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Introduction

Suppose (M?"*1 n, g,.J) is a positively oriented, metric contact manifold. More precisely,
this means that 7 is a 1-form such that %17 A (dn)™ = dvg, J is a skew-symmetric endomor-
phism of T'M such that

J2X = —X +(X)E, dn(X,Y) = g(JX,Y), VX,Y € Vect(M),

and ¢ is the Reeb vector field determined by n(¢) =1, £ 1dn = 0. Set V = ker.
The operator J induces an almost complex structure on V, and we get decompositions

174 ® (C — VI,O D VO’I, A*v* ® C — @ ApaqV*‘
0<p+¢<2n

We set QP4(V*) := C°°(AP9V*). The Lie derivative along ¢ has the property L¢Q%P(V*) C
QP (V*) @ QYP71(V*), and we define Ly : Q%P(V*) — QOP(V*) by LY ¢ = (Lgg)™". The
operator iLg is symmetric. There exists a natural operator

Oy = QO (V*) — QYL (V).
We can form a contact Hodge-Dolbeault operator
H: QUF(VF) — QY (V)
which with respect to the decomposition Q%¢ve" @ Q0-°4¢(1/*) has the block form
—iLy  V2(0v +0y)

H =
V2(05 + 0y) iLy

*This work was partially supported by NSF grant DMS-0071820.



This is a symmetric Dirac type operator and it is an example of geometric Dirac operator,
i.e. an operator of Dirac type defined entirely in geometric terms with no mention of spin®
structures.

On the other hand, the contact form defines a spin® structure with determinant line
K]\_/Il, where canonical line bundle of M is defined by

v = det VO o2 AmOy=,

The associated bundle of complex spinors is S, = A%*V*. The Clifford multiplication by in
is an involution of S, and the £1 eigenspaces are

Séc ~ AU,even/oddV*‘

A metric connection V on T'M such that VJ = 0 is called a contact connection. If addi-
tionally M is a CR manifold, i.e. the distribution V1 is integrable, then we define a CR
connection to be a contact connection such that its torsion satisfies

T(X,Y)=0 VX, Y € C®(WVH).

A metric connection on T'M together with a hermitian A connection on K]\_/[1 canonically
define a Dirac operator ©(V,A) on S.. The connection V is called nice if D(V, A) is
symmetric for any hermitian connection A on K]\_/[l. Two metric connections V! and V?
are called Dirac equivalent if there exists a hermitian connection A on K;/[l such that
D(V, A) =D (V2 A).

The first question we address in this paper is the following.

e Can we find a contact connection V and a hermitian connection A on K]\j[l D(V,A)=H?
( A connection V with this property is said to be adapted to H.)

Suppose additionally that M is also spin. We denote by D the associated spin Dirac
operator. The second question we as is the following.

e Does there exist a contact connection V on TM such that (V) = D¢ ? In other words,
is there any contact connection Dirac equivalent to the Levi- Civita connection?

To address these questions we rely on the work P. Gauduchon, (see [5] or §2.1,§2.2), con-
cerning hermitian connections on almost-hermitian manifolds. We can naturally associate
two almost hermitian manifolds to M.

e The cylinder M = Rx M with metric § = dt? +¢ and almost complex structure J defined
by JO, =&, J |v=J.

e The symplectization M = R, x M with symplectic form w = = d(tn), metric § = dt® +
n®% + tg |y, and almost complex structure J = J.

To answer the first question we use the cylinder case and a certain natural perturbation
of the first canonical connection on (TM R J ). This new connection on TM preserves the
splitting TM = R9; & TM and induces a connection on TM with the required properties
(see §3.1). Moreover, when M is a C'R manifold this connection coincides with the Webster
connection, [11, 14].

To answer the second question we use the symplectization M and a natural perturbation
of the Chern connection on TM. We obtain a new connection on M whose restriction to



{1} x M is a contact connection (see §3.3). When M is CR this contact connection is also
CR, but it never coincides with the Webster connection. We are not aware whether this
contact connection has been studied before.

These two connections are examples of geometric connections. In fact we prove a much
stronger result.

Theorem. (a) On any metric contact manifold there exists a nice contact connection
adapted to ‘H and a nice contact connection Dirac equivalent to the Levi-Civita connection.
If the manifold is CR these connections are also CR.

(b) On a CR manifold each Dirac equivalence class of connections contains at most one
nice CR connection. Moreover, the Webster connection is the unique nice CR connection
adapted to H.

Finally, we present several Weitzenbock formula involving the operator H (see §3.2).
We expect these facts will have applications to three dimensional Seiberg-Witten theory.
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1 General properties geometric Dirac operators

§1.1 Dirac operators compatible with a metric connection Suppose (M,g) is
an oriented, n-dimensional Riemannian manifold. We will denote a generic local, oriented,
synchronous frame of TM by (e;). Its dual coframe is denoted by (e?). We will denote the
natural duality between a vector space and its dual by (e, e).

A metric connection on TM is a connection V on T'M such that

X -9V, Z2)=9(VxY,Z)+g(Y,VxZ), VX,Y,Z € Vect (M).
The torsion of a metric connection V is the T'M-valued 2-form 7' = T'(V) defined by

T(X,Y) =VxY — VyX — [X,Y].



The Levi-Civita connection, denoted by D in the sequel is the metric connection uniquely
determined by the condition T'(D) = 0. Any metric connection V can be uniquely written
as D + A, where A € Q'(End_(TM)), where End_ denotes the space of skew-symmetric
endomorphisms. A is called the the potential of V.

There are natural isomorphisms

QX (TM)—Q*(T*M), T — T"

QY(End_(TM)) — QX(T*M), A— Al
defined as follows.
QXTM)>T— T (X, TV(Y,2)) = g(X,T(Y, Z))
and
QYEnd (TM)) 3 A AT, (X, AN(Y, Z)) = g(AxY, Z) =: AT(X;Y, Z),

VX,Y,Z € Vect (M). In local coordinates, if
T(e;,ex) Z kei, Agej = ZAfjek
k

then

e]aek e]aek) = Az]e )

i

T _ T
ijk — Tjk’ Azyk

coordinates, we will write A;;p 1nstead of A ik ete. Define

or equivalently, 7T’ A”C To simplify the exposition, when working in local

tr: Q*(T*M) — QY (M), Q*(T*M) > (Byg) — (tr B) ZB,,ke

and the Bianchi map
b: Q*(T*M) — Q*(M),
QOXT*M) 5 (Byj) = bB = Y (Biji + Brij + Bjri)e’ Ae? A e,
1<j<k

Note that if B € Q3(M) C Q*(T*M) then B = $bB.
For any A € End(T'M) and o € Q' (M) we define A A a € Q?(T*M) by the equality

(AAQ)(X;Y, Z) = (AX), Aa(Y, Z), ¥X,Y,Z € Vect(M),

where o, (resp. o’) denotes the g-dual of a vector (resp. covector) . The following
elementary result lists some basic properties of the above operation.



A, = %(A+ A%, A= %(A A,
Then
tr(ANAa) = (tr A)a — Ala,
and
b(AN @) =2wa Aa,
where

wa_(X,Y) =g(A_X,Y), VX,Y € Vect(M).

