a.s. to an explicit multiple of the volume measure on the
flat torus.
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Denote by T™ the m-dimensional torus R /Z™ and by g¢; the flat metric of volume 1. In terms

of angular coordinates = 6. .. 7§m), 9" € R mod Z,

g1 = (dO1)? + - 4 (do™).

For R > 0, meant to be large, we denote by A g the Laplacian of the metric gr = R2g;. Observe

that
VOl[M,gR] :Rmvol[M,gl] = R™, Ap=R2A,.
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A complete orthonormal system of complex eigenfunctions of A; is given by ( e [) Fegm

ex(0) = 200 (7.6) = Zzeﬂ

To describe a complete orthonormal system of real elgenfunctlons of A; we introduce the lexi-
cografic order on Z™, £ = 0 iff Jig : £;, > 0, ¢; =0, Vi <ig. Wesetug = 1 and, for £ > 0 we
set
up(0) = V2cos (27 (k,0)), vA(0) = V2sin (27(0,0)),
ug = R_m/2u];, U? = R_m/QvZ.
The collection
{ullz, vf; k>0, €>0}

is a complete L?(M, gr)-orthonormal system of real eigenfunctions of A . Moreover
m
— 212 2
Arull = Ae(R), Apvl = A{R)E, \:(R)=R*|27k|” = (27/R) Z’%Z‘-

Fix an even Schwarz function a € 8(R) such that a(0) = 1. We will refer to such an a as amplitude.
Fix independent standard normal random variables

{Az, Bz k=0, {0}
and consider the random Fourier series
F(6) = a(0)Aguif (6) + > a(AAR)'?) (Al (6) + Bp? (6))

7=0
= R ( Aguo (0) + 3 a(20dl/R) (Ajug(0) + B () (L1)
70
= R %" a(|2nl]/R) ZeA9),
lezm
where o
AOa t= 0,
Zy={ = (A;—iBy), =0
= Y2\ en T r
Z £=<0.

Since a( \271[\ / R) decays very fast as |ﬂ — oo we deduce from Kolmogorov’s two-series theorem
that for any v € N the random series

S~ a(2nll/R)? [l el

lezm

> a([2nll/R) Ze;

rezm

converges a.s. and thus the series

converges a.s. in C” ( ™ ) In particular, this shows that the Gaussian function FaR is a.s. smooth.
Its covariance kernel is

CR(F+7.¢) =CRF) =R™ Y a|2nl]/R)* 7.
lezm
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Define
wg : R™ — R, wa( >—a(|£‘ ’€|2 Zf?
Its Fourier transform is
@) = [ el (€
The Fourier inversion formula shows that
2) = W) Ko (2)de, Ko(x) = .

a(I62) = [ @), Ko@) = i)

Using Poisson’s summation formula [15, §7.2] we deduce

F)= Y Ko ((k-7)R), 7=0-¢. (1.2)

kezm

We can think of F.? either as a function on T™, or as a Z™-periodic function of R™. If we formally
let R — oo in the equality

R™PE0) = > a([2nl]/R) ZzeA0)
lezm
we deduce
D\« _ » m/2 R
Woo(f)“ =" lim R™2F, =" Zed).
lezm

The series on the right-hand-side is a.s. divergent but we can still assign a meaning to W, as a
random generalized function, i.e., a random linear functional

Co(T™) = R, Woolf) = > Zi{( f.ex(0))
lezm

L2(’]I‘m)'

A simple computation shows that for any functions f, f1 € C°°(T™)

Cov [Woo(fo)’ Weo(f1) ] = Z ( fo, eE)L2(1rm,gl) ( fr, eZ)L2(Tm,gl) = ( fos fu )LQ('H‘m,gl)'
Lezm
The last equality shows that W, is the Gaussian white noise on T"* driven by the volume measure
voly,; see [13]. In other words, one could think of the family (W = R™/2FR) R0 @ @ white
noise approximation. More precisely, W[ = a( R™IWA )WOO. Note thatif a(x) = e t=R2,
then a( R~'V/A) = ¢4, the heat operator.

The main goal of this paper is to investigate the distribution of the critical points of F* in the
white noise limit, R — oo.
With this in mind, we consider the rescaled function

of(z) :=Ff(x/R) =R a(|2nl|/R) Z~e2’”<“3 ‘@),

lezm
We denote by K2 the covariance kernel of ®%. Then K¥(x,y) = KE(x — y), where
KRz Y K (Ri-2)= Y Ki(t-=) (13)
kezm te(RZ)™

Since K, is a Schwartz function we deduce that

lim K=K, inCF(R™),Vk e N. (1.4)
R oo
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The function K ,(x —y) is the covariance kernel of an isotropic Gaussian function ®,. The equality
(1.4) suggests that I approximates ®, for R >> 0.

Suppose that G : R™ — R is a Gaussian C?-function such that VG(z) is a nondegenerate
Gaussian vector for any € R™. Then G is a.s. Morse (see Corollary 2.4). Define

- >

VG(x)=
This is a locally finite random measure on R™ in the sense of [8] or [17]. Thus, for every Borel
subset S C R™, €[S, G] is the number of critical points of G in S. More generally, for any
measurable function ¢ : R — [0, c0), we set

¢lo, G = /R @)l Gl= Y (@) e 0,00

VG(x)=0

Clearly, VF[ (y) = 0iff V&£ (Ry) = 0o, forany box B = [a,b]™ C R™, andany f € CQ  (R™),
we have
C[B, &7 ] =C[RB,F], €[[,F] =C[[r, &;]
where fr(xz) = f(R'z).
In [19, 23] it is shown that the random function ®, is a.s. Morse and there exists an explicit
positive constant Cy,,(a) that depends only on a and m such that for any box B C R™ and any
f € CO(R™) we have

E[@[Bcb]] Crm )vol[B], (1.52)
E[€[f, @ / fla (1.5b)

where A denotes the Lebesgue measure on R™.
Set Cy := [0, 1]™. In [19] the second author proved that there exists a constant C(m) > 0 such
that
lim R~ Var [€[Cy, FF]] = C),(a). (1.6)

R—o0
The proof of (1.6) in [19] is very laborious and computationally intensive.
The first result of this paper is a functional version of (1.6). We achieve this using a less compu-
tational, more robust and more conceptual technique. One consequence of this asymptotic estimate

functional strong law of large numbers concerning the random measures €[—, ] N € N. Letus
provide some more details.
First some notation. Denote by | — | the Euclidean norm on R™ and by | — |~ the sup-norm on

R"™. For xg € R™ and r > 0 we set
Bu(wo) = {x €R™; |2| <1}, BX(w)={z €R™; |alo <r}.
Clearly B, (xg) C B2°(x0).
The function F? is Z™-periodic and for » € (0,1/2) the ball BX°(0) is contained in the interior
of a fundamental domain of the Z™-action since | — Y|oo < 2r < land |[{|c > 1,V € Z™ \ 0.

This reflects the fact that the injectivity radius of the flat torus T™ = R™/Z™ is < $ so B,(0) can
be viewed as a geodesic ball. We can now state the main technical result of this paper.

Theorem 1.1. Fix an amplitude a, a positive integer m € N, a radius o € (0,1/2) and a nonneg-
ative function f : R™ — R with support contained in By, (0). Then the following hold.

1)
A%R—mE[e[f, FR] =E[€[f,®d]] = Cm(a) [ f(x)A[dz]. (1.7)

RrRm
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(ii) There exists a constant V,,,(a) > 0 that depends only on m and a such that
lim R~ Var [€[f,Fl]] = Viu(a) [ f(z)*dz. (1.8)
R—o0 R™

If we consider the normalized random measures

_ 1
Cr = Rme[f,Ff], R>0

then we deduce that for any nonnegative f € CO,((R™), supp f € By, (0), we have

Jim E[&g[f]] :Cm(a)/m f@)A[dx], (1.9)
and
Var [€g[f]] ~VR™ as R — oc. (1.10)

Using finite partitions of unity we deduce from (1.10) that for any nonnegative f with compact
support

Var [€g[f]] =O(R™™) as R — oco.

1
ZW<OO

NeN

If m > 2, then

Borel-Cantelli and (1.10) imply that for any nonnegative f € C’gpt (R™) we have

lim €x[f] = Cpn(a) f(x)A[dz] as.andin L2 (1.11)
N—oo R™

Thus, in the white noise limit (R — o0), the critical points of Ff will equidistribute with prob-
ability 1. In the case m = 1, this law of large numbers is proved in the recent work of L. Gass [11,
Thm. 1.6].

