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1 The Seiberg-Witten Monopoles

§1.1 Spin® structures and Dirac operators on 3-manifolds. An admissible 3-manifold is
a smooth, compact, orientable 3-manifold M, such that M is either empty or a disjoint union of
tori. Equivalently, this means that x(M) = 0.
A direction on an admissible 3-manifold is a smooth function 7 : M — [—1,1] such that (see
Figure 1)
OM =17 Y({£1}), dr(z) #0, Yz € OM.

Two directions 71, 7o are called equivalent if 71 = 7o near M. Note that all directions on a closed
manifold are equivalent. A directed 3-manifold is a pair (M, 7), where M is an admissible 3-manifold
and T is an equivalence class of directions on it. We set

OLM =1 ({£1}).
Note that the components 07 M depend only on the equivalence class of the direction 7.

oM
< > 1

S— -1
O M

Figure 1: A directed manifold

Suppose (M, 1) is a directed 3-manifold. Since the Euler characteristic is trivial there exist
nowhere vanishing vector fields V' on M such that

V idr >0, near dM.

We call such vector fields admissible. We see that admissible vector fields point outwards on 01 M
and inwards along 0_ M.

Definition 1.1. Two admissible vector fields Vp, Vi on (M, 1) are called homologous if there exists
a smooth family Vs of vector fields on M such that the following hold.

o V;=V,,i=0,1.

o Vs 1dr >0 near OM, Vs. )
e There exists an open ball B C M such that for any s Vs \M\B 1s nowhere zero.

The homology class of an admissible vector field U is denoted by [U]. A smooth Euler structure
on M is a homology class of admissible vector fields. We denote by Culs(M, 1) the set smooth Euler
structures.

Observe that we have a natural bijection

Culy(M, 1) — Culy(M,—71), e=[V]—e=[-V].



Suppose U,V are two admissible vector fields on (M, 7). There is only one obstruction to them
being homologous, and is given by an element

[U/V] € H?((M,0M) x (1,01);m2(5%)) = H*(M,0M;Z) = Hy(M, Z).

Conversely, given an element h € H;(M,Z) and an admissible vector field V there exists an
admissible vector field, unique up to homology such that

h=[U/V].
We set [U] := h - [V]. We have produced a free and transitive action
Hi(M,Z) x €uly(M,7) — Culy(M), (h,e¢)— h-e.

In other words, €uls(M, 7) is a Hi(M, Z)-torsor.
Convention In the sequel we will denote multiplicatively the group operation on Hy(M,Z).

Suppose g is an admissible Riemann metric on (M, 1), which means that near the boundary g
is product like,
9 =47’ + gy, 9o :=glon -

Suppose V' is a nowhere vanishing vector field on M outward pointing along M. Assume

[V]g:=1, V=0, near 0M.

Denote by ¢ the associated smooth Euler structure. V' determines a real line sub-bundle (V') C T'M.
We denote by (V) € TM the orthogonal plane sub-bundle.
Fiz an orientation on TM and orient (V) by the rule

or (TM) =V Aor (V)*.

Thus (V)* has an SO(2) = U(1)-structure and we can think of it as a complex line bundle. We
denote it by dete. Along the boundary we have an isomorphism of oriented 2-plane bundles

t(e)y : dete |8;M—> +T(0LM).

The boundary of M is a union of tori, and the tangent bundle of a torus 7?2 admits a canonical
trivialization induced by any orientation preserving diffeomorphism 72 — S! x S'. Thus det ¢ has
a canonical trivialization along the boundary and thus it has a relative first Chern class

c(e) := ci(dete, 7) € H*(M,0M;7) = H\(M;Z).

Proposition 1.2 (Turaev).
c(h-¢) = h% - c(e).

For a proof we refer to [13, §3.2]. Now define
S=S:=Ry, &®TM = (R (V)) & dete.

R @& (V) is trivial oriented 2-plane bundle and thus we can identify it with the trivial complex line
bundle C,;. Thus the bundle S, can be identified with a rank 2 complex Hermitian vector bundle.

Se = QM @ det e.



We define a Clifford multiplication map

c=c.: TM — Endc(S,),

ToM = (V) @ (VY- 5 (tV,6) o et ¢) = [ o . _gﬁ‘?g ] € Ende(S,).