Using the above operations we can orthogonally decompose Q?(T*M) as
QX (T*M) = Q' (M) @ Q3 (M) @ Q%(T*M)
where
02 = {A cQ*(T*M); bA=trA= 0},
and Q'(M) embeds in Q%(T*M) via the map

|
QM) = Q2(T* M), a— a:= —1(1TM )
p—

Using this orthogonal splitting we can decompose any A € Q%(T*M) as
—~ 1 ~ 1
A=trAd+bA+RA, PA:=A—trAd-gbAe Q2(T*M).

The next result, whose proof can be found in [5], states that a metric connection is deter-
mined by its torsion in a very explicit way.

Proposition 1.2. Suppose that V is a metric connection with potential A and torsion T.
Then

TT = —AT + b AT, (1.1)

1
At =1t 4 5bTT. (1.2)
In particular

1
bA" = §bTT, tr AT = —tr 7.



Since all the computations we are about to perform are local we can assume that M is
equipped with a spin structure and we denote by S the associated complex spinor bundle’.
We have a Clifford multiplication map

c: Q" (M) — End(S).

A hermitian connection V on S is said to be compatible with the Clifford multiplication
and the metric connection V on T'M if

Vx (c(a)¢) — c(Vxa)p +c(a)Vxt, ¥X € Vect (M), ac QY M), %€ C=(S).

We denote by Ay = 2y (S) the space of hermitian connections on S compatible with the
Clifford multiplication and V.

Proposition 1.3. The space Av(S) is an affine space modelled by the space iQ' (M) of
imaginary 1-forms on M.

Proof Suppose VO, V! € Ay. Set C := V! — V? € Q'(End(S)). Since both V, i =
0,1, are compatible with the Clifford multiplication and V we deduce that for every X €
Vect (M) the endomorphism C(X) := X J C commutes with the Clifford multiplication.
Since the fibers of S are irreducible Clifford modules we deduce from Schur’s Lemma that
C(X) is a constant in each fiber, i.e C' € Q'(M)®C. Since both V'’ are hermitian connections
we conclude that C must be purely imaginary 1-form. Wl

Definition 1.4. A geometric Dirac operator on S is a first order partial differeintial oper-
ator ® of the form

D=D(V): C(S) s C®(T*M ®S) S C(S)

where V € Ay (S) for some metric connection V on TM. The geometric Dirac operator is
called nice if it is formally self-adjoint.

Locally, a geometric Dirac operator has the form

Every metric connection V canonically determines a connection V € 2y (S) locally described
as follows. If the so(n)-valued 1-form w associated by the frame (e;) to the connection V is
defined by

Ve; = E e’ @ w,lcjei, wfcj + w‘}ci =0,
ik

then the induced connection on S is given by the End_ (S)-valued 1-form (see [9])

W= 1 Zek ® w,ijc(ei)c(ej). (1.3)

S is Zy-graded if n = dim M is even and it is ungraded if n is odd.



We set D(V) := D(V) and Dg := D (D). Dy is the usual spin Dirac operator. We see that
every geometric operator has the form

D =D(V) + c(ia)

where V is a metric connection on M and a € Q'(M). The connection V is called nice if
D (V) is nice. We denote by yic.(M) the space of nice connections on M.

Proposition 1.5. The connection ¥V with torsion T is nice if and only if tr TT = 0.

Proof Note that
Vie; = Vje; + Ty, Vi, j (1.4)
and
divy(e;) =0, Vi. (1.5)

We have (at zp)

D = Z@Zc(ek)* = Z@kc(ek) = Zc(Vkek) + Zc(ek)@k =c (Z Vkek> + 9.
ke ke ke

k k

Thus V is nice if and only if
C (Z Vk€k> =0
k
We compute easily that
(Vje')(er) = —¢'(Vjer) = —glei, Vjer) = —glei, Vies + Tyr)
so that

Vjei = — Zg(ei,vkej —I—Tjk)ek. (1.6)
k
Hence
D O Viet = =" " gler, Vier + Thi)e’
k ko
(g9(ex, Vier) = 0 at xo)
—- 5 (St )
i k

This concludes the proof of the proposition.



Proposition 1.6. Suppose that V = D + A is a nice connection on T M. Then

D(V) = ©0+ c(bAl) = 330+ c(bT™).

Proof Observe that
A N 1 N k . )
=D— ZZG ® Ajjc(e’)e(e ):D——Z;e ® Agjic(e)e(e)
1,7,k 2,7

so that

D(V)—Dyg=—- ZA;WC )e( ZA’”J )e(eh)e(e?).

7]7 7_77

Since tr A = 0 we deduce that the contributions corresponding to triplets (i, j, k) where two
entries are identical add up to zero. Hence

T3 Age(eieleel@) = 1 30 ((04) — (A )ele)e(@)e(eh) = se(v4). @

i,5,k 1<j<k
Corollary 1.7. Suppose ® = Dg + ¢(w), w € Q3(M). Then
D =D(V)
where V.= D + A, Al = —w [ |

The above result can also be rephrased in the language of superconnections described
e.g. in [1]. Suppose w € Q3(M). The operator d + c(w) is a superconnection on the
trivial line bundle C. Taking the tensor product it with the connection D on S we obtain
a superconnectionon S=C® S

Ap =w®@1+1®D:C®S)— Q*(S).
The Dirac operator determined by this superconnection is
coAy =9p+ c(w).
Two connections V?, V! € ;0. (M) will be called Dirac equivalent if
(VY =D(Vh).
The above results show that two connections V? and V! are Dirac equivalent if and only if

c(bT(VOT) = c(bT(VY)T) = bT(VHT = 6T (VY)T.



§1.2 Weitzenbock formulae Suppose (E,h) is a Hermitian vector bundle over M. A
generalized Laplacian is a formally self-adjoint, second order partial differential operator
L : C>®(F) — C*(FE) whose principal symbol satisfies

on(§) = —|f|31E-

The following classical result is the basis of all the constructions in this section. We include
here a proof because of its relevance in the sequel.

Proposition 1.8. ([1, Sec. 2.1], [6, Sec. 4.1.2]) Suppose L is a generalized Laplacian
on E. Then there exists a unique hermitian connection V on E and a unique selfadjoint
endomorphism R of E such that

L=V'V+R (1.7)

We will refer to this presentation of a generalized Laplacian as the Weitzenbock presentation
of L.

Proof Choose an arbitrary hermitian connection V on E. Then Ly = V*V is a generalized
Laplacian so that L — Ly is a first order operator which can be represented as

L—-—Ly=AoV+B
where
A:C*¥(T*"M ® E) — C®(E)

is a bundle morphism and B is an endomorphism of E. We will regard A as an End (F)-
valued 1-form on M. Hence

L=V*'V+4+ AoV +B. (1.8)
The connection V induces a connection on End(FE) which we continue to denote with V
V :C*®(End (E)) — Q'(End (F)).
We define the divergence of A by
divy(A) := —V*A.

If (e;) is a local synchronous frame at zo and, if A =), A;e’, then, at zp, we have
divy(A) =) Vi,
i

Note that since (L — Lg) = ), A;V; + B is formally selfadjoint we deduce
Af = —A4;, divy(A) =B - B". (1.9)

We seek a hermitian connection V. =V + C , C € Q'(End (E)) and an endomorphism R
of E such that

VV+R=V*V+AoV + B.



