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XIAOTONG YANG

NOTATION AND CONVENTIONS

e We will denote by |S| of #S the cardinality of a finite set S.

e We denote by N the set of natural numbers, N = {1,2,...} and we set Ny :=
NuU {0}.

e For any set X we denote by 2% the collection of all the subsets of X

e For any set S, contained in some ambient space X, we denote by Ig the indicator
function of S

1, €8,

e We will denote by E[X ] the expectation of a random variable X any by ]P’[S ]
the probability of an event S.

o f(t)=0(y(t)) ast — to if 3C > 0 such that | f(t) | < C|g(t) | for ¢ close to to.
o f(t)=o0(g(t)) ast—tg if

lim @ = 0.
t—to g(t

o f(t)~g(t) ast — to if
lim 1) 1.

i=to g(t)
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INTRODUCTION

The standard random walk is easy to describe. Flip a fair coin with faces labelled +1.
If the face 1 shows up take a step of size 1 in the positive direction (along the x-axis)
while if the face —1 shows up take a step of size 1 in the negative direction. We denote
by S, your location after n steps. The random walk is formally the sequence of random
variables Sy, S1, 59, ...,. Throughout we assume that the walk starts at the origin of the
z-axis, i.e., Sg = 0. If we think that we flip the coin once per unit of time, we can also
interpret n as measuring time.

This simple description makes the standard random walk amenable to combinatorial meth-
ods of investigation. The goal of this thesis is to describe a few less advertised asymp-
totic results concerning the fluctuations of the standard random walk. In the process we
will reveal a few counterintuitive results that, surprisingly, occur in more general situa-
tions.

The random walk obviously displays the Markov property: its future behavior is indepen-
dent of the past, given the present. For example, if the walk returns to 0 after a number
of coin flips, then the future behavior is as if we start the walk anew, and the history
of how the walk wandered back to 0 is irrelevant. Note that since the step sizes are the
odd integers +1, the location .S, has the same parity as the number n of flips. Hence the
returns to the origin can only occur at even moments of time.

A key character in our story is the epoch T of the the first return to the origin
To :min{nEN; Sn:0}.

This is a random variables that takes only even positive integral values. It could also
be infinite. We determine its distribution in Lemma 1.5. This computation shows that
the probability that Ty = oo is 0. This proves that the random walk is recurrent: if we
continue flipping coins indefinitely the random walk will keep returning to 0, over, and
over. again.

We base our computation of the distribution of 7Ty on a remarkable combinatorial result,
Lemma 1.4: the probability that during the first 2n flips the random walk never returns
to the origin is equal to the probability after 2n flips is back at the origin, maybe not
for the first time. We denote by us, the probability that the random walk returns to the
origin after 2n flips.

The proof of Lemma 1.4 is based on a very ingenious technique usually referred to as the
reflection principle.
Our first asymptotic result concerns the last return to 0,
Ron = max {k; 0 < 2k < 2n; S, =0}.

Its distribution can be easily computed using Lemma 1.4 and, using Stirling approximation
we are able to prove our first asymptotic result.

R 2
lim ]P’[ﬁ < x} = ~ arcsin /z.

m

n—o00 n



4 XIAOTONG YANG

Traditionally, this result is stated as saying the the random variable % converges in
distribution to the arcsine distribution.

The graph of the probability density of the arcsine distribution is depicted in Figure 2. It
shows that the last return to 0 is more likely to occur either very early or very wait in the
sequence of 2n flips.

It is convenient to think of the random walk in terms of a fair game of chance between
two players A and B.

Suppose we have a fair coin with faces labelled +1. We flip the coin and, if the face 1
shows up, player A gets $1 from B. If —1 shows up, A gives $1 to B. The quantity S,
is then the amount A won/lost after n coin flips. If S,, > 0, then A is in the lead, i.e.,
his fortune increased S, dollars, while if S,, < 0, then B is in the lead by |S,,| dollars, or,
equivalently A lost |S,| dollars to B. We set

Ay = #{k; 1<k <n, max(Sg_1,S) >0}.

The quantity % indicates the amount of time player A is in the lead during a game of
duration n.

We present a result of Chung and Feller (Theorem 2.3) stating that that the random
variable Ao, has the same distribution as Ro,. In particular, this shows that the fraction
of time g—%" player A is in the lead also converges in distribution to the arcsine distribution.
Given the shape (Figure 2) of the arcsine distribution this is a bit counterintuitive. This
result states that in the long run it is very improbably that A will be in the lead half of
the time as one would expect from a fair gain. Instead, it is more likely that he will be
in the lead very little or very long. This is so much more surprising given another result
that we prove, Theorem 2.13. This states that if we know that after 2n games (n > 1)
no player won or lost anything (S2,), then the fraction of times player A was in the lead

is no longer arcsine distributed, but uniformly distributed!

It turns out that the arcsine distribution lurks behind another random quantity. Denote
by M, the first moment in a string of n coin flips when payer A reaches the highest fortune
during this game of duration n, i.e.,

M, ::min{Ongn; S, :maX(So,Sl,...,Sm)}.

In Theorem 2.12 we show that the fraction of time it takes player A to reach its maximum
fortune during a long game also approaches the arcsine distribution.

We conclude with a section dedicated to the Central Limit Theorem (or de Moivre’s
formulee) satisfied by S,. Again, our approach is elementary, based on Stirling’s for-
mula.

1. THE STANDARD RANDOM WALK

1.1. The basics. The standard random walk is a sequence of random sums

Sp=X1+--4X,, neN,
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where X,, are independent Rademacher variables, i.e., random variables that take only
the values £1 with equal probabilities. A random walk of length/duration n is a finite
sequence of random sums

S1=Xq,....5%:, =X1++Sk,.... 5% =X1+-+ Xn.

Intuitively, think that at each epoch n € N we flip a fair coin with faces £1. The random
variable X, describes the result of the n-th flip. At time 0 we are located at the origin of
the real axis. After each flip with take a step of size 1 in the positive/negative direction
according to the sign of the flip. .5, is the location after n flips. A random walk of length
n can be identified with a random element of %, = {—1,1}".

Equivalently, we can think of the standard walk in terms of a sequence of fair games
between two players A and B. After the n-th flip of the coin player P get $1 from B if
X, =1, or B gets $1 from A, if X,, = —1. Then S,, denotes the amount of money A has
won from B if S,, > 0 or lost to B is S,, < 0.

Proposition 1.1. For each n, the location S, has the same parity as n, and
1 n
P[Sn:s}:2n<n2+s>. (1.1)

Proof. We follow the approach in [2, Sec. 3.2]. Since X} = 1 mod 2 we deduce S,, =
X1+ -+ X, = nmod 2. There are 2™ walks of duration n. The final location S,, is
determined by the number p of positive steps, or the number of times we flipped 1 during
the first n steps. We flipped —1’s ¢ = n — p times. Then the location y at epoch n is
s=p—(n—p)=2p—n.
We deduce that p = ”JQFS. Thus, of the 2™ paths of duration n, exactly (nfﬁs) have final
2
location y. O

Note that if the random walk returns to the origin at an epoch n, then n must be even,
n = 2k. We set
UL = P[Sgk = 0]

1 (2K
U2k:22k<k>- (1.2)

1.2. André’s reflection principle and the ballot theorem. As it is customary, we
will refer to the points in R? with integral coordinates as lattice points. Let us define a
zig-zag of length n to be a sequence of lattice points

z= (P, Pr,....P), Py=(zkYk),

The equality (1.1) implies

such that

Tk — Tg—1 =1, yp —yr—1 = =1, Vk.
We connect successive points Py_1, P, by a line segment so we can visualize a zig-zag as
a piecewise linear curve with edges of slopes £1; see Figure 1.
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FIGURE 1. A zig-zag describing a random walk started at Sop = 0

We will refer to the points Py as the vertices of the zig-zag. The point Py is called the
initial point and the point P, the final point of the zig-zag. We denote by Z the collection
of zig-zags.