To put (1.11) in its proper context we need to recall a few facts about the convergence of random
measures. For proofs and details we refer to [8, Chap. 11] and [17, Chap. 4].

We denote by Prob(R™) the space of Borel probability measures on R, by Meas(R™) the
space of finite probability measures on R and by Measj,.(R™) the space of locally finite Borel
measures on R™, i.e., Borel measures y such that p [ S ] < oo for any bounded Borel set S C R™.
Any such set S defines an additive map

Lg : Measioe(R™) = R, Measioc(R™) > p+— Lg(p) = p[S] €R.

The vague topology on the space Meas,.(R™) is the smallest topology such that all the maps Lg,

S bounded Borel, are continuous. The space Meas),.(R"™) equipped with the vague topology is a

Polish space, i.e., it is separable and the topology is induced by a complete (Prokhorov-like) metric.
A random locally finite measure on R is a measurable map

m : (Q,S,]P’) — Measioc (Rm),

where (Q,S,IP’) is a probability space. Its distribution is a Borel probability measure Pgy on
Measjoc (]Rm ) It’s mean intensity is the measure 9t on R™

M[S] = E[9M[S] ]

for any Borel subset S C R™. We say that 27 is locally integrable if its mean intensity is locally
finite.
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A sequence of random measures Iy : ( Q,8, IP’) — Measoc (Rm ) is said to converge vaguely
a.s. to the random measure 9 if

P{{w; My (w) — M(w) vaguely in Measoe(R™) }] =1.

One can show that the following statements are equivalent
o My — M vaguely as..
o My [S] — M[S], a.s., for any bounded Borel S C R™.
o My[f] = M[f], as.,Vf € Cgpt(Rm).
Similarly we say that 9y — 991 vaguely L? if the following equivalent conditions hold.

o My[S] — M[S], LP, for any bounded Borel S C R™.
o My [f] = M[f], LP, Vf € CG, (R™).

We can rephrase the equality (1.11) as a law as large numbers.

Corollary 1.2 (Strong Law of Large Numbers). Suppose that m > 2. In white noise limit (N — 00)
the random measures N—lme[ —, FN ] converge vaguely a.s. and L? to the deterministic measure
Cm(a)A. In particular, for any bounded Borel subset S C R we have

. 1
Jim e[S, EN] = Cm(a)A[S]

a.s. and L2. O

In [20] the second author proved that in white noise limit the random measures € [ -, FCfV ] also
satisfy a Central Limit Theorem. More precisely, for any r € (0,1)

1
o7z (1B B~ E[elB3, F] )
converges in distribution to a centered normal random variable with nonzero variance.

The random functions F¥ are stationary and so the random measures ¢ [ — FN ] are stationary
as well, i.e., their distributions are invariant with respect to the natural action of R by translations
on Measj,. (R™).

As discussed in [8, Chap.12] or [17, Chap.5], every stationary random locally finite measure
M on R™ with locally finite mean intensity has an asymptotic intensity M. This is an integrable
random variable 901 € L'( Measioo(R™), Poy ) with an ergodic meaning, [8, Sec. 12.2] or [17, Sec.
5.4]. More precisely, for any compact convex subset C' C R containing the origin in its interior
we have

= 1
M= lim ————IM[NC|] a.s.and L .
N—oo vol [N C ]
The random measure 9t = €[—, O] is stationary and the results of [23] show that the asymptotic
intensity of €[—, ®,] is the constant €5, = Cy,(a). We set
Bgr :=[-R,R]™ = B (0).

For fixed R € N, the random function @f is (RZ )m-periodic and we deduce that for any N € N
we have

¢[NBg, ®)°] = N™¢[N Bg, 1.
Hence
. 1 ~
C[Br. 8] = lim €[N Bp, &f] = €y vol [ Br],
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where /qu,éa denotes the asymptotic intensity of the stationary random measure ¢[—, ®]. Hence

Con = RiquR,@f].
Corollary 1.2 shows that
N%)ii)noo Q:q)é\ro = Q:q>u = Cm(a),
a.s. and L2.

To prove Theorem 1.1 we relate the critical points of F* to the critical points of ®%. The
advantage is that ®% converges in distribution to the smooth isotropic function ®,. To get a handle
on the variance we express it as in integral over (R x R™) \ A where A is the diagonal. To
deal with integrability far away from the diagonal we rely on the estimates in Lemma 3.1 that,
roughly speaking, states that as R — oo the covariance kernel K, of ®, approximates well the
covariance kernel K2 of ®% over a large ball, of radius ~ R/2. To deal with local integrability
near the diagonal we rely on the strategy of [2, 6]. The tricky part is proving estimates uniform in
R. Appendix B justifies why this is possible.

Let us say a few things about the organization of the paper. In Section 2 we survey a few facts
about Gaussian measures and Gaussian random fields and the Kac-Rice formula. Theorem 1.1 is
proved in Section 3. We have subdivided this section into several subsections corresponding to the
conceptually different steps in proof of Theorem 1.1.

The paper also includes two technical appendices. Appendix A describes several general con-
ditions guaranteeing various forms of ampleness (nondegeneracy) of Gaussian fields. To the best
of our knowledge these seem to be new and we believe they will find many other applications.
Appendix B contains explicit upper bounds for the variance of the number of zeros of a C? Gauss-
ian field F in a given region R in terms of C* norms of its covariance kernel of I and the size
of R. The finiteness of the variance is ultimately due to Fernique’s inequality [10] guaranteeing
that E[ || F||,, ] < oo forall p € [1,00). The fact that these LP-norms can be controlled by the
covariance kernel of F' follows from a result of Nazarov and Sodin [18].

2. BASIC GAUSSIAN CONCEPTS AND THE KAC-RICE FORMULA

Let first recall a few things about Gaussian vectors. For details and proofs we refer to [24].

Suppose that X is a finite dimensional real Euclidean space with inner product (—, —). An X-
valued Gaussian vector is a measurable map X : (Q,S,IP’) — X such that, for any £ € X,
the random variable (&, X ) is Gaussian. Above and in the sequel (2,8, ) denotes a probability
space. The Gaussian vector X is called centered if (&, X ) has mean zero, V¢ € X.

If X is a centered Gaussian random vector valued in the finite dimensional Euclidean space X,
then its distribution is uniquely determined by its variance. This is the symmetric nonnegative
operator Var [X ] : X — X uniquely determined by the equality

E[ef6X)] = 3 (VarlXled) e ¢ X
The Gaussian vector X is called nondegenerate if Var [X } is nonsingular.
Suppose that X7, X, are centered Gaussian vectors valued in the Euclidean spaces X and re-
spectively X . If X1, X are jointly Gaussian, i.e., X1 & Xs is also Gaussian, then the variance of
X1 @ X3 has the block decomposition

Var[Xl] COV[Xl,XQ]

Var [ X; ® X2 | = Cov [ X2, X3 Var [ X; ]
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where the covariance Cov [X 1 Xg] is a linear map X9 — X; and
Cov [ X1, X, | = Cov [ X1, X2 ]".

If X1, X5 are jointly Gaussian and X is nondegenerate, then E [ Xo || X3 } the conditional expec-
tation of X, given X1, is an explicit linear function of X;. Moreover, for any continuous function
f : Xo — R with at most polynomial growth at co we have the regression formula (see [4, Prop.
12] or [11, Sec. 2.3.2])

E[£(X2)| X1 =0] =E[£(2)]
where Z = X9 — E [ Xo || X1 ] is a centered Gaussian vector with variance
Ax,x, = Var [ Xa] — Cov [ Xp, X1] Var[X1] ™' Cov [ X1, X2 ]. 2.1)

Suppose that U and V are finite dimensional real Euclidean spaces and ¥ C V is an open set.
For amap F € C*(¥,U) we denote by F(¥)(v) the k-order differential of F at v. It is an element
of the vector space Sym;, ( V.U ) consisting of symmetric k-linear maps

Vx---xV—=U.
k

The k-th jet of F'at v € ¥ is the vector
JeF(v) = F(v)® F'(v)®--- & FV)(v).
The Jacobian of F atv € ¥ is

Tp(v) = \/det (F/(u(F'(v)" )
When U =V we have
Jr(v) = } det F'(v) ‘
A U-valued random field on ¥ is a family of random variables
Fu): (,8,P) »U, Q3w F,(v)eU, veV.
We will work with measurable random fields , i.e., random fields F' such that the the map
Ax YV -U, (w,v)+— F,(v)

is measurable with respect to the product sigma-algebra on 2 x #". The maps F,, : ¥ — U are
called the sample maps of the random field F'. The random field is called C* if all its sample maps
belong to C*(7,U).