We set C; := e; 1 C so that we have the local description

V=Y ¢ (Vi+Ci), Cf=-Ci Vi

)

Then, as in [9], Example 9.1.26, we deduce that, at xg

VIV ==Y (Vi+C)(Vi+ Ci)

)

(C)? = Ci0f = =€)

=Y v S v -2y v+ S (C)?

=V*V —2C 0V —divy(C) + (C)* =V*V+ AoV + B - R.
We deduce immediately that

= —%A, R=B- %divg(A) _ o %(B 4B - i(A)Z. (1.10)

The proposition is proved. B

If ® is a geometric Dirac operator on S then both ®*® and D®* are generalized Lapla-
cians. Suppose now that V is a nice connection on our spin manifold (M, g). It determines
a nice Dirac operator ©(V). We denote by V™ and respectively Ry the Weitzenbock con-
nection and respectively remainder of the generalized Laplacian ©(V)2. A classical result
of Lichnerowicz states that if V is the Levi-Civita connection then V® = V and R = -
where s is the scalar curvature of the Riemann metric g. When V is not symmetric the
situation is more complicated. We will present some general formula describing V™ and R.

D7 =) c(e)\Vic(e)V; =D e(e)e(e)ViV; + ) ele’)e(Vie))V,
i,j

i,j i,j

where

10



denotes the curvature of V. We need to better understand the quantity A (the coefficient
of the first order part of D2) which at z¢ is defined as

A= Zej ®c(e')e (Viel) .
]

Using (1.6) we deduce

A= Z e/ @ c(e)e( Z(e], Viei + Ti)e®)

k

= =2 ¢ @ {ej, Vaene(e)e(e) = D¢ @ (e, Tur)e(e)e(e")

i,5,k 0,5,k

(ejs Vrer) = ¢ @ Y e, Vreqe(e)e(eh) = Y el @ (ej, T)e(e)e(e)

I
u.pj
4

j i#k Jibk
((ej, Vier) = —(Viej, er) at zo, Vie; — Vieg = Ty = —Tix)
:—ZBJZ Vk@y,ek +Z€]®Z €5, zk k)
i<k
—2267@’2% i)e(e')e(e")
i<k

(switch the order of summation in the first term)

:—Z(Z Viej,ek) e]) ZeJ@JZ ej, Tip)e(e')e(e")
k J

i<k

—ZV}CG —Z€]®Z €5, zk k)

i<k
(Zk Vkek = 0)
= ——Zey ® (ej, Tir)e(e')e(e) = —a(T).
7]7
We deduce
D2 =V*V —aT) oV +c(R) (1.11)
where

1<j

Using the equalities (1.10) we reach the following conclusion.

11



Proposition 1.9. We have the Weitzenbock formula
D% = (V7)'V" + Ry

where
VP =V + %a(T) =V + i%e ® Tijre(ed)c(ek). (1.12)
Ry = 2 (e(B) + e(R)") ~ (D)), (113

where T denotes the torsion of V and R the curvature of V. n

Remark 1.10. Observe that V™ is the connection on S induced by the nice connection
V' =V + A where AT = TT. Using (1.1) we deduce

THV') = T(V)' — AT + 0 AT = 0T(V)T
The Weitzenbock remainder can be given a more explicit description. More precisely we
know from Proposition 1.6 that

D(V) =Dy + ic(bTT).

We set w := ibTT. As explained at the end of §1.1, ©(V) is the Dirac operator associated to

the superconnection D+w. Using [2, Thm. 1.3] we deduce that the Weitzenbock remainder
of D? is

. SPTITE R B ty = Ljprt?
Ry = 2+ c(dw) = 2w|* = 5 + 7 (e(dT?) - 3 oT"|?).

where || o || denotes the pointwise norm of a differential form and s denotes the scalar
curvature of g.
The following result summarizes the main facts we proved so far.

Theorem 1.11. Denote by Dgpin the spin-Dirac operator induced by the Levi-Civita D,
Dspin = D(D). Any geometric Dirac operator ® can be written as

D = Dypin + (@) +c(ia), a € Q' (M), @ e Q*(M).
Additionally, if V = D + %w + U, where U € Q*(T*M) is such that
trU=0=0bU=0

then
D =D(V) + c(ia)
and
D(V)? = (V*)'V™ + Ry + c(ida)
where

Ry = 15(9) + (e(dw) — 2]

12



The last theorem has an obvious extension where we replace S by the complex spinor
bundle S, determined by a spin®-structure ¢ on M. This case requires the choice of a
hermitian connection on the line bundle det S,. In the spin case det S = C and the additional
hermitian connection on the trivial line bundle is encoded by the imaginary 1-from ia
appearing in the statement of Theorem 1.11.

2 Dirac operators on almost-hermitian manifolds

§2.1 Basic differential geometric objects on an almost-hermitian manifolds In
this subsection we survey a few differential geometric facts concerning almost complex
manifolds. For more details we refer to [5, 7, 8] which served as sources of inspiration.

Consider an almost-hermitian manifold (M?", g, J). Recall that this means that (M, g)
is a Riemann manifold and J is a skew-symmetric endomorphism of 7'M such that J? = —1.
Fix g € M and (eq, f1, -+ ,en, fn) a local, oriented orthonormal frame of TM. We also
assume it is adapted to J that is

fj:JGj, ijl,'--,n.

We denote by (e!, f!,---,e”, f™) the dual coframe. Let i := v/—1 and fix one such adapted
local frame. We split TM ® C into +i-eigen-subbundles of J, TM"? and T%!. These are
naturally equipped with hermitian metrics induced by g and have natural local unitary
frames near pg

1
TMYW . ¢ := —(ep —ifs), k=1,---,n,
K \/i(k )
1
TM® = ¢ (ex +ifx), k=1,--- ,n.

kizﬁ

Form by duality 7*M"? and T*M%' with local unitary frames given by

k._

€ (6k+ifk)7 k:]-a"'an

Sl

and respectively,

k. (b —if*), k=1,--- ,n.

o
Il

Nia

We have unitary decompositions

A"T*M®C= @ APT*M, m=0,---,2n
p+g=m

where
APAT*M = APT*M ™0 @ AIT* MO
Set Ky := A™0T*M. We denote by PP+9 the unitary projection onto AP? and define

9 : QPI(M) — QPITH(M), 8:= PPTlod

13



and
0 : QPIUM) — QPYLU(M), 9= PPTHiod.
Define d° : QP(M) — QP+L(M) by
d°a(Xo, X1, -+, Xp) = a(—J X0, —J X1, -+, —JX,).
The space Q3(M) ® C splits unitarily as
BeC=0"e0,
where
O =000, 0 =000 0%

Finally, introduce the involution 9t on Q?(7* M) defined by

MB(X;Y,Z) = B(X;JY,JZ).
Observe that

YT =My, VYT e QF.

We denote by QU1 (T*M) the 1-eigenspace of 9 and by Q4 (T* M) the intersection of ker b
to QLY(T*M). Thus

Ac QM (T*M) <= A=9MA, bA=0.

The Nijenhuis tensor N € Q*(T'M) is defined by
1
N(X,Y) := Z([JX, JY]—[X,Y] - J[X,JY] - JJX,Y]), VX,Y € Vect (M).

Notice that N(JX,Y) = N(X,JY) = —JN(X,Y). This implies immediately that tr NT =
0.