For each P = (x,%) € R? we denote by P its reflection in the z-axis, P = (x, —y). To a
zig-zag
z= (P, P,...,P)
we can associate its reflection in the z-axis
z = (Po,Pl,...,Pn).
Clearly z is also a zig-zag.

To a random walk of duration n we associate the zig-zag from (0,0) to (n, S,) with vertex
points (k, Sk), 0 < k < n.

Suppose that A = (a1, az2), B = (b1,b2) are lattice points. Denote by 2 (A, B) the set of
zig-zags from A to B. We set

n=n(A,B)=ay—a; >0, s=5s(A,B)=0by—b.
Note that
Z(AB)#0 < |s|<n.

We denote by N (A, B) the number of zig-zags from A to B, i.e., the cardinality of Z'(A, B).
When A = (0,0) and B = (n, s) we will use the simpler notation

N, = N(A,B).

We denote by py, s the probability that a zigzag of length n started at the origin ends at
the point (n,s). Note that
Nn,s

n
Note that there exists a bijection between zig-zags from (0,0) to (n,s) and random walks
of duration n such that S, = s. The argument in the proof of Proposition 1.1 shows
that

Pns =

n

N(A,B) = N, , = <(n+ )

)/2>, n=n(A,B), s=s(A,B). (1.3)
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Note that if A, B,C € Z? are such that Z(A, B), Z(B,C) # 0, then we have a concate-
nation operation

x: Z(A,B)x Z(B,C)— Z(A,0)
that associates to a zig-zag z from A to B and a zig-zag 2’ from B to C the zig-zag z * 2’
obtained by gluing the end point of z with the initial point of 2’

Theorem 1.2 (André’s Reflection Principle). Let A = (a1,a1), B = (b1, b2) be two lattice
points situated on the same side of the x-axis, but not on the x axis. Denote by Z*(A, B)
the set of zig-zags from A to B that touch the x axis. Then

#Z%(A,B)=#Z(A,B),

where A denotes the reflection of A in the x-axis.

Proof. The proof is inspired by [2, Sec. 3.2]. We will construct a bijection
o: 7%(A,) - Z(A,B).

Given a zig-zag z € Z*(A, B) we denote by P, the first point on the z-axis touched by
z. The point P, splits the zig-zag z into two zigzags: a zig-zag z; from A to P, and the
rest, a zig-zag zo from P, to B such that zi * zo. Define

O(z) =21 x 29

We claim that this map is a bijection.

Injectivity. Suppose that z, 2" € Z%(A, B) such that ®(z) = ®(2’). Note first that P,
is the first point where the zig-zag ®(z) touches the z-axis. This means that P,, = P,

We deduce that
zZ1=2), 20=2), = z=2"

Surjectivity. Let ( € Z°(A, B). Denote by P the first point on the z-axis touched by (.
We split similarly

¢=0C*C
where (; is the part of ¢ from A to P. Observe that

¢ = ®(C1 * C2).
O

Theorem 1.3 (Ballot theorem). Let (n,s) € N2. Then, the number By s of zig-zags of
length n from (0,0) to (n,s) that do not touch or cross the x-axis equals

S n S
Bn,s = Vp—-1,s—1 — Nn—1,5+1 - — <n+s> = *Nn,s- (14)
n 5 n

Proof. We follow the strategy in [2, Sec. 3.2]. Observe that S; = +1. Denote by %, s the
set of zig-zags from O = (0,0) to B = (n,s). Denote anj’:s the set of zig-zags z € 2,
that go through Ay := (1,+£1).

#gn,s - #gnfs + #’%LTS
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The number B, , of zig-zags O to B that do not touch or cross the z-axis is equal to
the number of zig-zags in #52’;;‘8 that do not touch or cross the z-axis. This is exactly
the number of zig-zags from A, to B that do not touch the x axis. From the Reflection
Principle we deduce that

Bns = #2Z (A, B) — # 2" (A, B) = # 2 (A4, B) — #% (A4, B)
= N(A,,B) - N(A,,B).
Note that
n(Ay,B)=n—-1=n(A.,B), s(A,,B)=s—-1, s(A;,B)=s+1.
Using (1.3) we deduce

N(A,B) = <"ZFS_—11>’ N(A,,B) = (Z;)

n—1 n—1
Bn73 = Vp—1,5—1 — anl,erl = <n+5 N 1> - ( n+s >
2

B (n—1)! B ( 2
(M D -2 (2E)(n

-l (-0 2 (3) -2

Thus

n—1)!
]

1.3. Returns to the origin.

Lemma 1.4. The probability that a zig-zag of length 2n never returns to the origin equals
the probability that a zig-zag of length 2n returns to the origin at epoch 2n. i.e.

P[S1 #0,5 #0,...,5p #0] =P[ S =0] = ugy. (1.5)

Proof. We argue as in [2, Sec. 3.3]. We have
]P)[Sl #0752 #0575'271750]

=P[S1 >0,...,55, >0] +P[S51<0,...,5, <0].
By symmetry, the lemma is equivalent to
1
P[S1>0,--+,8n >0] = 5 Uan-
Observe that

P[Sl >0,...,52n>0] :ZP[SI >0,...,5, 1 >0,52n:2a].

a=1

The number of zig-zags that satisfy S1 > 0,...,S52,-1 > 0,52, = 2a is equivalent to
number By, o, of zig-zags of length n from (0, 0) to (2n,2a) that do not touch or cross the
T-axis.
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We have
B
P[S1>0,.... 5201 > 0,80 = 2a] = =20
1.6
(14) Nop—124a-1 — Non—12a+1 (16)
= 5 )
Hence
- “\ N Nopn-—12a+1
2n—1,2a—1 — -1,
D P[S1> 0, 801> 0,5, = 2a] = )
a=1 a=1
Nop—11— Non—12n41 Nop—11—0 1
— o = n = 51@[52”,1 =1].
Therefore,
1
P[Sl > 0,5 >0,---,89, > 0} = Q]P)[SQTL_]_ = 1].
Since Ss,—1 = 1 and So,—1 = —1 are both one flip away from reaching S, = 0 we deduce

1 1
Uy = P[Sgn = 0] = 5]?[52“,1 = 1] + 5]?[5’2”,1 = —1]

By symmetry,
P[Son-1=1] =P[Szp—1 = —1]
so that
P[Sgn_l = 1] = U2n-
We conclude that
P[Sﬁ > O,SQ > 0,'” ,Sgn > 0] = %P[Sgn_l = 1] = %UQ,I, (1.7)
and thus

P[Sl#O,SQ#O, )S2n7é0] = U2n.

Let
To := min{reN; S :0}.
Thus, T is the time of the first return to the origin. Note that T is necessarily an even

number, possibly infinite. We denote by f the probability distribution of the random
variable Tjy. Thus

As observed, f, is zero if r is odd.