The random field is called Gaussian if, for any n € N, and any vq,...,v, € ¥, the random
vector

(F(v1),...,F(v,)) eU"

is Gaussian. In the sequel we will work exclusively with centered Gaussian fields, i.e., F'(v) is
centered, Vv € 7.
If F:Q x ¥ — U, the the covariance kernel of F' is the map

JCF 1Y X V—>End(U), JCF<’01,’U()) = Cov [F(’Ul),F’Uo)]

Work going back to Kolmogorov shows that if the covariance kernel of F' is sufficiently regular, then
so is F'. More precisely, we will need the following more precise result, [18, Appendices A.9-A.11].
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Theorem 2.1. Fix ¢ € Nyand o € (0,1). Suppose thatV is an open subset of R"™ and X : OxV — R
is a centered Gaussian function with covariance kernel X x.. Assume that K € C%¢+2 ( V x V). Then

X admits a C““-modification. Moreover, for every box B C V and every p > 1 there exists a con-
stant C, = C(B,V, !, o) such that

E[|X]| < O Kx || P (2.2)

p
cto(B) ] C2042(Bx B)’

where C* denotes the spaces of functions that are k times differentiable and the k-th differential
is Holder continuous with exponent a. O

Suppose that F' : Q x ¥ — U is a C* Gaussian field. F is said to be ample if for any v € ¥
the Gaussian vector F'(v) is nondegenerate. More generally, if n is a positive integer, then we
say that F' is n-ample if, for any pairwise distinct points v1,...,v, € ¥, the Gaussian vector
F(vy) @ -+ @ F(vy,) is nondegenerate. Let 0 < k < ¢. We say that F' is Jy-ample if, for any
v € ¥, the k-th jet J,F'(v) is a nondegenerate Gaussian vector.

We have the following result. For a proof we refer to [1, Lemma 11.2.10] or [3, Sec. 4].

Lemma 2.2 (Bulinskaya). Suppose now that dimU = dimV = mand FF : Q xV — V is
an ample C', Gaussian random field. Then, if K C ¥ is a compact set of Hausdorff dimension
<m — 1, then F~1(0) N K = () a.s.. Moreover

P[{F(v)=0, Jp(v)=0}] =0
g

The Kac-Rice formula plays a central role in this paper. We state below one version of this
formula. For a proof we refer to [3] or [4, Thm.6.2].

Theorem 2.3 (Local Kac-Rice formula). Suppose that F : Q x V — U is an ample C*, Gaussian
random field, m = dim V' = dimU. Denote by pr . the probability density of the nondegenerate
Gaussian vector F(v). For any box B C ¥V and any nonnegative continuous function w € C(B)
we set

Zp(w, F) = Z w(v) € [0, c0].

F(v)=0,
veEB

In particular Z(B, F) := Zg(1, F) is the number of zeros of F in B. Then Zg (¢, F), is measur-
able, a.s. finite and

E[Zp(w, F) ] :/ w(v)prr(v)dv (2.3)
B
where pg R is the Kac-Rice density
pKR(U) ZZE[JF(U)‘F(U) = 0]pp(v)(0). (2.4)
d

Corollary 2.4. Let V C R™ an open set. Suppose that ® : V — R a Gaussian random function that
is a.s. C2 and such that the Gaussian vector V®(v) is nondegenerate for any v € V. We denote by
DPva(v) is probability density. The following hold.
(1) The random function ® is a.s. Morse
(i) We set
-, 0= ) 4 (2.5)

VEF(v)=0
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Then €[—, ®| is a random locally finite measure on V" in the sense of [8] or [17]. For any
nonnegative measurable function ¢ : V' — [0, 00) we set

ool = [ewednal = Y o).
Vo (v)=0

(iii) For any box B C ¥, the function ® a.s. has no critical points on 0B and

E[¢®Ipy]] = / E[|det Hessg (v)| | VO (v) = 0 ]pya)(0)¢(v)dv. (2.6)
B
The quantity
po :=E[|det Hessg (v)| | VO (v) = 0] py ) (0) .7
is called the Kac-Rice (or KR) density of ®. O

We conclude this section with a technical result that will be used several times in the proof of
Theorem 1.1.

Suppose that V' is an m-dimensional real Euclidean space with inner product (—, —). Denote
by S1(V') the unit sphere in V', by Sym(V) the space of symmetric operators V' — V/, and by
Sym- (V) C Sym(V') the cone of nonnegative ones. For A € Sym-. (V') we denote by I' 4 the
centered Gaussian measure on V' with variance A. B

The space Sym (V') is equipped with an inner product

(A,B) =tr(AB), VA, B € Sym(V).

op
We denote by || — ||op the associated norm.

We have a natural map Sym (V') — Symy(V), A AY2. We will have the following
result, [14, Prop.2.1].

Proposition 2.5. For any > 0 and VA, B € Sym((V'), such that AY2 4 BY2 > ;i1 we have

1/2

1/2  npl/2 _
NHA B HopS HA BHop ’

(2.8)
O

Lemma 2.6. Fix Ay € Sym (V') such that A(l)/2 > wol, po > 0. Suppose that f : V — Risa
locally Lipschitz function that is homogeneous of degree k > 1. For A € Sym (V') we set

Ja(f) = /Vf('v)I‘A[d'v].
Then for and R > || Ag||op there exists a constant C' = C(f, R, o) > 0 with the following property:
forany A € Sym (V) such that ||, Allop < R
[ Ta0(£) = Ja(f)| < ClIA = Aol < C(k, R)[| A — Ao} (2.9)

In other words, A +— J(f) is locally Holder continuous with exponent 1/2 in the open set
Sym. ( \ %4 )

Proof. The function f is Lipschitz on the ball
Br(V):={veV;|v| <R},
so there exists L = L(R) > 0 such that
[f(u) = f(v)| < Lllu—v|, Yu,v € B(V). (2.10)
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Note that
JA<f>=/ F(APo)Ty [dv],
SO
9000 =940 < [ |7(4720) = 5(4}%) | T3 0]
__ 1 X k1,12 2.\ g al/2
= e ([ e ) [ 5(a0) < 5 (4)7) [l [av]
Con ke

(Qio) Co L 12 41/2 @8 1/2
= m,k (R) $1 (V) ”A _AO HOPVOISl(V) [dv] < C(k7R7:u0)HA_A0Hop :
1

3. PROOF OF THEOREM 1.1
We split the proof of Theorem 1.1 into several conceptually distinct parts.
3.1. The key estimate. The following technical result will play a key role.

Lemma 3.1. Fixro € (0,1) and abox B = B;? 4(0) = [—70/2,70/2]™. Then the following hold.

(i) For any ¢ € Ny and any p > m there exists C = C(p,m,,a) > 0, independent of R,
such that, VR > 2
1K = Kallogpp < CRT

(ii) For any £ € Ny and any p > m there exists C’ = C(p,m,{,a) > 0, independent of R,
such that, VR > 2,Vx,y € RB

‘ C
- (1+\cc—y]oo)p'

‘DZKR (x—y

Proof. (i) Denote by TREK o the translate

ToiKa(x) == K(z — RE).

We have

K@) - Ka(z)= > TyKa(z

kezm\0
Now observe that VR > 0, V& € RB, and any k € Z™ \ 0 we have
|z~ Rk| = N|k|, 2], 2 R([k], —ro/2)-
Since K, and all its derivatives are Schwartz functions we deduce that for any p > m, and any
kEeZ™\0
| TpiKa HCE <C(p,m€aRp(}k‘ —ro/2) ",

The last expression is well defined since r < 1 < ‘ k }OO for any kezm \ 0. Hence

| K&~ Ka HCZ(NB < C(p,m,l,a)R7P Z (] E‘oo —10/2)""
kezm\0
The above series is convergent since p > m.

(ii) Note that V,y € RB we have } r—y ‘oo < Rrg. Set z := x — y. We discuss only the case
¢ = 0. The general case can be reduced to this case by taking partial derivatives.
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Using (i) we deduce that

C =sup sup ‘Kf(z)‘ < 00

R || <ro

and thus, VR > 2, V‘ z ’OO <70,

C(1+r)"
KBz)| < —— 0
N e

Assume now that ‘ z ]OO > r9. We have

KP(z)=Ki(z)+ Y TzKa(z
Eezm\0
and thus,
KA | < Ka(a) |+ 3 [ Tek(2) |
kezm\0
Since K 4(x) is Schwartz we deduce that there exists a constant C' = C(p, a) such that

Cp
+C’Z
CEES AR ALY

We have ] z ‘OO < Rrg and

]zZE‘OOZ}z]OO<R‘E‘O°1> Z;Zyoo(;o\;zyooq.