We denote by D the Levi-Civita connection determined by the metric g and by w the
fundamental two form defined by

w(X,Y)=g¢(JX,Y), VX,Y € Vect (M).
Locally we have
w= iz el NED.
J
The Lee form 6 determined by (g, J) is defined by
0 = Aldw) = ~JA((d'w)*),
where A denotes the contraction by w, A = (wA )*, and J acts on the 1-form « by

Ja(X) = —a(JX), VX € Vect (M).

14



We have the following identity
1 1
9((DxJ)Y,Z) = —Edw(X, JY,JZ) + §dw(X, Y, Z)+29(N(Y,Z),JX). (2.1)

The form w determines the skew-symmetric part of NT via the identity
bNT = (d°w)~.
The almost complex structure defines a Cauchy-Riemann operator
9y : C®(TM™Y) — QW (T M)
defined by
X 10,V =X, V", VX € 0°(TM™), Y € C®(TM").

A Hermitian connection on T'M is a metric connection V such that V.J = 0. A Hermitian
connection V is completely determined v, := %([JTT)+ and B := (TT)i’1 via the equality
(see [5, Sec. 2.3])

1 3 9 3
T(V) =Nt + g(dcw)+ - gmt(d%ﬁ) + gw — gzmw + B.

We will denote the above connection by V(¢*, B). When B = 0 we write V(4/1) instead
of V(1, B). Observe that if T is the torsion of V(¢*, B) then

6T = bNT + 3¢p* = (d°w)™ + 3¢y = bNT + 3¢+,

Using the formula [5, (1.3.5), (1.4.9)] and the equality 4+ = b9Mp™, VopT € QF we deduce
that

trMy T = —2JAypT, Vo € QT (M).
Since tr NT = 0 we deduce that the trace of the torsion of V (¢, B)
+ 3 c \+ + 3 3 +
trT(V(",B)) =tr B+ ZJA((az W)+ ) = tr B = 0+ ZIAY.

Example 2.1. The first canonical connection (see [5, Sec. 2.5] or [8]) is the Hermitian
connection V? defined by B = 0 and

0T = (d°w)™ — (d°w™)
so that ¢ = —1(d°w)*. Tts torsion is
1
T) = NT - T ((d°w)™ + M(d°w) ™).

In general, it is not a nice connection since tr T(;r = —%0.

15



Example 2.2. The Chern connection or the second fundamental connection, [5, 8], is the
unique Hermitian connection V on T'M such that

VO’I = 5J-

We will denote it by V€. Alternatively (see [5, Sec. 2.5]), it is the hermitian connection
defined by B = 0 and bT" = (d°w)~ + (d‘w)™, i.e it is determined by ¢ = (dw)*. Tts
torsion is given by

1
T/ =N+ 3 ((dcwﬁ - ﬁﬁ(dcw)+).
In general, it is not a nice connection since tr ! = —9.

§2.2 The Hodge-Dolbeault operator The almost hermitian manifold M is equipped
with a canonical spin® structure and the associated complex spinor bundle is

Se = A""T*M = P A"PT* M.
p>0

Note that detS, = K]\_/[l. The Chern connection induces a hermitian connection det V¢
on K]\_/[1 and we denote by ©. the geometric Dirac operator induced by the Levi-Civita
connection D and the connection det V°.

If M is spinnable, then a choice of spin structure is equivalent to a choice of a square
root of Ky and in this case S, :=S® K]\_/ll/z.

The bundle S, has a natural Dirac type operator, the Hodge-Dolbeault operator

Hy =200+ 0% : C°(S)) = CZ(Sy).
We have the following result [2, Thm.2.2] and [5, Sec.3.6].

Hy =00~ pfe((@w)) —e((@w) )}

Using Theorem 1.11 we deduce that H; is a geometric Dirac operator, more precisely $;
is induced by V® 1+ 1 ® det V¢, where V is the connection

V=D (W)~ [dw))
with torsion
TH = (@ () ~ [d)").

A stronger result is true. Using the results in the previous subsection we deduce the following
result.

Theorem 2.3. For every B € Q' (T*M) such that tr B = 10 there ezists « Hermitian
connection V’ = V°(B) uniquely determined by the following conditions.

(i) V° is nice.
(ii) V° is Dirac equivalent to V°.
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Proof Since V? = V (¢, B) is strongly Dirac equivalent to V we deduce that its torsion
satisfies

0T} = (d°w) — (d°w)*.

Thus we need to choose 9 = —1(d°w)*. Now observe that
t 1
0=trT, :trB—§0:0, |

Definition 2.4. We will refer to any of the connections V° constructed in Theorem 2.3 as
a basic connection determined by an almost Hermitian structure.

The torsion of a basic connection V?(B) is
1
=N - ((dcw)+ + mt(dcwﬁ) +B.

Observe also that the first and second fundamental connection coincide of an almost Kéahler
structure coincide and they are both basic. They are precisely the connections used by
Taubes, [13], to analyze the Seiberg-Witten monopoles on a symplectic manifold.

For any basic connection V® we have the following identities ([5, Sec. 3.5])

p
(5¢)(ZOaZIa"' aZp) = Z(_l)jva]qs(ZOa aZja"' aZp)? (22&)
j=0
062, Zpr) = =D (eI VEG+ [ IV50) (Z1 Zpr), (22D)
i=1

VZy,-++ , Zy € C®(T™ M), ¢ € QOP(M).

3 Dirac operators on contact 3-manifolds

83.1 Differential objects on metric contact manifolds We review a few basic
geometric facts concerning metric contact manifolds. For more details we refer to [3, 12].

A metric contact manifold (m.c. manifold for brevity) is an oriented manifold of odd
dimension 2n + 1 equipped with a Riemann metric g and a 1-form 7 such that

e |n(x)|y =1, Vo € M. Denote by £ € Vect (M) the metric dual of 5 and set V' :=kern C
TM. V is a hyperplane sub-bundle of T"M and we denote by Py the orthogonal projection
onto V.

e There exists J : TM — T'M such that
dn(X,Y) =g¢g(JX,Y), VX,Y € Vect (M).
and

J?’X = —X +n(X)¢, VX € Vect (M).
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Definition 3.1. A contact metric connection on (M?"*! 5, J,g) is a metric conection
such that VJ =0 = VE.

The manifold M is called positively oriented if the orientation induced by the nowhere
vanishing (2n + 1)-form n A (dn)™ coincides with the given orientation of M. In this case

dvg = %n A (dn)"
Set w := dn. The metric g is completely determined by 1 and J via the equality
9(X,Y) = n(X)n(Y) + dn(X, JY) = n(X)n(Y) + w(X, JY).
We have decompositions
VeC=v"ev® vecC=v"H"e V"
and we set
Ky = det(V*)H0,

Set ® := L¢J. The operator ® is a traceless, symmetric endomorphism of V' (see [3]). Since
L¢(J?%) = 0 we deduce

JO +®J =0 = (JO)* = (J®) (3.1)

Define the Nijenhuis tensor N € Q?(TM) by

N(X,Y) = %{JQ [X,Y] + [JX,JY] - J[X,JY] — J|JX, Y]}.
Notice that
N(, X) = —%J(I)X, VX € Vect(M).

(M,g,n) is a Cauchy-Riemann manifold (CR for brevity) if and only if JN(X,Y) = 0,
VX,Y € C*°(V). Equivalently, this means, and

N(X,Y) +w(X,Y) = -J*N(X,Y) =0, VX,Y € C®(V).
In this case, the Nijenhuis tensor can be given the more compact description
i1
N' = §J(I>/\n—77®dn.