Lemma 1.5. The probability that the first return at the origin happens at time 2n is

1 1 2n
Jon = ﬁu%m: (271—1)2”(7@) (1.8)
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Proof. We follow the proof in [2, Sec. 3.3]. By (1.5),
anZ]P)[Sl#Ou‘SQ#Oa”' )S2n—27é0] _P[Sl#O,SQ#O, 75'2”750]

1 2n -2 1 /2n
=z —um = gy () gy
1 (2n—2 2n(2n — 1) 1 [2n—2\2n
- g 2\E T )N <n
22\ n—1 n? 22n\n—1 /) n?

1 M 1
== = Uy,
212n—1)\n) 2n—1 "

O

Lemma 1.6. The probability that a zig-zag of infinite length never returns to the origin

lim P[S1 #0,...,5, #0] =0. (1.9)
n—oo
Proof.
(1.5) 1 /2n\ 1 (2n)!
]P)[Sl#(], ,SQn?éO} U2n 22n<n>_2nn!n'
_ (2n)! = 1 3 2n-1
Coen)2n)!!” 2 4 2n
Since .
m_MmE umeN,
m+1 m+2
we deduce,

(1 § 2n—1>2<<1 § 2n—1) (2 % 2n )_ 1
2 4 omn 2 4 omn 35 2n+1/) 2n+41

Therefore,

2. ARCSINE LAwS

2.1. Time of last return to the origin. Consider the standard random walk (.Sy,),>0.
For n € N we set
Ro,, = maX{O <k<n; Sy = 0},
and
Qpn—k = P[Rzn = Qk‘].

Lemma 2.1. The probability that the last return to the origin of a zig-zag of length 2n
happens at epoch 2k.

Wk = P[Sor =0, Sop41 #0,..., Son # 0] = uopuuzy—ok (2.1)
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Proof. The proof is from [2, Sec. 3.4].
Wt = P[Sop = 0]P[ Sopg1 #0,..., 52, #0]
= ugP[ Soks1 #0,..., S2n # 0]

By (1.5),
P[Sokt1 #0,..., 5, #0] = ugp_ok.
Thus,
Apon—k = U2kU2n—2k-
O
Theorem 2.2 (Arcsine Law for Last Visits). For any 0 < a <b <1 we have
2 2
lim IP’[a < Hon < b} = Zarcsin Vb — = arcsin /a. (2.2)
n—o0 2n T T
1.e.,
) 2 . 2 .
lim Z Q) p—f = — arcsin Vb — = arcsin Va. (2.3)
n—o0 T m
an<k<bn

Proof. We follow the approach in [2, Sec. 3.4]. Set @,, := % We will carry the proof in
three steps.

Step 1. Assume 0 < a < b < 1. We deduce from Stirling’s Formula (A.2) that as m — oo

we have
1 /2m 1 (2m)!
Y2m = 2m\ m ) = 22m (m!)2

) ) 4o (2.4)
= \/m(l—i-O(l/m)) = ﬁ+0(1/m ).

Fix 0 < a < b < 1. Let k be even integer in [na, nb},O < a < b < 1. For n sufficiently
large,

1 1
O n—k = U2kU2n—2k
(L OO0 Y n—k)*?
_<m+0(1/k )> ( wnm O )> (25)
- n?
= k(n—k)+0(1/ ).

[nb]
P[2[na] < Ron, <2|nb|| = Z Uk U2n—2k
k=[na]
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Lnb) 1
= > (- +oum)
k:%a] <7r k(n — k) )
(the above sum consists of O(n) terms)

[nb] 1

1
_ 4 0(/n)= —n
D N CTE I P Py v

The last sum is a Riemann sum approximation of the integral

+ O(1/n).

b
/ W(lli_)dx

Thus, if 0 < a < b < 1 then, as n — oo,

2 2
P[aangb = Zarcsin Vb — = arcsin Va.
T

|~ [ =

Step 2. We will prove that (2.2) holds for a =0 and b = 1/2, i.e.,

. 2 . 1 1
nh_}ngo Z Ok = — arcsin \/; =5

0<k<n/2
Set
Ty 1= 5 A n—k, Yn = E Akn—k-
0<k<n/2 0<k<n/2

We have to prove that x,, — % as n — oo. Note that
0, n odd,
Zn =Ty — Yn = .
an/2,n/27 n even.
If n = 2m, then
1
o fanj2 = W = —— + O(1/m?) a5 m — oo,
Hence z, — 0 as n — oco. Now observe that «,, ,,—r = a, i so that
Yn = Z Qkn—k = Z On—k,k
0<k<n/2 0<k<n/2
(set j =n — k so that k =n — j)

n/2<j<n
On the other hand

n

1= P[Ron =2k =) ajny
§=0

k=0

n
= D Quojt D, Qe = Tat Y =200 — 2
0<5<n/2 n/2<j<n
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so that

1+zn% o
= — asn — 0.
2 2

Tn

Step 3. We will show that results in Step 1 and Step 2 allow us to conclude (2.2) is
valid in the general case.

First, we show that for a = % and b =1, i.e.,
2 2 1 1
Jim Z Okn—k = — arcsin - arcsin \/g 5
%Skﬁn

Set

n
’ /
= § O n—k + Z ak,n—k:yn+$n:l‘n*2n+xn:1
0<k<2 2<k<n

Becausexn%%andzn%Oasn%oo,l—xn—i—zn:w;%%asn%oo.

Now we consider the general case 0 <a < b < 1.

When a =0,b =1,
Z -k = 1.

an<k<bn

Whena:(),b>%,

§ Ak n—k = E Qg n—k + E Ok n—k

0<k<bn 0<k<Z2 2<k<bn
= Z Qkn—k + Z Qk,n—k
0<k<% 2<k<bn
1 2 . 2 ) 1 2 .
= — 4+ —arcsin \/l; — —arcsin{/ — = — arcsin \/5
2 7 T 2 T

WhenazO,b<%,

§ Opn—k = § A n—k — E Ak n—k-

0<k<bn 0<k<?2 bn<k<2

For z € (0,1) fixed and k = zn we deduce from (2.5)

lim A n—k = 0.
n—r00

Z Apn—k = Z A n—k-

bn<k<gm n<k<g

Therefore,
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Thus,
§ A n—k = § A n—k — Z Apon—k
0<k<bn 0<k<Z bn<k<Z
1 2 . 1 2 . 2 .
= — — —arcsin 4/ = + — arcsin \/I; = — arcsin \/B
2 9w 2 0w T
When a < 3,b=1,
E Ok = Z Okpn—k T Z Ok n—k
an<k<n an<k<3g 5<k<n
= § Qkn—k = Z Qkn—k + Z QOk,n—k
an<k<n an<k<g 5<k<n
2 . 1 2 . 1 2 .
Zarcsiny /= — Zarcsin Vb + — = 1 — = arcsin V/b.
T 2 9w 2 T
When a > %,b: 1,
Z A n—k = E A n—k — Z A n—k
an<k<n 5<k<n 5 <k<an
= Z A n—k — Z A n—k
5<k<n 5 <k<an

1 2 2 1 2
= — — ~ arcsin/a + — arcsin \/> =1— = arcsinv/a.
2 T 2 us
Therefore, for 0 <a < b <1,

. 2 . 2 )
lim Z Qg n—k = — arcsin Vb — = arcsin Va.
T s

n—00
an<k<bn

O

2.2. Lead time. For each zigzag of length n started at the origin we denote by A, the
number of its edges above the z-axis. Equivalently

Ap i=#{k; 1<k<n, max(Sp_1,5) >0}. (2.6)
The next result is due to K. L. Chung and W. Feller, [1].