Thus

1 _ 1, - -p
2 ey sl X (Gl

Eezm\0 (1 + ‘ Z kezm\0

<0

3.2. Anintegral formula. Set B = Bro/z( ), fr(x) = f(x/R)

ZB(f] = ¢[f, F] = ¢[fr, ], Z[f] = €[f, D).

Denote by pf the Kac-Rice density of <I>aR and by p, the Kac-Rice density of ®,; see (2.7). Since
both (I)f and @, are stationary random functions we deduce that both pf‘ and p, are constant func-
tions. We set and Cy,(a) := pq(0). For an explicit description of C,,(a) we refer to [23] .

The covariance functions K ¥(z) and K (z) are even so the odd order derivatives of these func-
tions vanish at 0. This implies that the Gaussian vectors Hessgz(0) and V®£E(0) are independent.
A similar phenomenon is true for ®,. Thus, the conditional expectations in (2.7) are usual expecta-
tions. Using Lemma 2.6 and Lemma 3.1(i) we deduce that for any x € R™

sup | pg () — pa(@) | = | pi'(0) = pa(0) | = O(R™>), 3.1)
xcRB
where O(N~°°) is short-hand for O(N~P), Vp > 0. We deduce that

R (E[Z0)] ~E[ZU01]) = B [ fal@)(of1(0) = po0) )



A LAW OF LARGE NUMBERS 13

= | @) (60 = pu(0))ty = O(R).
On the other hand

E[Z1)] = Cnla) [ J(a)da.
We need to introduce some notation. Set

o OX = By,
e For any R € (0, c0] we define
dF P :R™ x R™ — R,
(@, y) = 2(2) + 2(y), B(z,y) = Pa(x) + Lu(y),
el .= C[—,(I)f], Hpg(z,y) := Hessgr(x,y), Hgr(x):= Hessq)glz(m).
e Choose an independent copy Wi of ®% and for R € (0, oo] set
(@, y) == 2/ (2) + V(y), Hr(e,y) = Hessze(z,y),

¢k = ¢[—, oM.
e For R € (0, 00) define

AR X R™ 5 R, fR(z,y) = fr(x)fr(y)

and set || fI| == || fllco@m)-
e Set
X=R"xR"\ A= {(a:,y) e R™ x R™,; a:;éy}
Observe that the random function on E)R(w, y) is stationary with respect to the action of R?>™ on

itself by translations.
We have

CR[Ixf5?) = > fr(x) frly) = Z2[f)? — Z7[f2.
w>§(w>=§<1>?<y>=o,
TFY

Bulinskaya’s lemma implies that
P[3z: V@4(x)=V¥(z)=0]=0
and we deduce
CRIxf52) = > fr(z)fr(Y)

Ve (x)=V(y)=0,
T£Y

= > fr(@) fry) = C[f, @F] e[, ¥]], as..
Vol (x)=VIE(y)=0
Hence
E[¢[f, ®Flelf, vE)] = E[e[f,oF]] - E[¢[f, vl]] = E[e[f, oF] ]
so that
E[SRIxf5]] - E[CP[Ixf5%] = E[ 2B (2] - E[ ZF[f)])° ~E[ 27[f?)]

g

=Var [ZR[f]]

We have seen that
lim RT™E[Z[f%]] = Cm(a) [ f*(z)dz

R—o0 Rm
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so we have to show that

I(R) :=E[CR[Ixf5H] —E[CRIxf5H] ~ Zm(@)R™ | f*(z)dx asR— o0  (3.2)
R™
for some constant Z,,,(a) € R that depends only on m and a.

According to Corollary A.12, there exists Ry > 0 such that for R > Ry, the gradient V@f is
2-ample and @ is Ji-ample so, for R > Ry the gradient V@R(:c, y) is nondegenerate for any
x # y and the random vector ( Pl(x), V@f) is nondegenerate for any € R™. As shown in [23]
this is true also for R = oo, where we recall that ®3° = ®,.

We can apply the Kac-Rice formula and we deduce that for any R > Ry we have

[QR[ mH
:/RMXRm\AEUdetﬁR(x,y)\]vaR(m,y)zo}prwy( ) 122 (2, y)A[dady ). (33)
=pr(z,y)

The gradient V(ER(:B, y) is nondegenerate for any «, y and invoking Kac-Rice again we obtain

[Q:R[ IZIQH
-/ E[|det Hr(@,y)| [VE(@,y) = 0 pogagey () (@, y)A [ dady]. G4
R™ xR™\A
=pr(x,y)

The function pr(x,y) is independent of x, y since the random function LT stationary. Thus

I(R) = /35 (ﬁR(w,y) — pr(z,vy) )fR(a:)fR(y))\[dazdy]
(3.5)
N /wl, ly|<Rro/2, (Pr(z,y) — pr(z,y) ) fr(2) fR(Y)A[ dedy |.
TF#Y

Let us observe that for any @ # y we have
Rhm (b\R(w7 y) - ﬁR(w7 y) ) - (ﬁoo(a:, y) - :500(:37 y) )
— 00

Moreover

R—o0
uniformly on compacts.

3.3. Off-diagonal behavior. Note that

~ Var | Hr(x 0
Var [ Hg(z,y) | = [ : ()R( ) Var [ Hr(y) |

For every z € R™ we set

Tr(z) :== Z ‘8°‘Kf(z) .

Jo| <4
Lemma 3.1(ii) shows that for every p > 0 there exists C;, = Cp(a,m,r) > 0 such that, VR,
V{ z ‘Oo < Nr
VN, V|z|_ < Rro, Tr(z) <Cp(1+|2z]| )" (3.6)
We want to emphasize that C), is independent of R.
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Observe next that

~ [ Var [ VOl (x) 0
v = | IO G cag |
is independent of = and y.
N Var [ VOl (x) ] Cov [VOE(z), VL (y) ]
Var [V@R(az,y)] = ]
Cov [VOE(y), VOLl(x)] Var [ VOl (y) |
N 0 Cov [VOE(xz), VoL (y)]
= Var [ VoF(z,y)] + { ]
Cov [V@f(y), V@f(m)] 0
=:¢8(x,y)

Hence
| Var [V&H(z,y) ] — Var [V (@, y) ] ||, = IE€(@,¥)lop = O(Tr(z —y)), (BT

where || — ||op denotes the operator norm. Above and in the sequel, the constant implied by the
Landau symbol O is independent of R as long as ,y € RB. In particular

Var [V@R(w,y)]fl = ( Var [V@R(m,y)] + Sg(w,y) >_1 (3.8)
= (14 Var [V8R(ay) ] eB(ay) ) Var [VE(a.y)] "

As shown in [23], there exists an explicit positive constant d,,, such that
Var [V@a(a})] =dnly,, V.
Then Var [ VO£ (x) | = Var [ VOE(0) |, V& € R™ and
Var [VOF(0) ] = dp 1y + O(R™).

The variance Var [V@R(m, y) | is independent of « and y and

Var [VOF(z,y)] = Var [VOLE(0)] @ Var [VOE(0)] = dplom + O(R™). (3.9
From (3.8) and (3.9) we conclude that there exists Cy > 0, independent of R > Ry, such that

| Var [ V(. 5) ] €8, 9)lop < 5, Va.y € BB, |2~ yla > Co,
and thus
| Var [V8R(z,y)] " — Var [VER(z,9)] |, 510)
=O(Tr(x—1y)), Va,y € RB, |z —y|sx > Co.
Note that since ®Z is stationary, Var [f[ r(z,y) ] is independent of x and y.