In particular, M is a CR manifold when dim M = 3. Arguing exactly as in [3, p.53] we
obtain the following result.

Proposition 3.2. If D denotes the Levi-Civita connection of (M,g) then
1
g((DxJ)Y,Z) =g(JX,N(Y,Z)) + 5(77 ANdn)(JX,Y,Z).
VX,Y,Z € Vect (M).

18



To each metric contact manifold M we can associate an almost Hermitian manifold
(M,g,J) defined as follows.

MZRXM? gzdt2+ga jat:§7
We will denote by d the exterior differentiation on M. If we set
W(X,Y)=g(JX,Y), VX,Y € Vect (M)

then @ = dt An+ w and d& = —dt A w. We deduce that the Lee form 0 = A(—dt A dn) is
—ndt. We will work with local, oriented orthonormal frames (e, fo, €1, ,en, fn) adapted
to J such that

60:8153 f0:£a e“:dt fozn

n . n
a2 0 A0, s k A =k G~ 1 0, -0 k A =k
w=1" NE +1§ e"NEY, dv=———=(e" + & /\g ev NE".
k=1 , \/i( ) k=1
Hence

X 1
‘W=——( )N F Ak =—nnadn

so that (bN'1) = (d°@)~ = 0. We have the following result, [3].

Proposition 3.3.

~

N(X,Y) = %N(X,Y) + %w(X,Y)f, VX,Y € Vect (M),

- 1
N0, X) = Z(I)X’ VX € Vect (M).
Observe that NT [y,= %NT + %77 ® dn so that

. 1 1 1 1
0=bNT ;= bNT+ ~b(n®dn) = ~6bNT + —n Adn.

2 2 2 2
Hence

bNT = —n Adp.

We want to find B € Q;’I(T*M ) such that tr B = —%dt and the basic connection it induces
on T*M is compatible with the splitting 9, @ T M. The torsion of such a connection is

N N 1 N N
T = Nt -5 ((d%ﬁ + m(d%)+) +B

1
:NT+Z(nAw+m(nAw))+B.
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Thus bTbT =1 A dn. Using Proposition 1.2 we deduce that V® = D 4+ A where
AZ = %bTJ—TJ = i(n/\dn—?ﬁ(n/\dn)) - Nt - B.

Thus, for all X,Y € Vect (M) which are ¢-independent we have

§(VIX,Y) = Aj(05;X.Y)
Since

B(0;;0,0) =0 and §(N(X,Y),8;) =0, VX,Y € Vect (M).
we deduce
§(VIX,Y) = ~ {9 A dn) (913 X, Y) =0,
Similarly, we deduce
§(VEX,0;) = A (9 X, 8;) = 0.

Thus

V2Z =0, VZ € Vect (M).
Since V? is a metric connection we deduce

3(Ve0,, 0r) = 0.

On the other hand, VX,Y € Vect(M) we have

§(V9,Y) = Al(X;0,,Y)

= 1 Adn(X,0, ) — (N (@, ), X) ~ B(X;0,Y)

1 1
= ZQ(XVaYV) - Zg(@YaX) — B(X;0,Y),
where Xy = Py X, Y = PyY. Next, VX,Y € Vect(M), we have

. 1 .
§(VKY.0) = A[(X:Y,0) = 9 Adn(X:Y,,) - §(N(Y,9,), X) - B(X;Y, )

1 1
= 290Xy, 1) + 79(PY. X) - B(X;Y.9).
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Lemma 3.4. There exists By € Q' (T*M) such that tr B = —5dt and

B(0;;e,0) = 0. (3.2a)

1 1
B(X;Y,0) = 79(X,®Y) = 19(Xv,Yy), VX,Y € Vect (V). (3.2b)

Proof Define
1 1 1
B = Z((I)/\dt-i-J(I)/\n) — Z(PvAdt+JPv/\77)+§77®d'l7
and we set
1 1
By = Z(@/\dt+Jq)/\n), By = —Z(Pv/\dt—i-Jpv/\T]).

We need to show that this definition is correct, i.e. the above B satisfies all the required
conditions (3.2a), (3.2b) and

trB = —gdt, bB =0

B € QbL(T*M).

Here the elementary properties in Lemma 1.1 will come in handy. Since ® and J® are
symmetric and traceless we deduce that

tI‘BO = 0, bBO =0.

The condition By € QY follows from the identity ¢J = —J®. Now observe that B; € Q!
and

1
bBy = —=nAdy, trB) =—=dt.
2 2
Finally n ® dn € Qb it is traceless and
b(n ®dn) =nAdn.

The condition (3.2b) follows by direct computation. The Lemma follows putting together
the above facts.

If we choose B as in Lemma 3.4 we deduce
§(ViX,8;) =, VX € Vect (M).

The above computations show that the basic connection V? of (M LG, J ) determined by
By preserves the orthogonal splitting TM = (9;) ® TM and thus induces a nice contact
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metric connection V¥ on TM. We will call V¥ the generalized Webster connection of M
for reasons which will be explained below. To compute its torsion observe that

- 1
NHMZE{NV+n®mﬁ,
and M(n A dn) |m= n ® dn. Finally
1 1 1
Since on M we have the equality JPy = J, the torsion Ty, of V¥ given by

1 5 1 1
T = SNT 4+ Sn@dn+ o Ady+(J@ — J) An (33)

Moreover, b1, = n A dn.
Suppose now that M is a C'R-manifold. Then

1
Nt = 5@ AN —n@dn
and thus

3 1 1 1
i =2 - - = —J® An.
w 4n®dn+4n/\dn 4:(J/\77)+2J An
We deduce

Ty(X,Y) =dn(X,Y)¢, VX,Y € Vect (V).
In particular, because the distribution V' is integrable we deduce

T,(X,Y) =0, VX,Y € C>®°(V'9).

A contact metric connection with the above property will be called a C' R metric connection.
Next observe that for X, Y € C°°(V) we have

g(X,Ty(£,Y)) =TH(X,£,Y) = —idn(X, Y) + ig(JX,Y) + %g(,](I)X,Y).
Hence
Ty(€,Y) = %J@Y.
Since ®J = —J® we deduce

JTlU(fa X) = _T’w(ga JX)

Using [12, Prop. 3.1], we deduce that when M is a Cauchy-Riemann manifold, the connec-
tion V¥ on (V,J) is the Tannaka-Webster connection determined by the C'R structure (see
[4, 11, 12, 14] for more details). The generalized Webster connection we have constructed
does not agree with the generalized Tannaka connection constructed by S.Tanno in [12]
because that connection is not compatible with J if M is not a C'R-manifold.
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Finally let us point out that when M is a C'R manifold then
1 1
g(VEX.Y) = g(DeX,Y) + 0T (6, X Y) — T X,Y) = g(DeX — 5 JX.Y)
so that
1
V._
V¢ =D¢ :=PyD¢ — §J.

Example 3.5. We consider in great detail the special case of a metric, contact, spin 3-
manifold M. M is automatically a C'R-manifold so that the torsion of the (geberalized)
Webster connection satisfies

1
Tu(X.Y) = 5dn(X.V)E, Ty(€,X) = 3 JBX, VXY € OX(V)

bTJ, =nAdn.