Theorem 2.3. For any 0 < k < n we have
]P)[Agn = Qk] = ]P’[Rgn = 2]{7] = ULUIN—2k-

Proof. We follow the proof given in [2, Sec. 3.4]. We set fai 2y := IP’[Agn = 2k]. By
symmetry,

50,2n = /32n,2n-
On the other hand, all the edges of a zig-zag are above the z-axis iff Sy > 0,...,52, >0

SO
Bonan =P[51>0,5 >0,...,5, >0].
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Let us observe that
P[S1>0,8 >0,...,55, > 0] = ug,. (2.7)

To see this, extend the zig-zag to (—1,—1) and relabel this point as the origin. We obtain
a new, longer, zigzag (0, S)), (1,57),...,(2n+ 1,55, 1),

56:0, 512504—1:1, SézShLl, ,S]/C+1:Sk—|—1,....

Note that S5, is even so S5, >0 = S5, ., > 0. Hence

P[5 >0,8 >0,...,5,>0] =2P[S] =1,5,>0,...,5,., >0]
—P[S, > 0,8 >0,....8, >0] " uy,
This proves (2.7).
We condition on the time Ty of the first return to the origin. We have

B2k,2n = P[AQn = 2k]

I
™=

P[Agn = 2]{7‘527»_1 > 0,1y = QT]P[SQT_l > 0,1y = 27’]

%
Il
i

|
>

+ P[AgnZQk’SQT_l<0,T0:2T]]P)[SQT_1<0,To:27“}.

r=1

Note that
P[S2r—1 >0,Tg =2r | =P[ Sy 1 <0, Ty =2r] = %IP’[TO =2r| = %f%.

Also
P[ Agp = 2k | Sap—1 > 0,T) = 21| = Pok—2r.2n—2r,

P[ Agp = 2k | Sap—1 < 0,Tp = 21| = Pk 2n—2r-

Hence
n—k

k
1 1
62k72n = 5 ZO 62k—2r,2n—27‘f2r + 5 ZO 62k,2n—2rf2r-
r= r=

We will prove by induction on n that

P(n):VO<k<n, Bopon = Qrpn_i = U2kU2p—2k-

P(1): When n =1, 829 = ugug = %, the proposition holds.

Assume P(n) holds for all n < m — 1. Then, for n = m,

k m—k
1 1
Pakam = 5 z; Pak—aram—ar for + 5 z; Bak,om—or for
r= r=

Clearly, m —r < m — 1.
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Therefore, Bog—2r2m—2r = UgkUom—2k and Bog 2m—2r = UgkUzm—2k—2-- Hence,

1 k 17n—k
Pakam = 5 > Uk artiom-ak for + 3 > usktgm-—2k-2r for
r=1 r=1

1 k 1 m—k
= §u2m—2k Z Uk —2r for + §U2k Z U2m—2k—2r for-
r=1 r=1
Observe that

k k
ZUQk‘—Q’I‘fQT‘ = ZP[SQIC—QT - O]]P)[TO = QT] = ]P)[SQ]C = O] = Uk
r=1 r=1
and similarly,
m—k k
Z U2 —2k—2r for = ZP[SQm—zk—zr =0]P[To =2r]
r=1 r=1

=P[ Som—2k = 0] = ugm—ok-

Thus,
1

Bok,2m = o Uzm—akUzk + SU2RUM—2k = UskU2m—2k = Ohm—k-

Therefore, we have proved that Sap 2, = g p—i-

The next result was first proved by P. Lévy for Brownian motion.

Corollary 2.4 (Arcsine law for the leading time). In particular, for any x € [0,1], we
have

A 2
lim P[ﬂ < x} = ~ arcsin /7.
m

n—00 2n

Proof. Asn — oo

A 2.3) 2
lim }P’[ﬁ < x] = lim Z Uk U2— 2k (:) = arcsin /.
2n n_xmk<wn T

O

- . . A . . 1 . .
Remark 2.5. The probability density of the arcsine distribution is . This density

is depicted in Figure 2. A random variable with this distribution is more likely to have
values close to 0 or 1 then near the midpoint of [0, 1].

To understand the significance of Corollary 2.4 it is convenient to think of the random
walk in terms of a fair game of chance between two players A and B.

Suppose we have a fair coin with faces labelled +1. We flip a coin and if the face 1 shows
up player A gets $ 1 from B, and if —1 shows up, A gives $ 1 to B. The quantity S,
is then the amount A won/lost after n coin flips. If S, > 0, then A is in the lead, i.e.,
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2.29

2.0+

0.8 1

0.6

FIGURE 2. The graph of ————.
my/z(1—x)

his fortune increased S,, dollars, while if S,, < 0, then B is in the lead by |S,| dollars,

or, equivalently A lost |S,| dollars to B. The quantity A indicates the amount of time

n
player A is in the lead during a game of duration n

Since the game is fair, intuition might suggest that the fractiion of time A is in the lead
ought to be roughly equal to so that % should be close to % Figure 2 shows that this is
not the case. For example, for n large

0.51 1

— —da
049 my/x(1—x)
2
= —(arcsinv0.51 — arcsin v0.49 ) ~ 0.012.
™

P[0.49 < Ap/n <0.51] ~

On the other hand
0.1 1

——dx
0o my/z(l—x)

2
= —arcsin v0.1 =~ 0.204
T

P[A,/n<0.1] =~

By symmetry, we deduce that the probability that one of the players is in the lead most of
the time is =~ 0.408! This is about 40-times more likely than them changing lead often. O

2.3. Maximum and first passage. Let S; be the maximum of a random walk, i.e.

Sy = maX{So,Sl, .. .,Sn}.
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Lemma 2.6. Given r > 0, the probability that a zig-zag of length n from the origin ends
at (n, k), k <r and S} > r equals

0, n # k mod 2,
Pnor—k =P[ Sy =2r—k| =
L( n ), n = k mod 2.

2n r—i—"T_k

Proof. We use Feller’s approach from [2, Sec. 3.7]. Think of the horizontal line z = r as
the new x-axis. Because k < r and 0 < r, the beginning and end lattice points are on the
same side of the new x-axis. Then, by André’s reflection principle, the number of paths
from (0,0) to (n, k) that touches or crosses x = r equals the number of paths from (0, 0)
to the reflection of (n, k) in z = r which is (n,2r — k).

Thus,

P[Sn =k, S;; > 71] = #g((0’0)5§n72r ~ k)) = Pn,2r—k-

Therefore, we can derive that the probability that a zig-zag of length n from the origin
ends at (n,k),k <r and S} equals

P[Sn =k,S; > r] —]P’[S’n =k S; 2r+1]
= Pn,2r—k — Pn,2r4+2—k-

Theorem 2.7. Given r > 0, the probability that a zig-zag of length n from the origin
satisfies S} = r equals max {pmr,pn,rﬂ}.

Proof. The proof below is from [2, Sec. 3.7].
PSp=r]= > P[Sa=k k<rS;=r]
k=—n

= Z (pn,Qr—k’ - pn,2r+2—k’) = Pnyr+1 + Pny

k=—n

Dn,rs n = r mod 2,

DPnr+1, N =7+ 1mod 2.