R Var [ Hp(x) ] Cov [Hp(z), Hr(y) |
Var [ Hp(z,y) | =

Cov [ Hr(y), Hr(z)] Var [ Hr(y) |
0 Cov [HR(ZB),HR(U)] }

= Var [.FNIR(a:,y)} + [
Cov [HR(y),HR(m)] 0
=gl

(z,y)
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We deduce
| Var [ﬁIR(:c,y)] — Var [ﬁR(w,y)] Hop = [|E& (2, Y)||lop = O(Tr(z—1y)). (3.11)
We denote by Hp(x, y)” the Gaussian random matrix
Hp(x,y)’ = Hr(,y) — E[ Hr(z,y) || V(2 y)].
We define H r(x,y)’ similarly
Hp(x,y)" = Hr(,y) - E[ Hr(x,y) | VT (z,y)].
The distributions of Hg(x,y)” and Hg(x,y)’ are determined by the Gaussian regression formula

(2.1). We have

Cov [ Hr(z,y), V&' (z,y)] =

Cov [ H(x), VoL ()] Cov|[Hg(x), VOL(y)] ]

Cov [Hg(y),VON(x)] Cov[Hg(y), VO (y)]

Cov [ Hg(0), V®E(0)]  Cov [ Hg(x), VOL(y)] ]

Cov [Hg(y), VoL (x)] Cov[Hg(0),V@L(0)]

The covariance Cov [ Hg(0), V@£(0) ] involves only third order partial derivatives of K2 at 0,
and these are all trivial since K X is an even function. Hence

R R 0 Cov [Hg(x), VOl (y)]
Cov [HR(mv y)a V(I)R(m? y) ] =
Cov [ Hr(y), VOl(x)] 0
Similarly
B B Cov [ Hg(z), VO£ (z)] 0
Cov [HR(ac, Y), V@R(w,y)} = =0.
0 Cov [Hg(y), VOLi(y)]

Lemma 3.1(i1) implies that
H Cov [.FNIR(:c,y), V&)R(m,y)] Hop =O(Tr(z—y)),
H Cov [ﬁR(mvy)a VE)R(m>y)] Hop = O(TR(w - y) )

Since Var [V:ISN (z,y) } and we deduce from the regression formula (2.1) that
Var [ﬁR(JZ, y) ] = Var [ﬁR(w7 y)b] + O(TR(Q'J - y) )7

Var [ﬁR(w,y)] = Var [ﬁR(w,y)b] +O(Tr(z —y)).
The regression formula (2.1) shows that

Var [ﬁR(m,y)b] = Var [ﬁR(%y)}
~ Cov [ Hr(w.y), V8" (z,y)] Var [V8"(z,y)] " Cov V& (. y). Hz(x.y)].
= Var [ﬁR(m,y)b] —l—O(TR(m—y))
— Cov [ Hp(x,y), VO~ (z,y) ] Var [ VO (2, y)] ™" Cov [ VO (2, y), B (x,y)].
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Since Cov [.FAIR(az, Y), V(/I\)R(a?, Y) ] = O( Tr(x—1y) ) we deduce from (3.9) and (3.10) that there
exists C'1 > 0, independent of R > Ry, such that

Cov [ Hp(z,y), VO~ (2,y)] Var [V (z,y) ]~ Cov [VOl(x,y), Hp(z,y)]
= O(TR(xvy) )7 vwvy € RBv ’SE - y‘oo > 017
and thus

H Var [ﬁR(m,y)b] — Var [fIR(az,y)b] Hop
=O(Tr(x—y)), Vo,y € RB, |z — Y| > Cy = max(Cy, C1).

Since Var [ Hg(x,y) | = Var [ Hg(0) | @ Var [ Hg(0) | we deduce from Lemma 3.1(i) that there
exists po > 0 such that

Var [ Hp(2,y)"] > pol, VR > Ro.

Note also that (3.7) implies that there exists C's > 0, independent of R > Ry, such that

sup || Var [ Hr(z,y)" ][lop = O(1).

x,ycRB
|z—y|oo>Cs3
Lemma 2.6 implies that
| E[| det Ar(@,y)|] — E[|det Hp(z,9)'| ]| = O(Ta(z —9)"?).  G.12)

Using (3.10) we deduce that there exists Cy > 0, independent of R > Ry, such that

’pvfﬁR(m’y) (0) — PY3r(z,y) (0) ‘
1 B -1 B -1 3.13
:7‘detVar[V® (w,y)]  —detVar [V (z,y) ] ’ (3.13)
(27T)m/2
= O(TR<w - y))v nyy € RBv ‘x - y|oo > C’4-
We can now estimate the right-hand-side of (3.5). For any =,y € RB

O(Tr(x —1y)) (?;6)0(‘:13—y|;op/2), Vp > 0.

Using (3.10), (3.11), (3.12) and (3.13) that we conclude that there exists C5 > 1, independent of
R > Ry such that, for any p > m,

Va,y € RB, |~ ylo > Cs, | pr(@,y) — pr(@,y) = O(|z -y 7*). (14

=ApRr (:l:vy)

Since the random function ®X is stationary, we deduce that for any x, y, z € R™ such that  # y
we have

AR($ +z,y+ Z) = AR(%, y)

so pr(x,y), pr(x,y) and Ag(x,y) depend only on y — «.



18 QIANGANG “BRANDON” FU AND LIVIU I. NICOLAESCU

3.4. Conclusion. Assume now thatx,y € RB and |x—y|- < Cs. Denote by X the radial-blowup
of R™ x R™ along the diagonal. It is diffeomorphic to the product R™ x S™~! x [0, 00).
Choose new orthogonal coordinates (£, 7) given by

1 1
=z +uy, n:w—y@wzi(@rn), y:§(§—n)

then
x —yl=1nl, dedy=27""d¢dn.
Note that if , y € supp fr, then |z|, |y| < Rro/2 and thus

1
z,y €supp fr = [&|, Il < 5(I€+nl+ | —nl) = 2|+ |yl < Bro. (.15

The natural projection 7 : X — R™ x R™ can given the explicit description
R™ x S™71 % [0,00) 3 (€,v,7) = (&1) = (§,rv) € R™ x R™,
Set for R € (Ry, oo] we set
wr(@,y) = |z — y|" *pr(z.y).
Lemma 3.1(i) implies that for any C' > 0

sup  sup | Ko sy < o0
RG(Ro,OO}

We deduce from Proposition B.2 and Lemma B.1 that

sup sup ‘wR(m,y) ‘ < 00. (3.16)
Re(Rp,0] =,y<ERB
0<|z—y|<C5

It is easy to see that pr o w admits a continuous extension to the blow-up. Using (3.14) and (3.16)
we deduce that for any p > 0 there exists a constant K, > 0, independent of 12, such that
& =y Ar(@,y) | < Kp(1+ |z —y|) """, Va,y € RB (3.17)
Set
5R(£7 7]) = AR( W(é? 7]) )
Since Ag(x,y) depends only on y — x we deduce that 0 (&, n) is independent of £&. We have

— X2 _ X2
I(R) —/%AR(:B,y)fR (ffc,y)dacdy—/ml,y?m/2 Ar(z,y)fr"(x,y)dxdy
xAy

(3.15) 22% / |<Fro, r™1op(€ v )fR< §t+rv )fR< §-rv )dr volgm—1[dv]|d¢

2 2
lv|=1,r€(0,Rro)
(€ = 2R(, 6r(&,rv) = 6r(0, 1))

_ pm —-m m—1 Z _Z _
=R /|<|< 2 vt 7 63(0,7’1/)]‘((—1- 2R)f(< 2R)drv015m 1[dv] | dC.
re(0,Rro)
::?]r(R)

Note that
6r(0,7v) = pr(rv /2, —1v/2) — pR(rv/2, —1V/2)
and for r > 0, |[v| = 1 fixed

P}im 6r(0,71) = 050 (0,7) = Poc(rv/2, =11 /2) — poc(rv/2, =11 /2).
—00
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We deduce from (3.15) and (3.16) that for any p > 0 there exists &, > 0 such that for any R > Ry
,1¢] < ro/2, |v] = 1and r < Rrg we have

" or(0,mv) f(C+ 52 ) F(C = 52 ) | S BllfIR (L) T

For p > m we have

/|<< P (/(0 g (1+r)_p+m_1drvolsm_1 [du) d¢ < o0.
<ro ,00) X.S™M—

The dominated convergence theorem implies that J(R) has a finite limit as R — oo. More precisely

lim J(R) = 2 M (/ rm—léoo(o,w)drvolsm_l[du}> f(&)2dc.
¢l<ro/2 =

R—o00
r>0

=:Zm(a)

This concludes the proof of Theorem 1.1.

APPENDIX A. SOME ABSTRACT AMPLENESS CRITERIA
We begin we an abstract result that will be our main tool for detecting ample Gaussian fields.

Proposition A.1. Let X be a separable Banach space with norm || — ||. Let (xy,)n>0 be a sequence
in X and (cn)n>0 a sequence of positive real numbers such that

chHan < 0.
n>1
Denote by Y the closure of the span of (Ty)n>1. Let (Ay)n>1 be a sequence of independent stan-
dard normal random variables defined on the probability space (2, 8,P). Then the following hold.
(1) There exists a negligible subset N € S such that the series
Z Ap(w)enzy
n>1

converges in X to an element in'Y for any w € Q \ N.
(ii) The map S : Q2 — 'Y defined by

S(w) = | Znz1 An(@)entn, @ € QAN
0, weN
is Borel measurable and the push-forward I's := S4IP is a nondegenerate Gaussian mea-

sureonY .
(iii) For any nonempty open subset O C'Y, IP’[S € O] > 0.