The spin Dirac operator Dy on M is related to the Dirac operator © (V") by the equality

1 1 1
D(VY) =Dg + Zc(bT’f) =Dy + Zc(n Adn) =D — T

When M is Sasakian, i.e. ® =0, the above equality shows that © (V") coincides with the

)
adiabatic Dirac operator introduced in [10] (see in particular [10, Eq.(2.20)] with A = %,
§d=1).

Later on we will need to compare the connections det V¢ and det V® induced by the
Chern connection V¢ and respectively V? on K]\T;.

Proposition 3.6.

det V¢ = det V° + %77.

Proof Denote by V° the first fundamental connection of (M, J). We have
vl =v"- B,

where B is described in Lemma 3.4. Set § := g Ae1 A --- Ae,. Then for every vector field
X on M we have

det V%0 = det V%6 — Bxd

Observe that

n
k_ Jo.
Bxe —E Ciej
§=0
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so that Bxd = (Z?:o CF)5. On the other hand, Cf = g.(Bxey,Z)) where g, denotes the
complex bilinear extension of g.

1 . . . .
Cp = §QC(BX(61¢ —ifk), ex +ifx) =ig(Bxex, Jex) + ig(Bx fi, J fr)

Thus

n

> Ck =i (9(/Bxenen) + (I Bx fi fr) ) = =itr JBx. (3.4)
k k=0

The equality
1 1
B= Z{(<I>+PV)/\dt— (JO+JPy) An}+ Sn®dn
so that
1
§(BxY,JY) = 2{g(@X, V)d(JY) = §(JOX, Y)n(JY)}
1. R 1
+ {8V X Y)Y = GUP XY () |+ Sn(X)dn(Y, IY ).
We see that tr JBx # 0 only if X = ¢ in which case shows that the sum (3.4) is n. Hence
Vvl = V0 — ing.

On the other hand we have the identity, [5, Eq. (2.7.6)],

det V¢ = det VO + %JH — det V° — %Jdt — det V* + %n- n
Corollary 3.7.

F(det V) = F(det V) + %dn. m

83.2 Geometric Dirac operators on contact manifolds Consider the Hodge-Dolbeault
operator H on M

H = 2(d+ ) : Q¥ (M) — QO*(M).

It is a geometric Dirac operator and it is

where ¢ denotes the Clifford multiplication on S, = AO’*T*M, V=V®1l+1® det Ve,
and det V¢ denotes the Hermitian connection on K]\;[l induced by the Chern connection on

TM. More precisely
e(&") = V28 Ne, e(eF) = —V2F .
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Above, £¥_ie denotes the odd derivation of Q0*(M) uniquely determined by the requirements
ek &l = 0j, V5,k=0,---n.
We want to point out that
(A =€F .
We set

J 1= &(dt) = =) + &(e"), Sei= S loxa -
Note that
Se M= S.® JSe.

The metric contact structure on M produces a U(n)-reduction of the tangent bundle 7'M
which in general has only a SO(2n + 1)-structure. This U(n)-reduction induces a spin®
structure on M and S. is the associated bundle of complex spinors and

detS. = K3,
The Clifford multiplication on S, is defined by the equality
c(a) = Je(a), Ya € QY(M).
Along M we can identify Sc_ with J Sj‘ and as such J we can write.

0 —-G*

‘7:[0 0

] , GG* =G*G = 1s,.

We can view the Hodge-Dolbeault operator as an operator on S, & S,

; - "0 )
H:j<vfg—[0 _GHG*D, W =H.

‘H is the geometric Dirac operator induced by V¥ ®1+1®det V. We want to provide a
more explicit description of the operator H. Observe that

O (SF) = QUeven(N]) = QUeven(v*) @ e0 A QOodd(17%)
where
QOP(V*) := O (AP(V*)O).
We can represent ¢ € COO(Sj) as a sum

=ty @ AP, g € QV(V), ¢ € QOOM(V).
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The above decomposition can be alternatively described as follows. The operator
c(n) = Je(n) : O2(57) — 0(57)
satisfies ¢(n)? = —1 and thus ¢(in) is an involution of C*(S;). More explicitly
c(n) = %(6(50) +e(e)(e(e%) —e(e”) =i(E" A =P (E A + %),
Thus, for every ¢ € Q%*(V*) we have
c(in) (& N g) = —&" Ao, c(-in)p=¢

This shows that the above decomposition is defined by the £1 eigenspaces of the involution
c(n). The restriction of the operator 9 : Q%*(M) — Q%P (M) to Q°*(V*) decomposes into
two parts. More precisely, if ¢ € Q**(V*) then

—_

Op =" N Oyp + Oy = %(1 + ¢(in))o +

5 (1 —c(in))o.
Note that
o =2 10¢ € QOP(V*), Oy € QOPTL(v).

We will regard dp and Oy as operators

o : QOF(VF) = QO (V*), Jy - QO (VF) = QO HL(v%).
Pick a t-independent section ¢ = C(S7). It decomposes as

=1 +E A, hy € QUeven/odd(yrx),
We have the equality
#o]=-le VU0 e [ 18] =L 510
0 G 0 0 —-GHG* 0 GH 0 0
Thus
V2(0+ %) = GHyp = &(dt)Hyp = Hip = —vV2T(d + 9*)y.

We compute

O+ 0y +ANp ) =0, + (DY Ap_ — O NI + 0"y + 0% (" ANy )

=2 N Ovtpy + Ovipy — " AN Ovp_ + (E° Ao + D) by + 0 (& Aypo)

EXN(Botpy — B ) + Bty + Oy + 05 (" Jpy) + 0" (2 Apo)
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E' A (Oothy — Ovip—) + Ovipy + Oipy + 0°(E° A o).

To proceed further we need to provide a more explicit description for 0*(J)*¢_. We
denote by (e, ®) s the L2-inner product on M. For every t-independent compactly supported
a € QO (M) we have o = a_ 4+ &0 A oy, a € QO0dd/even () and

(0, 0 (EONp_ N = (00,8 Np_ Vs = (E° ANy, E AN p_ Vs — (EX A Oy, & A )

= (oo, ) — (Ovog, ¢_)m = (o, Fyd—Ynr — (g, Oy p—_)m

We conclude

Qi

" Np-) = Fp- — Ao,
and
O+ 0y +E° Np) =" AN (Botpy — Ovp— — By ) + Oty + Oirpy + By

Now observe that

so that

Hip = —v/2(° —54)/\){54) A (Dothy — Ovip— = Firdp—) + Oipy + Ovipy + 53¢—}

= V2L @y — Oy =B ) = N By + Bripy + 0y ) |
In block form

419,

—do (3% + Ov)
W ' [

(/. ]
9 + 0v) o

b
The above equality can be further simplified as follows. If ¢ € Q%P(V*) C Q*(M) ® C then
dg € n A (QOF(V7) + QT VY)) @ QP (V) @ QLP(VY) @ 0207 (V7).

and
—V20pp = —i(£ 1dg)*P =: —iLY{ ¢.
On the other hand, the identity (2.2a) implies
i

Qo= V2= Ve
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Since div ¢ = 0 the operator iV’g’ is symmetric and so must by iLg. Hence 93¢ = iLg and

—iLy V2(95 + Ov)

[2)- [¥]
V- @y +ay) Ly v-
or equivalently,
0 V2(dy + %)
H =c(in)L} + : (3.5)
V2(0% + %) 0

We will refer to ‘H as the contact Hodge-Dolbeault operator. The next result summarizes
the results we have proved so far.