O

Consider the standard random walk (Sy,),>0. For n € N and r > 0 we denote by H, the
hitting time of the location r, i.e., random variable

H, ::min{OSkgn; Sk.:r}.
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We set
Yrp = }P’[Hr = n]

Theorem 2.8. For a zig-zag of length n, the probability that the first passage through r

1
occurs at n equals Yrp = 3 (pn_lm_l — Pn-1,41 )

Proof. The proof is from [2, Sec. 3.7]. Note that S,, = r is the first passage through r =
Sp—1=r—1land S} =r—1.

1
Yrn = ip[snfl :7“_1;5:;:7“_1]

(P[Sn_lzr—l; S:LZT—I]—IP’[SR_lzr—l; S;ZT])

N —

= *(pn—l,r—l — Pn—1,r+1 )
2
O

Theorem 2.9. The probability that the r-th return to the origin happens at n equals
Vrn—r, €., the probability that the first passage through r happens at epoch n.

Proof. The following proof is inspired by [2, Sec. 3.7]. Denote by #;,, the set of walks
x=X1,...,X, of length n

e return to 0 exactly r times,
e and the last return occurs at epoch n, i.e., S, = 0.

The theorem is equivalent to the equality
Hr = 2" Yymr—r (2.8)
We denote by %, . the subset of %, consisting of nonpositive walks, i.e.,
Sp=X1+--+Xp <0, Vk=1,...,n.
We first show that
W =2 T (2.9)

n,r

We denote by #,', the set of walks of length n that end with a first passage through 7.
Note that

#yﬂn*—m" = 2n_r%‘7n—7"
We will prove the equality (2.9) by constructing a bijection %, . — #,_,. .
Let ¢ = (X1,...,Xn) € W, - Denote by

O<ki<ko<---<k,.=n

the r epochs of return to the origin of the path «, i.e.,

Skys Skys -3 Sk, = 0.

Set kg = 0. Because the walk is entirely nonpositive, every step after the walk reaches the
origin must be in the negative direction,

Xk‘0+1 = Xk2+1 == Xk]rfl"!‘l =-1L



20 XIAOTONG YANG

Consider a new walk ¥ (x) of length (n —r) obtained from the random walk (X7i,...,X})

by skipping the steps X, +1,%=0,...,7—1. For j =1,...,r, the first moment the walk

W(x) reaches the location j is k; — j. This shows that U(x) € #;", . We will prove that

the resulting map ¥ : %~ — #," . . is a bijection.

The walk @ is uniquely determined by the epochs k1, ..., k, and the (walk) segments
Uj(.’l?) = ij71+2, ces ,ij, j = 1, LT

The walk ¥ () is obtained from the succesive concatenation of the segments o1 (), .. ., o ().

Observe that each of the walks o;(x) is a walk from 0 to 1 that reaches one only at the last
step. Note that the first moment ¥ (x) reaches location j is after the completion of the
segments o1, ..., 0;, that is at epoch k; — j. Thus the epochs k; are uniquely determined
by ¥(x). The segment o;j(x) corresponds to the segment of the walk W(x) from the first
epoch it reaches location j — 1 to the first epoch it reaches location j. Hence x is uniquely
determined by ¥(x) proving that ¥ is injective.

Suppose now that y = (Y1,...,Y, ) is a walk in %}, . It determines r epochs t;,

J = 1,...,r, where t; is the first epoch the walk y reaches location j. We set to = 0.
These epochs cut out r walk segments

ui(y) = Yo,y 41, -+, Yy
Then y = ¥(x), where = € 7, is the walk
r=—-1u(y),—1uy),...,,—1,u(y).
Hence ¥ is a bijective.
The equality (2.8) is equivalent to
Wone =2"Yom—r =2"#W "7 (2.10)
We will construct a bijection
O Wy — {—1,1}" x W
Let ¢ = (Xl7 e ,Xn) € ¥, - Set ko = 0 and nenote by
O0<ki<ko<---<kr-r=n
the r epochs of return to the origin of the path x. These epochs cut out r walk segments
vj(®) = Xi; 41,5 Xgy, G=1,...,k

Set ¢; = ¢j(x) := Xy, 41 € {—1,1}. The zigzag associated to vi(x) stays above the z-axis
if ¢, = 1 and below the z-axis if ¢; = —1. We denote by & the walk

—evy(x),. .., —€v(x),

where for any walk y = Y7,...,Y,, and € = +1 we set ey := €Y7,...,€Y,,. Clearly
xx € # ~n,r. We have thus produced a map

O: Wy = {11} xH, ., ®(x) = (a(z),..., ), 22).
It is a bijection with inverse

{-1L1}" x ¥, . > (€1, 60, y) = —€1v1(Y), ..., —6r(Y) € Wy
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2.4. Duality and the position of maxima. To a given a random walk of finite lengh
n

Sp=X1+ -+ X,
we can bijectively associate a dual random walk of the same length

S =X{+-+X,,.

The dual zigzag is obtained by rotating the original zigzag around its right endpoint
(n, Sp)by 180 degrees, changing the orientation of the z-axis and then relabeling (n, Sy,)
as the new origin. Formally we set
X=X, X, =X,1,..., X, = X,
ie,Vk=0,1,2,...,n,
X = Xng1-k5 X =Xp 1

n

Lemma 2.10. For a zig-zag of length n, let r = L%J, the probability that the final epoch
n is a first passage through a point equals uo,., i.e.,

P[S, > max{So, ..., Sp-1}]

= ]P’[Sn < min{So,...,Sn_l}} = %ugr.

Proof. We use approach in [2, Sec. 3.8]. Given a random walk of length n, the right
endpoint (n,Sy) is the first passage through a point if and only if the corresponding
zigzag reaches a maximum or a minimum at that epoch.

From the definition of duality we see that the right endpoint (n,S,) is the only maximum
in the original path iff the origin is the only minimum in the dual.

When n is even, i.e. n = 2r,

If S5, is the maximum, consider
P[SQT > max{Sp, ... ,Sgr_l}]
=P[Sor — Sor—1 > 0,82 — Szr—2 > 0,..., 52 — 51 >0, 52, — Sy > 0]
=P[X, >0, X, +X,-1>0,.... X+ X,1+-+ X1 >0]
—P[X] > 0,X, + X5 0,0, X+ X4+ X > 0]
a7 1

=P[5 >0,5>0,...,59,>0] = 3 tar

If Sy, is the minimum,

]P)[SQT <min{5’0,...,52r,1}]
=P[Sor — Sor—1 < 0,82 — Szr—2 <0,..., 52 — 51 > 0,5 — Sy <0]
=P[X, <0,X, +X,1<0,.... X, + X1+ + X1 <0]
=P[X]<0,X]+X5<0,....,X{+Xp+---+ X/ <0]
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=P[5 <0,5 <0,...,5, <0] =" -uy.

Similarly, when n is even, i.e., n = 2r + 1

If S9p41 is the maximum,
IP[SQT_H > maX{So, ey SQT}]
an 1

:P[Si>0,Sé>0,...,5’ér+1>0] = §u2r-

If S9,41 is the minimum,
P[SQT+1 < min {So, ceey SQT} ]
(L7 1

:]P)[Si<0,Sé<0,7Sér+1<O] == §U2r.