Proof. (i) We will show that the random scalar series

Z | Anlenl|zn |

n

is a.s. convergent. According to Kolmogorov’s two-series theorem this happens if the positive
random variables X,, = |A,| - ¢, ||zy ]| satisfy

d E[Xn] <oo and Y E[X]] < oo

n>1 n>1
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Now observe that
2

1 e 2
= )— -z /2 e —_
E[|A4n|] 2\/§/0 xe dz -
2
ZE[Xn] = \/;chHan < o0

n>1 n>1
and
ZE[X%] = ZCZHanQ < 0.
n>1 n>1

(ii) Define S, : 2 = Y

Sn(w) _ 22:1 Ak(w)ckxk, w € \ N,
0, w € N.
The maps S, are measurable since the addition operation on a separable Banach space is a measur-
able map. The map S is measurable since for any £ € Y™ the function (£, S) is measurable as limit

of the measurable functions (&, S,).
To see that I'g is a Gaussian map let £ € Y*. Then

The random variables

<§7 Sn> = Z Ancn<§7 xn>
k=1

are Gaussian as sum of independent Gaussians. Since the limit of Gaussian random variables is also
Gaussian we deduce that (£, S) is Gaussian with variance

v[g) = | (& z) |
n>1

Since (x;,) spans a dense subspace of Y, we deduce that for any £ € Y \ 0 there exists n such
that (£, z,) # 0. This proves that I'g is nondegenerate. Part (iii) now follows from the Support
Theorem [7, Thm. 3.6.1] or [24, Cor. 4.2.1]. O

Proposition A.2. Suppose that U is a Banach space with norm || —
N € Nand

, T is a compact metric space,

G:UNXT —1[0,00), (u,...,un,t) = Gui,...,uy,t) € [0,00)
is a continuous function. We define

G, UN > [0,00), Gi(ui,...,uyn):= rtréiqglG(ul,...,uN,t).

Suppose that there exist vy,...,vy € U such that G.(vi,...,uvn) = ro > 0. Then, for any
r € (0,70), there exists ¢ = €(r) > 0 such that
Yui,...,uy €U, Yi=1,...N, |lu; —vi|]| <e= Gu(ug,...,un)>r.
In particular if
UycUsC---
is an increasing sequence of finite dimensional subspaces of U whose union is a dense subspace of
U, then there exists v € N and
Uly,. -, uNy €U,
such that G, ( ULy oy UNp ) > 0.
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Proof. We argue by contradiction suppose there exists r; € (0, () and sequences in U

(wiv ), i=1,--, N,

such that
VILIEO luip —vil| =0, Vi=1,...,N,
and
Gi(urp,...,uny) <71, Vo
Next choose t,, € T such that
G(ulyy,...jquy,tV) = G*(ul,y,...,uN,l,).

Upon extracting a subsequence we can assume that ¢, converges in 1" to some point ¢,. Then

r1 > liminf G*(uL,,, el uNJ,) = liminfG(uL,,, ... ,uN,,,,t,,)
V—00 V—r00

=G(v1,...,0N,t) =10 > 11
d

With T' a compact metric space as above. Let E — T be a rank 7 topological real vector bundle
over T' equipped with a continuous metric h. We will refer to the pair (E, h) as a metric vector
bundle. For t € T we denote by | — |; the norm on the fiber E; induced by h. The space C°(E) of
continuous sections E is a Banach space with respect to the norm

ue C(E).

lull := sup | u(?) [,,
teT

Definition A.3. An ample Banach space of sections of E is a Banach space U C C°(E) continu-
ously embedded in C°(E) such that
VteT, Span{u(t), u € U} = E;.

Let k € N. We say that the Banach space U is k-ample if for any distinct points ¢y, ...,t; € T the
map
Usu—u(t)®--- Dulty) € By, ®--- D Ey,

is onto. O
Example A.4. The space C°(E) is a k-ample Banach space of continuous sections of £ — T for

any k € N. If T" is a compact smooth manifold and £ — T is a smooth vector bundle, then each of
the spaces C*(E), £ € N, is a k-ample Banach space of sections of E for any k € N. O

Corollary A.5. Let E — T be a real metric vector bundle over the compact metric space T.
Suppose that U C C°(E) is an ample Banach space of sections of E and

UcU;---
is an increasing sequence of finite dimensional subspaces of U such that

Uoo:UUy

veN

is dense in U. Then there exists v € N, for any t € T, the evaluation map

Ev; : U, — E; isonto.



22 QIANGANG “BRANDON” FU AND LIVIU I. NICOLAESCU
Proof. Using the compactness of T' and the openess of the surjectivity condition we can find
v1,...,UN € U such that
vt e T, span{v(t),...,un(t) } = Ey.
For every uy,...,uy € U and t € T define

N
Sul,...,uN,t : RN — Eta Sul,...,uN,t(a}) - ZJEkUk(t)
k=1

and
G(ul,...,u]\;,t):det(Su1 Sk ) > 0.

jeens UN ST ULy, UN T

Note that
span { u1(t),...,un(t) } = By <= G(u1,...,un,t) > 0.

The resulting map G : UY x T — [0, o0) is continuous and

G(’Ul,...,UN,t) >0, VteT

Hence
Gi(v1,...,0n) = 22£G(vl, .o, UN,t) > 0.
Using Proposition A.2, we deduce that there exists v € N and w1 ,,...,un, € U, such that
Ge(uiy,...,uny) > 0.
Hence

Ev,; : span{ul,...,uN} CcU — Eyisonto, VteT.
A fortiori, this implies that
Ev;:U, — E;isonto, Vt € T.
O
Corollary A.6. Let EE — T be a real metric vector bundle over the compact metric space T.
Suppose that U C C°(E) is a 2-ample Banach space of sections and
Ul C U2 e

is an increasing sequence of finite dimensional subspaces of U such that

UOO:UUV

veN

is dense in U. Then, for any open neighborhood O of the diagonal A C T x T, there exists v € N
such that for any (t1,t2) € T2\ O, the evaluation map

Evy 4, : Uy, — By, @ Ey, is onto.
Proof. Fort € T? and u € U we set
u(t) == u(ty) ®u(tz), Ei= FEy & Ey,, Evi(u) =u(t).

Using the compactness of T \ O and the openness of the surjectivity condition we can find
v1,...,vn € U such that

Vt € T2 \ 0, Span{vl(é)v'” 7”N(t) } = EE‘
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For every uy,...,uy € U and t € T? define

N
Surseaunt P RY = By Suunt(®) = Y wpup(t)
k=1

and
G(uy, ... un,t) = det (Su,.un.tSny. unit) =0
Note that
span { ur(t),...,un(t) } = E; <= G(uy,...,un,t) > 0.
Thus

G(ug,...,un,t) >0 < Evt:span{ul,...,uN} C U — Ej is onto.
The resulting map G : UY x (T?\ O) — [0, 00) is continuous and

Gi(v1,...,ony) = inf G(v1,...,vn,1) > 0.
teT?\0O

Using Proposition A.2, we deduce that there exists v € N and w1 ,,...,un, € U, such that
Gi(urp,...,uny) > 0.
Hence
Evi:span{ul,...,uN} CU — E;isonto, Vte T2\(9.
A fortiori, this implies that
Ev,:U, — E,isonto, Vt € T?\ 0.
O
Proposition A.7. Suppose that E — T is a topological metric vector bundle over the compact met-
:;ic ggzz;e) T. Let X C C°(E) be an ample Banach space of sections of E embedded continuously

Suppose that (uy)nen is a sequence of sections in X such that span {un, n €N } is dense in
X and exists o > 0 such that

lunllu = O(n%) asn — oo. (A.1)

Fix a sequence of positive real numbers (A, )n>0 such that
LA
liminf — > 0, (A2)
n—oo nb

for some 3 > 0. Let a € 8§(R) be an even Schwartz function such that a(0) = 1. Fix a sequence of
i.i.d. standard normal random variables (X,,)n>0. Then the following hold.

(1) For any R > 0 the random series

> a(An/R) Xpuy (A.3)

neN

converges a.s. in X. Denote by ®F the resulting continuous Gaussian section of E.
(ii) There exists Ry such that YR > Ry the Gaussian section ®F is ample.
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Proof. (i) Since a is a Schwartz function we deduce from (A.1) and (A.2) that
> Ja(An/R) [lunllx < oo, VA>0

n—0o0
The convergence of the random series (A.3) in C°(E) follows from Proposition A.1.
(ii) For i > 0 we set
Np = {nelN; a(A/R)#0}
and denote by Y the closure in X of
span{ Up; N € Ng }

According to Proposition A.1 the above random series defines a nondegenerate Gaussian I'" mea-
sure on the Banach space Y.
Set
U, := span{ul,...,uy}.
Since a(0) = 1, we deduce that

Irg >0, V|t| <o, |a(t)|>1/2.
Hence, for any v € N there exists R = R(r) > 0 so that
>
VR > R(v), X Ak/R < 7o,

1.e.,
U, cY® VR>R(®v).
Corollary A.5 implies that there exists vy € N such that
vteT, Evy:U,, — E; isonto.