Theorem 3.8. Suppose (M?"T', g,n) is a metric contact manifold, V := kern. Denote by
S¢ the bundle of complex spinors associated to the spin® structure determined by the contact
structure. Denote the corresponding Clifford multiplication by c.

(i) S = A% V*, ¢c(in)p = (—1)P¢, V¢ € QOP(V*). We decompose
S. = Sj D Sg, Séc — AO,even/odd(V*).

(i) The operator H : C*®°(S.) — C*(S.) defined by (3.5) is a geometric Dirac operator
induced by the connection V¥ on TM and det V¢ on detS..

(iii) If we denote by ©. the Dirac operator on S, induced by the Levi-Civita connection on
TM and det V¢ on detS® then

1
H=D.+ Zc(n A dn).

(iv) Using the identity F(det V¢) = F'(det V“’)—)—%idn, we deduce that H satisfies a Weitzenbock
formula

2 _ gy pey 4S9 L o) wyy 4 M
H2 = (V") (V") + = +16<4c(d17/\d17) 2n>+2c(F(detV )+ Tew).
In particular, if dim M = 3 (so that n =1 and c¢(n A dn) = —1) we have
1
QC:H—i_Z,

H2 = (V™) (V™) + Z - % + %C(F(det v¥)) + ic(dn).

We want to discuss in more detail the case dim M = 3. In this case A%€v¢"V* =2 C and
AO0dd (V) = K1 The above geometric Dirac operator has the simpler form

0 V20 ~8 05
H? = c(in)Le + i =v2|
V20y 0 o &
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_ Ok
=2 +v2 =Z+T.
_, )

Note that along M we have Jy = %85. We have H? = Z2 + T? + {Z,T}, where {o, o}
denotes the anti-commutator of two operators. In this case

0 (Do, Ov]*

{zrt=2|
[807 aV] 0

The above commutators can be further simplified using the identity (2.2a) of §2.1. In this

case the Lee 1-form on M is dt. The equality (2.2a) implies that for every t-independent
¢ € Q¥ (V*) C Q% (M) we have

p p
5¢(§k07 T 75142;,,) = Z(_l)]vgk] qs(éko?' o ;gkja . 'Ekp) = (Z ék A vgk>¢
k=0

=0

Thus
p
g =V o, Dy = (Z A vgk)qs.
k=1

When dim M = 3 and ¢ = u € Q*0(V*) = C®°(M) ® C we have

~—

[D0, Oy ]u = Vg-o(él AV u

~—

— e AVL VL u

= (V2E)AVEu+E" A[VE,VEJu=(VEE) AVEu+E AV . u+& AFy(8,8)u,

EY) [€0,21]
where F, denotes the curvature of the V. Denote by T}, the torsion of V?. Observe that

Vi el(e) = - (Vie)

so that
b -1 b =1 b =1 b =1 b
(v§05 ) A VE—IU +e A V[fo,fl]u =— A vvgoflu +e A V[éo,él]u
(Vbéo =0)
= b b b _ =1 b _ i =1
=—€A (Vv’;oa o Vv’;léo o V[fo,éﬂ)u =& A VTw(él,éo)u - ﬁg A wa(fl,f)u
:—LEIAV(’ fuziéll\vb - U
2\/§ JPey 2\/5 dJe,
(Jé —1= —iél)
1

_ 1
= ﬁ&‘l A V%&:IU = 2—\/5@0(8‘/’[1,) =: (SU

29



where ®, is the complexification? of ®. The differential operator by ¥ is trivial when ® = 0,
which in the 3-dimensional case is equivalent to M being Sasakian or to J being integrable.
Putting together all the above facts we obtain

(00, Ov] = €' A Fy(o,61) + T.
We conclude

0 Fb(§0,51)61J ~ 0o <*
{2,T} =2 +2%, T:=
gL A Fy(9,21) 0 T 0

The zero order operator above can be further simplified by observing that

1=, o] o=l ]

so that
0 Fy(&0,81)e'

1 -
= —c<Fb(§0, gh)e!t — Fy(eo, 51)51>

S

gL A Fy(20,21)

= (R, 2)e + R 2)e)

Above we denoted by Fy, the curvature of V¥ as a connection on the hermitian line bundle
(V,J) = K]\}l. To get a more suggestive description we write

¢ F, =i(ae' +bf"),
where a, b are locally defined real valued functions. Then
Ful2)8" = Latib)(e! —i7"), Ful@ae' = 1 (a—ib)(e" +ir")
Thus
Fu(£,81)E + Fy(€,61)e = (=be! +afl) = —i(xFy — n A (€ J5Fy)).

The last term can also be described as —iPy (xF,,), where Py denotes the orthogonal pro-
jection TM — V* and * denotes the complex linear extension of the Hodge operator. The
above facts now yield the following commutator identities.

{2, T} = c(Py * F,) + 2%, (3.6a)

H2 =72+ T +¢(Py + F) +2%. (3.6b)

2P, is complex linear but it anticommutes with J.
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Remark 3.9. (a) If we twist the Dirac operator (V") by a hermitian connection on the
trivial line bundle C we obtain a new Dirac operator H 4 satisfying

—ive V2(09)*
Hpa = =4+ Ty.
qA s A
\/58‘, 1Vf
The operators Z4 and T4 satisfy the anticommutation rule

{ZA,Ta} = Z% + T3 +c(Py + F)) +c(Py + Fa) +2%,4 (3.7)
where iA is defined as T using instead the operator ¥4 := 2\1[@ 8‘4
(b) The curvature F,, has the local description
Fy,=—ipdn+nA(ELF,).

Up to a positive multiplicative constant (depending on various normalization conventions)
the scalar p is known as the Webster scalar curvature. We refer to [4] for more details.

§3.3 Connections induced by symplectizations The symplectization of the pos-
itively oriented metric contact manifold (M?"*! 5, g,.J) is the manifold M = R, x M
equipped with the symplectic form

& =dt A+ tdy = dt A+ tw.
If we denote by d the exterior derivative on M then we can write
& = d(tn).
M is equipped with a compatible metric
§=dt’ +n* +tw(e, Je).
We denote by J the associated almost complex structure. We will identify M with the slice
{1} x M of M.

If we fix as before a local, oriented, orthonormal frame &, eq, f1, -+, en, fn compatible
with the metric contact structure on M then we get a symplectic frame

€o :ata fozfa ek :t_1/26k7 fk) :t_l/kaa k= L---,n
The dual coframe is
g :dta f():na ék:tl/Qeka fk:t1/2fk7 k':]_,"',’I’L

We denote by N the NlJGthllS tensor of J and by N the Nijenhuis tensor~ of the almost
complex manifold (M, J ) used in §3.1. The Chern connection V¢ of (M,§,J) is the metric
connection with torsion 7= N. In this case

6 =0, bT =0.
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Observe that J = J. We deduce that for j,k=1,---,n we have

NE,e) = 7N es,en), NG, o) = 78es, ), N i) = TR i),
N(9y.¢) = %fv(at,ej), N @0 fo) = =N (00 i),
N, &) = %fv(at,ej), N fo) = %fv(at,fk).