Therefore, given r = | %],

]P’[Sn > max{Sp,. .., Snfl}]

1 (2.11)
= ]P)[Sn < min{So, . ,Snfl}} = §UQT.

O

Theorem 2.11 (Distribution of maxima). The probability that the first visit to the right
endpoint of a zig-zag of length 2n happens at 2k

P[ So = San > max{So, ..., Sax—1} | = uoption—ok-

Proof. The following proof is from [2, Sec. 3.8].
]P)[Szk = Sgn > maX{S(), . ,Sgkfl}]

=P[S1 # Sok, - -, Sok—1 # Soi |P[ Sar, = San |

= {P[S% > max{So, .. -,SQk—l}] +P[Sgk < min {SO, .. .,Sgk_l}]} * U2p—2k
1 1

= (iqu + §U2k)u2n—2k = Uk U2n—2k-

O

Consider the standard random walk (S2y,)n>0. Forn € Nand r > 0 we denote by M = My,
the first moment when the maximum S5, is attained. More precisely,

Mo, ::min{0§m§2n; S :maX{SO,...,SQn}}.

Theorem 2.12 (Location of Maximum). The probability that the mazximum of a random
walk of length 2n first occurs at 2r or 2r + 1,

1
P[ Mo =2r] = P[Mon = 2r + 1] = Suastiznar- (2.12)
In particular
. Moy, 2 .
lim ]P’[ < :1:} = =~ arcsin(/z). (2.13)
n—00 n s
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Proof. We follow the approach in [2, Sec. 3.8]. For simplicity we set M = My,,. When
M = 2r,
]P[M = 27“] = IP)[SQT > maX{S(), R ,527_1}; Sop > maX{Sgr, ey Sgn}]

= ]P)[SQT > maX{So, ce ,Sgr_l}}P[SQT > maX{Sgr, R ,Sgn}]

2.11) 1
( = : §u2T]P)|:SQT > Sor, Sor > Sorg1, ..., S0 > S2n]
1
- 5’&27«[?[527« - 52T+1 >0,...,8 — Sop > O]
1
= §U2r]P’[X2r+1 <0,..., Xopp1 44 Xop <0
1 27 1

= §u2rp[51 <0,...,8m—2 <0] = U2rtizn—2r-
When M = 2r 41,

[P)[M =2r+ 1] = ]P)[SQT+1 > rnax{So, cee SQT}; Sort1 > maX{SQH_l, ce Sgn}]
= ]P)[SQTJA > maX{So, c. ,SQT»}]]P)[SQT+1 > maX{S2T+1, c ,Sgn}]

2.11) 1
2V §u2rp[52r+1 > Sori1,S2r41 > Sarg2, ... Sorg1 > Son |
1
= §UQTIP[SQT+1 - SQT_A,_Q Z 0, ey SQT+1 - SQn Z 0]

1
= §UQT]P’[X2T+2 <0,...,Xoppo 4+ Xop <0

1
= §UQTIP>|:51 < 0,. . .,Sgnfzrfl < 0]

Note that S9,_9r41 is 0odd so So, 9,1 <0 = S, 9, < 0. Hence

1 71
P[M=2r] = §U2TP[SI <0,...,5p-2 <0] = o Uartizn—2r-

This proves (2.12).
To prove (2.13) note that (2.12) can be rewritten as

1
P[ My, =m] = 5 U2k U2n—2k k=[m/2].
We introduce a slightly modified variable
J/\Zgn = 2LM2n/2J
This new variables takes only even values and

]P)[]/\ZQH = 2k | = uopusn_ok

Hence =32 converges in distribution to the arcsine distribution. The claim (2.13) follows
by observing that for x € (0,1)

M2n
2n

—

Moy, 1
< l‘} - P[ m < .%':| ) < T2n(-r) = §u2k’(x)u2n—2k($)¢ k‘(:ﬂ) = LTLCL‘J

7l
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The estimate (2.5) implies that

1
lim r9,(z) = lim =0, Vz € (0,1).

) o)

O

2.5. Equidistribution of conditioned leading time. Recall that in (2.6) we defined
A, the number of edges above the x-axis of a zig-zag of length n started at the origin.
Theorem 2.3 shows that the ratio % is biased towards its extreme values 0 and 1. Our
next result shows that this bias disappears if we know additionally that the random walk

returned to 0 after 2n steps.

Theorem 2.13. The probability that a zig-zag of length 2n satisfy Aoy = 2k, 0 < k <mn
is independent of k. More precisely

1
n+1

which is independent of k. Thus, the random variable Asy,, conditioned by {S2, = 0} is
uniformly distributed and thsus

P[ Asy = 2k |82, = 0] =

lim P[@gx(s%:o} —

n—00 2n

Proof. We follow the method in [2, Sec. 3.9]. When k = 0 or k = n, by symmetry,
P[A2n =082 =0] =P[Azn =2n| 52 =0].
All the edges are above the x-axis iff 51 > 0,...,59,-1 >0 so
P[A2n =2n|82, =0] =P[S1 20,5 >0,...,8,-1 > 0[S, =0]
P[5 >0,5>0,...,5,1>0,5,=0]
B P[Son = 0]
P51 20,8 >0,...,5m1>0,5,=0]

U2n
Now we consider the number of zig-zags that satisfy

S512>0,52>0,...,5,-1>0,8, =0.

Clearly S; = 1, so the number of zig-zags from the origin to (2n,0) that have all
edges above the z-axis equals to the number of random walks from (1,1) to (2n,0) that
S1,...,8, # —1. Denote Z~!(A, B) the set of zig-zags from A to B that touch the
horizontal line y = —1. By Ballot Theorem,

#271((1,1),(2n,0)) = #2((1, -3), (2n,0)).
Therefore,

#{51 20,5 >0,...,8,-12>0,5, =0}
= #QF((L 1)7 (27’L, 0)) - #Qp_l((L 1)7 (2%, 0))
=#2((1,1),(2n,0)) — #2((1,-3), (2n,0))
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<2n> 229,

2n—1\ 1
T n+1\n/) n+1

B (2:—_11)_<n+1

Thus,
22nu2n s
_ _ n+l n
P[$120,8 >0, 8012 0,8, =0] = 7= =
Therefore,
u
020 = 2n,2n = P[A% =2n, So, = O] - n j—nlv
—an (2.14)
ntl _ 1

P[Agn :2n|52n :O] = s

When 0 < k < n, let
Nok,2n = P[ Agp = 2k, So, = 0].

We condition on the time of the first return to origin 7Tp. Then
2k,2n = ]P)[AQn = 2k, Son = O]

k
= ZP[AQn = Qk,SQn = O‘Sgr_l > O,TQ = QT]P[SQT_l > O,To = 27‘]

—

r=

> P Aoy =2k, Sop =0 Spp—1 < 0,Ty = 27 |P[ Spr1 < 0,Th = 2r].

n—=k
+
r=1
Note that
P[Sgrfl > 0,7y = 21"] = P[S2r71 <0,Ty = 27‘]
1 1 as) 1 1
PlTo=2r] =g fur = g5 —qu
Also
P[AQn = 2k, Son = 0] S9r—1 > 0,Tp = 27‘} = "2k—2r,2n—2r-
P[ A9y = 2k, Son = 0] S2r—1 < 0,Th = 21| = Nk 2n—2r,
Hence
1 1<
Tok2n = 5 TZ_O Nok—2r2n—2r for + B ; N2k, 2n—2r f2r-

U2n

We will prove by induction on n that
Vi<k<n-1, n = .
n b 2k,2n n 1

1, the proposition holds.

uz

When n =1, 720 = T
Assume that (2.15) holds for all n < m — 1. Then, for n = m,

1 k 1 m—k
2k,2m 5 2”2k—2r,2m—2rf2r + 5 z; 772k,2m—27‘f2r
r= r=

(2.15)
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From the induction assumption

U2m—2r U2m—2r
2k—2r2m—2r = 710,2m—2r = rr1 M2k, 2m—2r = 10,2m—2r = 1
Hence
o - U2m—2r
M2k, 2m = ; 1 for-

Clearly, m —r < m — 1.