Set fig = h(1p) such that U, € Y, VR < R,,.
We will show that for any ¢ € T and any R > Ry, the Gaussian vector ®¥(¢) is nondegenerate,
i.e., for any open set O C Ej, P[@R(t) € O] > 0. Equivalently, this means

[ Ev;'(0)] > 0.

Since T'® is a nondegenerate Gaussian measure on Y, it suffice to show that the open subset
Ev; '(0) ¢ Y #is nonempty. This is indeed the case since Ev; '(0) D Ev; Y (0)NU,, #0. O

Suppose that M is a smooth compact manifold. Denote by C*(E) the vector space of sections of
F that are k-times continuously differentiable. We need to define on C*(E) a structure of separable
Banach space and to do so we need to make some choices.

e Fix a smooth Riemannian metric g on M.
e Fix a smooth h metric on E. We denote by (—, —) g, the induced inner product on E,.
e Fix a connection (covariant derivative) V" on E that is compatible with the metric h.

We will refer to such choices as standard choices. There are several geometric objects canonically
induced by these choices; see [22, Sec. 3.3].

First, the metric g determines a a Borel measure vol, on M, classically referred to as the volume
element or the volume density. Next, the metric determines the Levi-Civita connection V9 on T'M .
The metric g also determines metrics on all the tensor bundles TM®P @ (T* M )®? and the connec-
tion VY determines connections on these bundles compatible with the metrics induced by g. To ease
the notational burden we will denote by V9 each of these connections.
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Similarly, the metric & induces metrics in all the bundles E¥? ® (E*)®7 and the connection V"
determines connections on these bundles compatible with the induced metrics. We will denote by
} — ‘x the Euclidean norms in any of the spaces (173 M)®7 @ E®P. We define the jet bundle

k
J(E) =P T MY o E. (A.4)
7—0

The connections V9 and V" induce a connection V = V9" on the bundle (T*M)®* @ F
V:CH(T*M)** @ E) —» C°((T"M)** ' @ ).
We denote by V9 the composition

cUE) S e (T MeE) S S (MM o E) S CO(T"M)® g E).

For every section ¢ € C*(E) we set
k

Te(®) = Ju(y, V) = P Vo

k=0

q
lullex =Y V791,
=0

where

V9]l = sup | V() |,
zeM

Note that .Ji (1)) is a continuous section of Jj (E).The resulting normed spaces is a separable Banach
space. The norm || — ||-+ depends on the standard choices, but different standard choices yield
equivalent norms. Fix one such norm and denote by C*(E) the resulting separable Banach space.

Corollary A.8. Suppose that E — M is a smooth real vector bundle over the compact smooth
manifold M. Fix a smooth Riemann metric g on M, a smooth metric h on E and a smooth connec-
tion on E compatible with h. Let k € N and suppose that (¢, )nen is a sequence of C k sections of
E that span a dense subset of C*(E). Suppose that

‘|¢HHC’1‘(E) = O(na) asn — oQ, (A.5)
for some o« > 0. Fix a sequence of positive numbers (\,)nen satisfying (A.2). Let (X,,)nen be a

sequence of i.1.d. standard normal random variables and suppose that a € S(R) is an even Schwartz
function such that a(0) = 1. Then the following hold.

(i) For any R > 0 the random series
> a(A/R) Xnn (A.6)
neN

converges a.s. in C*(E). Denote by ®* the resulting C* Gaussian section of E.
(ii) There exists Ry > such that VR > Ry the Gaussian section ®F is Ji-ample, i.e., for any
x € M the Gaussian vector

k
7 ®F(z) = P v/ el (x)
j=0

is nondegenerate.
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Proof. (i) This follows from Proposition A.7.
(ii) Consider the jet bundle J(F) — M; see (A.4) We have a continuous linear

CHE) — CO(JHE)), ¢+ Ji(d).

Denote by U the image of this map. It is a closed' subspace of CO( JF(E) ) Then the random
series

> a(An/R) XnJr(én)

neN

converges a.s. uniformly to .J(®). Now observe that U is an ample Banach space of sections of
JF(E). Indeed, using smooth partitions of unity we can find 1, ..., ¢y € C*(E) such that, for
anyz € M,

span { Jg(¢1(2), ..., Jk(¥n)(2) } = Jk(E)q.
Proposition A.7 now implies that Jj,(®%) is an ample Gaussian section of Jj,(E). 0

Remark A.9. In applications (¢,,) are eigenfunctions of the Laplacian A on a Riemann manifold
(M, g) and A¢,, = A2 ¢,,. The covariance kernel of ®* is then the Schwartz kernel of the smoothing

operator a(h\/Z)Q, h=R1If a(z) = et /2 = t1/2, then a(h\/Z)2 = e t2, the heat
operator on M. O

Corollary A.10. Fix an even Schwartz function a € $(R) and consider the random Fourier series
F aR defined in (1.1). We regard it as a random smooth function on the torus T™. Then for any k € R
there exists R = Ry, > 0 such that, for any R > Ry, the function F, f is Ji-ample. In particular it is
a.s. Morse for R > R;. O

Lemma A.11. Suppose that E — M is a smooth real vector bundle over the compact smooth man-
ifold M. Fix a smooth Riemann metric g on M, a smooth metric h on E and a smooth connection
on E compatible with h. Let k € N and suppose that (¢, )nen is a sequence of C* sections of E
that span a dense subset of C*(E). Set

UI/ ::Span{¢17"')¢v}
Then there exists vy > 0 such that Vv > vy the following hold.
(i) Foranyt € M and any v > vq the map

Ul, S Ut Jl(u)t S Jl(Et)

is onto. Above, Jy(u) is the 1-jet of wat t, Ji(u): = u(t) ® Vu(t) € Bt @ T} M ® Et.
(ii) Foranyt € M?\ A the map

U,du—u(t) € E;
is onto.

Proof. The space C*(E) is .J;-ample and arguing as in the proof of Corollary A.5 we deduce that
there exists 1 € N such that for any v > v; and ¢ € M the map

U,/ S U Jl(u)t € Jl(E)t

is ample.

"Here we are using the classical fact that if a sequence of C'*-function (uy,) has the property that both (u,,) and their
differentials (du.,,) converge uniformly to u and respectively v, then u is C'* and du = v.
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The argument at the beginning of [12, Sec. 3.3] based on Kergin interpolation shows that there
exists an open neighborhood O of the diagonal A € M? such that Vv > vy and any t € O \ A the
map

U,2u—u(t) € B
is onto.
Corollary A.6 implies that there exists 19 > 0 such that Vv > v5 and any t € M2\ O the map

U,>uw— u(t) € E;

is onto. Then vy = max(vy, v2) has all the claimed properties.
a

Corollary A.12. Fix an even Schwartz function a € $(R) and consider the random Fourier series
F f defined in (1.1). We regard it as a random smooth function on the torus T™. Then there exists
R = Ry > 0 such that, for any R > Ry o the function Ff is Jo-ample and V FF is 2-ample. O

APPENDIX B. VARIANCE ESTIMATES

It has been known for some time that under certain conditions the number of zeros in a box of
a Gaussian field F' has finite variance, [2, 6, 9, 12]. In this paper we need an upper estimate for
this variance in terms of the covariance kernel of F'. In this appendix we use the ideas in the above
references to obtain such estimates and a bit more.

Suppose that U and V' are finite dimensional real Euclidean spaces of the same dimension m
and ¥ C V is an open set. Let ' : ¥ — U be a Gaussian random field whose covariance kernel
K is CO. In particular, this implies that F' is a.s. C?.

Theorem 2.1 implies the following result.

Lemma B.1. For any box B C V' the random variable
Cr(B) := sgg ( | F(v) | + H F'(v) H + H F)(v) H )
v

is p-integrable for any p € [1,00). More precisely there exists a constant M = M,(B) > 0 such
that

E[Cr(BY] < MIKElZ5 (s, 5

g

For any box B C ¥ we denote by Zp the number of zeros of F' in B, i.e., Zp = Z[B, F]. Let

V2 =72\ A, where A is the diagonal
A= { (vo,v1) € ¥?; vy =1 }
Define B? in a similar fashion. Consider the random field
F=v?>5UaU, F(vg,v1) = F(vg) ® F(vy).
Note that
Z|F,B}) =Zp(Zp —1).