Denote by D the Levi-Civita connection determined by §. It determined by (see [9])

20(DxY, %) = X§(Y, Z) + Y§(X, Z) — Z§(X,Y)

+9([X, Y], 2) +9([Z, X],Y) + 9(X, [2,Y]).
We deduce from the above identity that if X, Y are t-independent vectors tangent along M
25(D:X,Y) = g(Xv,Yv) = w(X, JY),
where Xy := Py X.
25(DxY, ) = —0,§(X,Y) = —g(Xv, Yv) = w(JX,Y),

As in §3.1 we want to alter V¢ by B € Q&' (T* M) such that tr B = 0 so that the new basic
hermitian connection V° with torsion TJ := Nt + B satisfies

Vie=0, §(VLY,0) =0, (3.8)

for all ¢-independent tangent vectors X, Y along M.
We have V = D + A, where Af = —TJ. Thus we need

0=g(VxY,0) = §(DxY,0)) — §(X,N(Y,9,) — B(X;Y,0,)

1 -
= —5w(JX,Y) +g(X,N(9,,Y)) - B(X;Y,5)
IfY = ¢ we deduce
B(X;€,8,) = 0.

IfY € C*®(V) then we deduce

0:_%W(JX,Y)+ (X,N(0,Y)) + B(X;0;,Y)

1
\/ZQ

1 1 NG
—§(X,®Y)+ B(X;0,Y) = =¢g(X,Y) + —¢(X,®Y) + B(X;0,,Y
179G 2Y) + BX;0,Y) = 59(X.Y) + Srg(X, 8Y) + B(X;0,.Y)

N[ =

=—g(X,Y)+
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We conclude that B must satisfy the additional conditions
B(&0,Y) =0, Y € C®(V)

BX:0,Y) = =5 =(Zi(X.¥) + 53(X,07))

We write B = By + B; where By is defined as in Lemma 3.4 by the equality

BOZ%\/E{QMHJ@M}

By must satisfy the equalities tr By = 0,

By(X;0,Y) = —%Q(X,Y), YX,Y € C®(V) (3.92)

Bi(X;&,0,) = B1(&0,Y) =0, VX € Vect(M), Y € C®(V) (3.9b)
We try B; of the form
B =zdt@dtAn+yn@dn+U+V

where

1 1

Clearly By € QU (T*M). Next observe that

1
bBlzyn/\dn—i-bV:(y%-;)n/\dn,

tr By = ( + %)dt,
Thus, set z = -4, y = % These choices guarantee that By € Q;’I(T*]\Zf) and tr B; = 0.
The conditions (3.9a) and (3.9b) can now be verified by direct computation. We can now
conclude that if
1

1 n 1
B:—(q) dt + J® )——dt dAD—-n®d —(P dt + JP )
T\ A+ TN ) — Sdt©dtAn = sn@dn+ 5 (Py Adt+ TPy A

then the connection V! with torsion Nt + B satisfies the conditions (3.8). These conditions
show that V? induces,, by restriction to each slice {t} x M, a connection V¢ on TM. The
torsion of V! = V!=! is given by

N A 1 1
(T1)" = N |2y +B |1=1= N1 i +Z(J‘I’/\77) —n®dn+ §(JPV An)

1 1 1 1
=Nt - Zp@dn+ =(JPy A ~(J® An).
5 51 ® n+2( v n)+4( n)
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When M is a CR manifold we deduce

In particular

This connection never coincides with generalized Webster connection constructed in §3.1,
because in this case we have leT = 0. This shows V' is Dirac equivalent to the Levi-Civita

1 1
T{f:—n®dn+§J/\n+§J<I>/\n.

THX,Y) = —&dn(X,Y), VX,Y € C®(V).

connection. We have thus proved the following result.

Theorem 3.10. On every metric contact manifold (M, g, J) there exists a canonical nice
contact metric connection = V' induced by a basic Hermitian connection on the symplecti-
zation of M. This contact connection is Dirac equivalent to the Levi-Civita connection and

1ts torsion s given by

1 1 1 1
T = oN' = Sn@dn+ (TP An) + ((JB Ay). W

Let us observe that if M is C'R then for every X, Y € C*°(V) we have

so that

9(VeX,Y) = —g(6, T(X,Y)) = +w(X,Y)

Vi=D{ —J=PyD¢+J=V{+ I

Proposition 3.11. Suppose M is a C'R manifold. Then

Proof

det V! = det V¥ + 3nin = det V° + %n.

1
A::TIT—TJ,:Z(—777®d17—17/\d17+3J/\77)

so that V! = V¥ + A where

Set

1 1 1
AT:§bA—A:—577/\dn+Z(?n@dn+n/\dn—3J/\n)

(Tn®@dn—nANdn—3J An).

e Nl

d=¢e1 N Nep.
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As in the proof of Proposition 3.6 we have

det Vi = det VY +i(D  CF)6
k=1

where
CF = g(Axer, Jfx) + g(Ax fr, J fr)-

The above sum is nontrivial only for X = ¢ in which case it is equal to 3n. We conclude
that

det V! = det V¥ + 3nin. B

Remark 3.12. Let us point out a difference between contact and Hermitian connections.
We have shown that there always exist contact connections with torsion T satisfying b7t =
0.

On the other hand, if V is a Hermitian connection on an almost complex Hermitian
manifold (M, g, J) with Nijenhuis tensor N then its torsion satisfies (see [5])

(bT)~ = (bNT) = (d°w)™.

If dimM = 4 then always (d°w)” = 0 and in this case it is possible to find Hermitian
connections Dirac equivalent to the Levi-Civita connection. However, in higher dimensions
this is possible if and only if (d°w)™ = 0.

83.4 Uniqueness results The constructions we performed in the previous subsection
may seem a bit ad-hoc but as we will show in this section they produce, at least for CR
manifolds, connections uniquely determined by a few natural requirements.

Proposition 3.13. Suppose (M,n,g,J) is CR connection. Then each Dirac equivalence
class of connections contains at most one nice CR connection.

Proof Suppose V is a nice CR connection with torsion 7. Set Q := bT. We get a
hermitian connection V = dt A 9, + V on (T'M, J) with the property

bT (V) =Q, trT (V) = 0.

Denote by V? the basic hermitian connection on (TM J ) we have constructed in §3.1. The
results in §2.1 imply that

, 9 3
(V) =1 + gVt - gt + B = T + 8,
where
Yt e @¥H(M), BeQy (T M),
Q =0T, + 3¢ = 3¢™ +n Ady,
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B(0;;8,0) =0 = B(e;e,0;) =0, tr B=0. (%)
Thus ™ is uniquely determined. Moreover, since V is a CR connection we deduce that
9g(X,T(Y,Z)) =0, VX,Y,Z € C™(V).
Since the restriction of V® to M is also a CR connection we deduce
S(X;Y,Z2)=0, VX,Y,Z € C*(V).

Thus the restriction of B to V is uniquely determined. The condition B € Q3 (T* M) cou-
pled with (*) show that the restriction of B to Ro; @ RE C T'M is also uniquely determined.
This concludes the proof of Proposition 3.13.1

Remark 3.14. We can use Gauduchon’s description of the hermitian connections on TM
to completely characterize which Dirac equivalence classes of connections on T'M contain
nice C'R connections.

Corollary 3.15. The Webster connection on a CR manifold is the unique C' R connection
adapted to H. Moreover, the connection V' of §3.8 is the unique nice CR connection with
torsion satisfying bTT = 0.
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