Therefore,
_ _ U2m—2r
N2k—2r2m—2r = T2k 2m—2r m—r—+1 1
Hence,
1<~ u 1y
_ = 2m—2r = 2m—2r
772k,2m—22 r+1f2r Zm—?“—l—ler
r=1 r=1
And,
U2m—2r f _ U2m—2r 1 i 2r
m—r+1""  m—r+12r—122°\r
1 uwgme—or (2r —=2\2r 1 2ugm-_oruzr—2
S 22m—r+1\r—1)7r2 2 r(m—r+1)
Thus,

m—k

k
_ 1 ugm—orugr—2 1 ugm—orugr—2
n%’zm_ZQQTr(m—r—i-l) * 72—31 22rr(m—r+1)

r=1

Setting i :=m —r + 1, we get

k m
_ 1 ugm—orugr—2 1 ugi—ougm—2i
12k, 2m = Tzl 22rr(m—r+1) * i_;_l 227 (m+1—14)i

m
_ L ugm—orugr—2
= E P T e
=2 r(m—r+1)

The above term is obviously independent of k. We denote it by 29, and we deduce

m—1
Z T2k ,2m ‘HP)[AQTL - O,SQn = O] +P[A2n = 2n, SZn = 0] = U9y

k=1
(S —
(n —1) terms
(2.14) 2u9
U2m
= M2k2m = Z2m = , Vk=0,1,2,....n
' m+ 1

Therefore, V0 < k < n,
1

P[ Agn = 2k| Sz, =0] = 1
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Remark 2.14. Above we have proved that

1 2n
P| Ay, =2k, S5, =0| = —/——— .
The fraction . )
n
C, =
" 41 < n >
is in fact a positive integer called the n-th Catalan number; see [7, Sec. 1.4]. O

Remark 2.15. For p € N we denote by Tp, the moment of the first return to the origin
Toa=To=min{neN; S, =0}, Topy1 =min{n >Tpy; S, =0}
The condition Sa, in the above theorem can by rephrased as dp € N such that 2n = R,,.

However, we have no information about p.

A surprising result of P. Lévy [4, Cor.2, p. 303-304] shows that equidistribution is lost if
the ambiguity about p is removed. More precisely Lévy proved that as p — oo fraction of
lead time % conditioned by n = R, converges again to the arcsine distribution,
A 2
lim P[& < J)] = —arcsin(ﬁ).
=0 Top ™

To quote Chung and Feller [1] “these results should serve as a warning to statististicians
who might assume that fluctuation phenomena always follow the bell shaped pattern”. O

3. CENTRAL LIMIT THEOREM

3.1. Central Limit Theorem: the local version. Let T,, be a binomial distribution
corresponding to n independent trials with success probability % Define p,(k) as the
probability that T;, equals k, i.e.

pu(k) =P[T, = k] = ;(2)

Theorem 3.1 (Local Limit Theorem). For any function ¢ : N — (0,00) such that ¢p(n) =
o(n% ) as n — 0o, we have

n(k
(ke =3 (<) 2p(<2)kn>2 “Ho 3.1)
k=5 Se(n e 2n
V2rn

Proof. We follow the approach in [6, Sec. 1.6]. Set
Ky, :={keN: }k—n/2‘ < ¢(n) }.
In the sequence we will denote by . the set of sequences of functions
e(n): K, — [0,00), k> €(n,k),

such that
lim sup €(n, k) =0.

=0 ke K,
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Define
d(n) : K, —» [0,00), d(n,k)=

We have to show that

d(n) €

The proof is based on Stirling’s formula (A 2)

)

(
2n< ) Q"k'n—

V2mn (2) (1+O(1/n))

6

1+0(1/n) ) as n — oo.

1
2k (4 (14 00/k))Varn— R (22)" (14 0(1/m— k) )
1 Vamn (%)" 1+ 0(1/n)

Pk (9 a5 (1 0/0) (14 01/ - 1) )

Observe that if k € K,, then

5= <k n—k < Z+o(n).
Hence . .
o O(1/n) when k € K,, and n — oo.
Hence, when k£ € K,, and n — oo, we have
1+0(1/n)
=1+ei(n), e(n)e.s.
(1+00/R)(1+0(1/(n-)))
We deduce
1 2mnn”
palk) = 55 V2rkkE /27 (n — k) (n — k)»—* (1+am)
1 V/nn'™
= mkkmnn i gy a)
= —n 1+¢€1(n)
2" ok /n(1 — g)(g)’“u (1+alm)
1 1
2 ok b A= (Ham)
Set
. k
pi=—
n
Then
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(2—n — (elogl/Q)n)
:;exp{klog<i)+(n—k)log< ! - )}(1+61(n))

V2mnp(1 — p) 2p 2(1-p)

(p=Fk/n)
1 . . . .
= fexp{—(nplogZWrn(l —p)log(2(1 —p))}(l +ei(n)).

V2mnp(1 — p)

Set
H(z) :=zlog(2z) + (1 —z)log(2(1 — z)).
Then .
pu(k) = ————=exp{-nH ()} (1 +e(n)). (3.3)
V2mnp(1 — p)
We want to replace H (x) with the Taylor expansion of H (z) around xy = % For0 <z <1,
/ . T " . 1
H'(z) _IOg(l—x)’ H(z) = z(l—x)’
m . _i 1
H"(z) = = + A—ae
We have
1y 1 1 _ , 1 _ _ o 1 _
H(i) —ilogl—i—ilogl—(), H(2> =logl=0, H (2) =4,

o =(3)+ w1 (3)(o-5) + 520 5)" 0l (5-3))
Note that

so that, if £ € K,, we have

.1 (n)
— < B2
p 2‘_ n
Therefore,
L[ gmy?
. n
np— 5 < n2 — 07
so that
) 3
n|p — 5| = ea(n), e(n) € 7. (3.4)

Then (3.3) is equivalent to

mib) = e en{-2n(p=5) +00((5-3)") }1-+at0)
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)2
- e g e{o(n(i-5) )}
Using (3.4) we deduce that

exp{O(n(ﬁ— %)3)} =1+e€3(n), es3(n) € <.