Suppose that F'| 5 is 2-ample, i.e., for any v = (vg,v1) € B? the Gaussian vector F(vo) @ F(vy) is
nondegenerate. We deduce from the local Kac-Rice formula that (2.3), E [ ZB ] < 00, and

E[ZB(ZB — 1)] :/32 pg)(vo,vl)dvodvl,

*
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where p(ﬁ) is the Kac-Rice density

pg)(vo,vl) := E[ | det F'(vo) det F'(v1)| | F(vo) = F(v1) = O]pﬁ(vom)(O). (B.1)

Note that )

\/det (27T Var[F(vg) @ F(vy)] ) ’

SO DF (v 1) (0) explodes as (vg, v1) approaches the diagonal since F'(v)@ F'(v) is degenerate for any

v € V. Thus the function pg) (vo, v1) might have a non integrable singularity along the diagonal so

E[Z%] could be infinite.

We want to show that this is not the case and a bit more. We will use the gauge-change trick
outlined in the introduction.

Denote by B2 the radial blow- up of B? along the diagonal and by 7 : B? - B the canonical
projection.

pﬁ(vo,vl) (0 =

Proposition B.2. Suppose that F’ | pis C?, 2-ample and J1-ample, i.e., for any v € B the Gaussian
vector ( F(v), F'(v) ) is nondegenerate. Define

‘m—2

(2)(

wp: B 5 R, wp(z,y) = |z —y[" oy (z,y).

Then there exists a constant K > 0, independent of B, such that

sup |wp(p) | < KCp(B). (B.2)

pEB?
Proof. Our approach is a modification of the arguments in [6, Sec. 4.2]. For any vg,v; € B,
vo # wvi, the Gaussian vector F'(vg,v1) = F(vg) & F(v1) is nondegenerate. We denote by
DF(vo),F(v;) the probability density of F'(vo, v1).

We set
) = oy = voll. Z) = o5 (Flw) — ).
Note that X
F(v) =0<= F(v) = E(v) =0.

Denote by A(v) the linear map U? — U? given by

A(U)[Z?]:[UOJFZO(M]:HZ T(v())ﬂv]'[z(l)]' B3
Thus
| Fon | =40 [ 5

Then the Gaussian regression formula implies that
E[|det F'(vo) det F'(v1)| | F(vo) = F(v1) = 0]
=E[|det F'(vo) det F' (v HFUO =E(v) =0].

Note that 1

\/det 27t Var[F (vo) @ F(v1)] )

PF(vo),F(v1) =

1
]detA]\/det (27 Var[F(vo) ® Z(v))])

=7(1) """ PF(vo)e=(w)(0)-
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We deduce that for any u € B2 we have
P2 (v) = r(v) "E[ | det F'(vo) det F'(v1)] | F(v0) = Z(v) = 0 |ppug)ez(w)(0). (B4
Lemma B.3. There exists a constant C = C(B) > 0 such that for i = 0,1, and any v € B?
‘E[|detF(vi)|2{ F(v) =E(v) =0]]| < Cr(v)?.
Proof. It suffices to consider only the case ¢ = 0 since
F(vo) = E(v) = 0= F(v1) = E(v) = 0.

We argue by contradiction. Suppose that there exists a sequence v" = (v§, v}) in B converging to
v € B? such that

1 2 -
r(v")2 ‘ E“det F'(vg)| ]F(v{f) =E@") = 0] } — 00. (B.5)
Note that E[ |det F'(vo)[?| F(vo) = Z(v) = 0] depends continuously on v € B2. The assump-

tion (B.5) shows that the limit point v must live on the diagonal v = (v,v). Upon extracting a
subsequence we can assume that

1 1 n
Vp = ——(v, — v
n T’(Qn) ( n 0 )
converges to a unit vector e. Extend e to an orthonormal basis (e) of U such that e = e; Note
that

lim Z(v") = 0eF(v).

n—o0
Moreover, the Gaussian random vector F'(v) @ 0 F'(v) is nondegenerate since F' was assumed .J -
ample. The regression formula shows that for any continuous and homogeneous function f = f ( F'(v), F'(v1)
we have
. / n / n ny _ — ny __
nhjoloE[f(F (vo), F (’Ul)) ‘F(Uo) =E@") = 0]
=E[f(F'(v), F'(v)) | F(v) = 8. F(v) =0].
Since F'(v) is a.s. C? we deduce from the first order Taylor approximation with integral remainder
that
| F(v]) = F(vg) —r(©™)0y, F(vg) | < K(B)r(v)? (B.6)
where, according to Lemma B.1, the quantity K (B) is a nonnegative random variable that is p-
integrable Vp € [1, 00). According to the regression formula the quantity

E[|F(u}) = F(vg) —r(v")dy, F(vp) |” | F(vg) = Z@") = 0]

can be expressed as integral with respect to a Gaussian measure I';, whose variance is given by the
regression fomula (2.1). Since the limiting condition F'(v) = 0 F'(v) = 0 is also nondegenerate we
deduce that the variances Var [I‘n] stay bounded as n — oo. The variances of the unconditioned
vectors F'(v]') — F(vg) — r(v™)0,, F'(vy) also stay bounded as n — oo Thus, Vp € [1,00) there
exists a positive constant Cy,(B) such that Vn we have
Hr( )0, F'(vg ’p ‘F vg) =E@") =0]
:]EHF ) — F(vg) — r(v™)0,, F(vg ‘p ’F(vg) =E@") :0]
(B.6)
=Er, [| F(of) = F(vf) — (@8, F(u5) '] < Cp(B)E[K(B)? |r(v)*.

Hence

E[|0,,F(vg) || F(vf) = E@@") = 0] < Cp(B)r(v)*. (B.7)
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Extend (v,) to an orthonormal basis (ej’) of V' such that v, = e and
lim e} = ey.
n—oo

Then, using Hadamard’s inequality [16, Cor. 7.8.2] we deduce
‘ det F'(vy) ‘ = ‘ det (88?}7(1)8), Oen F'(vg), - - - ,86%}7(1)8)) {

Hence

3|

E[| det F'(u) | |[F (o) = E@") = 0 ] < [T E[| ep F(o§) [ | | F(vf) = E(") = 0]]

For k =2,...,m we have

E[|dep F(uf) ™™ | | F(v}) = Ew") = 0]

3=

0(1), asn — oo,
since

lim E[|dep F(of) | | | F(uf) = E@") = 0

n—oo ]
. 2 =
— lim E[| 9 F@)) [ | | Fof) = 2") = 0]
= E[| 96, F(v) || | F(v) = 8o F(v) = 0] < oo
The last equality follows from the Gaussian regression formula which is valid also in the limit since

the limiting condition is also nondegenerate.
On the other hand (B.7), shows that

E[|ep F(v]) "™ | F(o}) = F(u§) = 0]

3=

:O(T(Q")Z), as n — 00.
E[| det F'(vg) |2 | F(v) = F(vg) =0] = O(r(yn)Q), asn — oo.
This contradicts (B.5) and thus completes the proof of Lemma B.3. O

Lemma B.3 implies
E[ | det F/(U()) det F/(U1)’ ‘ F(Uo) = F(Ul) = 0]

<E[| det F'(vy) |* | F(vo) = F(v1) = 0] |*E[| det F'(v1) || F(vo) = F(v1) =0] |2
=0( r(v) 2 ).
Hence
pg) (v) =O(r()*™) on B2 (B.8)
This shows that pg) €Lt ( B? ) and completes the proof of Proposition B.2. g

We can extract from the above proof a more precise result. For any box B in a Euclidean space
V we set

q(B) ::/ r(v)* " dvodu .
B2

Note that q(B) is a translation invariant and for any ¢ > 0, q(tB) = t™*2q(B). In particular, if B
is is the cube B, = [0, 7]™, then
m—+2

a(By) = q(B1)r™"? = q(Bi)vol [ B;] ™ .
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Corollary B.4. Let 'V be an open subset of V. There exists a function

S (0,00) - (07 OO)
with the following property: for any mg > 0, any box B C W and any Gaussian field F : QxV — U
such that

e the covariance kernel X is CS,
o the restriction of F to B is 2-ample,
° andHfKHCﬁ( < mg

we have

BxB)

| Pk 11 (5x) < S(mo)a(B)-
g

Remark B.5. One can show that if F'is a.s. C3, then the function w in Proposition B.2 admits an
extension to a continuous function on the radial blow-up of B? along the diagonal. O
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