Note also that

! Ly _9(n)
. —f’<7, VE € K.
P35 ’( P)=5=, <
Hence
1
1Hal) L), am) e
2y/p(1 —p)
We deduce that for any k € K,
() = e 5 (14 es(m)) (1 + ca(m)) (35)
n = e 2n e3(n ea(n) ). .
p 5 3 4
This proves (3.2). 0

3.2. The Central Limit Theorem: the global version. The expectation, variance
and standard deviation of 7T, can be calculated respectively as

n n n
ty = E[Tn] = —, vy = Var[Tn] =—, op:=o0[T,] = £
2 4 2
Theorem 3.2 (De Moivre-Laplace Integral Theorem). Given a,b € [—00,00], Let
T,—1
P{a < =—= < b} = pula,b].
On
As n — o0,
1 e
a,b| — — e zdx — 0. 3.6
pofat - o= [ (3:6)

Proof. The proof below is inspired by [3, Sec. 7.4] and [6, Sec. 1.6]. We will carry the
proof in several steps

Step 1. Assume that a,b € R. Let T'= max(|al, |b|) so

(a,b] C [-T,T].
Define A,, as the interval
(VA
(CLUn, bO’n} = (GT’ b7 i| .
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Denote 14, the indicator function of A4,, i.e.,

11, :R — {01}, Is($):{(1): z;j:
Then,
pu(a,b] = P|To = 2 € A, | :kZIAn(k—Z)'pn(k)
Note that -
IAn<k7_g) = (k—n/2) € Ay = |k—n/2| <Tvn=:¢(n).
Note that

gb(n) = O(n1/2) as n — o0.

By (3.5), as n — oo we have

PIT, - 2 e A= zn:[IAn(k:— g)e—@’“z‘n”)g (1+es(m)) (1+ea(n)) |

[\)
;

S
>
<H3

_ 1 Z[IAH(;{;_n)Q—W(1+53(n))(1+64(n))]-

Varoy, k=0 2
Define
14+ e5(n) = (1+e3(n))(1+ealn)).
Then,
P[T, — g € An) = \/%U Z[IAn(k - g)e*@’“;n"ﬁ (1+ 65(71))]. (3.7)
" k=0
- P[Tn € (n)2 + av/n/2,n/2 + by/n/2] } .
Define

k—t, k-—n/2
o,  Vn

2
where the set of points ¢(k) also fills the real line. Because we restricted k such that

} k—n/2 ‘ < ¢(n), p(n) = o(n% ), equivalently we also have

k) = S22 <y, w(m) = o).
2

t(k) :=

Therefore,
- _n VRl _ o (n v
P[To=k] =P[T0 =2 + (1) | = pu( 5 +10) %)
Notice that
(2k — n)? t(k)?

1
- 2 - s - = 1 - Y - = - Y
k—n/2=t(k)o - t(k+1)—t(k) 5 2
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Then, by (3.7),

P[Tn— g S An] = ;Tk:O{IAn(t(k’)Un)o_ne_t(g)z(1—1—65(71))}
1 & 2
:mkzo[f,qn(t(k)an)(t(k—i—l)—t(k))e P (14 es(n))

> Ly (R (20 1) — t(k) )5
k=0

=T (n)

V2
S T (k) ) (H(k +1) — (k) )e™
k=0

1
+ R
v 2T

=:T(n)

By the properties of Riemann sums, as n — oo,

0 e

Now we evaluate Th(n) as follows

Ta(n) = e5(b)T1(n) — 0 as n — oo.

Step 2. Assume a = —oo0 and 0 < b < co. Then

pn( (—OO,b]) = pn( (_0070]) +pn( (07 b] )
Arguing as in Step 2 in the proof of Theorem 2.2. we deduce that

1 0
lim pp((—o00,0]) = = e 2dy.

n—00 ’ 2:\/27[-/;00

From Step 1 we deduce
0, b
( ( \/ 27 /

Hence (3.6) is true when @ = —oo and b > 0.

Step 3. Assume a = —oo and b < 0. We have
Pn((=00,8]) = pp((—00,0]) — pu((b,0]).

and we conclude as before..

Step 4. Assume b = co. We conclude as in Step 2 and 3.
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3.3. Random walks again. Recall that T}, is a binomial distribution corresponding to
n independent trials with success probability % Hence
T.=Y1+---+Y, neN,

where Y,, are Bernoulli random variables with probability % Also notice that the random
variables X; = 2Y; — 1 take only the values +1 with equal probability so that we can
describe the standard random walk S,, as

Sp=X1+--+X, =27, —n, neN,
By (3.6), we have as n — oo,

P[a\/ﬁ<5n§b\/ﬁ]ZP[aéﬁ+Z<Tn§b\gﬁ+Z

B b
Tn —tn < b] — 1/ e_éd:n.
On V2T Ja

APPENDIX A. STIRLING’S FORMULA

:P[a<

We present a proof of Stirling’s formula from [2, Sec. 2.9]

nl ~ V2 Tee (A1)

Proof. Since log z is an increasing function, by taking the Riemann Sum using right and
left endpoints respectively,

k k+1
/ logxdx < 1logk < / log xdzx.
k—1 k

Take the sum of £k =1,2,3,--- ,n,

n n+1
/ log zdx < logn! < / log xdx
0 1

nlogn —n <logn! < (n+1)log(n+1) —n
Clearly
1
nlogn —n < (n+§>logn—n< (n+1)log(n+1) —n.
We want to estimate the error
1

dy, = logn! — <n+§>logn+n.
We have

1 1
dp — dpy1 =logn! — (n+§>logn+n—log(n+1)!+ <n+1+§>log(n+1)—n—1

! 1 nt+1+1 1 1
:logn(nj— ) 1= n+ = | log nt -1
n"t2(n+1)! 2 n

1
_ <2n+1>log<1+2"1+1> .
2 172n+1
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Let t = 50,
2n+1 1+1¢
dn —dpy1 = 5 logl_t—l
Take the Taylor series of log % at 1,
2n+1 25 25
dy — dpy1 = U+ B+ +--)—1
n n+1 92 ( + 3 + 5 + )
= ! + ! +
C3(@2n+1)2 7 5(2n + 1)*
Thus,
1
1 1 3@ )2
0<d, —d < e = — =
m IS 3on 4 1)2 + 3(2n+1)* * 1—(2n+1)2

11 1
S 12\n n+1

Therefore, the sequence d,, is Cauchy thus convergent. We set C' := lim,_, d,, and we
deduce
C +% e

1
dnzlogn!—(n+§)logn+n~0, nl =~ e“n"

We shall prove that C' = log( V2 )

By the Wallis’ formula [5, Ex. 9.50],
2:2-4-4-6-6---2n-2n

. T
A T 3355 (@1 @n-1) @il 2
therefore,
2:4-6---2n s
135 -2n—1)-v2n V2
2-4-6---2n (2-4-6---2n)? (27n!)?
1-35---(2n—1)-v2n  20)W2n  (20)W2n
Because n! ~ ecn”Jr%e_”,
(2"n!)? (2”ecnn+%e*”)2 T
(2n)!v2n - eCon2ntse—2n,/2p TV

Therefore, e¢ = /2.

The error of the approximation of n! using Stirling’s Formula can be calculated as the
following:

1 1 _ 1 —d <1(1 1>
12n+1 12n+1)+1 32n+1)2 " o 1\n ny1 /)
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Thus d,, — ﬁ is increasing, and d,, — is decreasing, therefore

1
12n+1

1
C+m<dn<0+m, Czlog(\/27r),
\/ﬂ.n”*‘% -61271“ V2 - n"‘% -eﬁ

<nl< .
er er

As n — oo we have )
etzn, e = (14 0(1/n)).
Hence

n! =+v2mn (g)n(l—FO(l/n)) as n — oo. (A.2)
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