More precisely, if (z,¢) € C, @ det ¢, then

v | 2] =] Ttk

The Clifford multiplication map produces a linear isomorphism ¢ : TM — su(S,), satisfying the
identity
—tre(X)? = tr (e(X)e(X)*) = 29(X, X), VX € Vect (M).

This construction satisfies the requirements of a Clifford multiplication since
1
c(X)? = St (e(X)?)1s = —g(X, X)1s, VX € Vect (M).

Definition 1.3. (a) A relative geometric spin®-structure on (M, 7) is a triple o = (S, ¢, t+) with
the following properties.

e S is a rank 2-complexr Hermitian vector bundle.

e ¢c: TM — Endc(S) is a R-linear isomorphism onto su(S) satisfying

e(X)? = %tr (e(X)?)1s, VX € Vect (M),

e t1 is an isomorphism of oriented real vector bundles

e S|3iM—> Co+T(0+M).

C

Geom(M,T) the set of geometric spin® structures.

We denote by Spin

c is called the Clifford multiplication map of the spin® structure o and S is called the bundle of
complex spinors associated to o. We will denote it by S,. We set det o := detS,. Observe that

g(X,Y) = —%tr (e(X)e(v) +e(V)e(X) ), XY & Vect (M)

defines a Riemann metric on M.

(b) Two relative geometric spin€-structures oo and oy are called isomorphic if there exists an isom-
etry S, — S1 which commutes with the Clifford multiplications and the boundary trivializations.
A topological relative spin® structure is an isomorphism class of geometric spin® structures.

Denote by Spin®(M, ) the set of topological relative spin-structures on M. We have a natural
projection
Sping.om (M, T) — Spin®(M,T), o+ o]

geom
The topological type of S, and det o depends only on the isomorphism class of o. A geometric
spin® structure o is completely determined by the following three data.

e Its topological type, [o].
e A Riemann metric g on M.



e A hermitian metric h on deto.

There exists a bijection

SPing eom (M, T) — Sping o, (M, —71), 0= (Se,c,t+) — 7 =(S,,c,,Eots),

geom geom

where Z2: C @ £T(0+ M) — C @ £T(0+ M) is the map
E(z,v) = (2, v).

Observe that ¢z = ¢, = —c,. Note that we have a metric induced complex conjugate linear
isomorphism
I, : Sy — S, =Ss. (1.1)

It satisfies the property
IJ(CU(X)"?Z}) = CE(X)(IU"?Z})a Vi € F(SO’)
that is the diagram below is commutative
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Se —— S&

Cs (o) [ lca (o)

Sy —2 S5

This induces a bijection Spin®(M, 1) — Spin®(M,—7), 0 «—— &.

Denote by Pici (M, 7) the set of isomorphism classes of pairs (L, t), where L — M is a complex
line bundle on M and t: L|gy— Cpy,, is a trivialization of L along the boundary of M. The tensor
product of such pairs induces a group structure on Pic;(M,9M) and we have a group isomorphism

c1 : Picy(M,7) — H*(M,0M;Z) = H|(M,Z), (L,t)— ci(L,1t).
For every o € Spin®(M, 1) we set
c(0) = ci(deto,t) € H*(M,0M;Z) = H — 1(M,Z).
We get a Pici(M, 7)-action on Spin®(M, 1)
Pici(M, 1) x Spin®(M, 1) — Spin°(M, ), (L,t;0)— (L,t) ® o,

(L) @ (S,e,te) = (L®S,e,t@ty).

We have an isomorphism
det(L ® 0) = L®? @ det 0.

Proposition 1.4 (Turaev). Suppose (M, T) is a directed admissible 3-manifold. The correspon-
dence
Culs(M,7) > e o(e) = (Se, e, t(e) 1) € Spin®(M, 1)

is a Hi(M,Z)-equivariant bijection. Moreover

o(€) 2 o(e), Vee Culy(M,T)



Fix a spin® structure o € Spin®(M,7), a Riemann metric g on M and a Hermitian metric i on
det . We obtain in this fashion a geometric spin® structure (S,, ¢, ty). Using the metric duality
TM — T*M we obtain a Clifford multiplication

c:T"M — Endc(S,).

This further extends to a linear map

c: N"T*M — Endc(S,)
defined by

cle? A Nef) =elel) - e(eh),
where 1 <k <3, el,---eF € T M, g(e',el) = &5, V1 < i, j < k. We have the following identities
c(dV,) = —1g, <= c(a) = c(x4a), Ya € QY(M),

where dV, denotes the volume form induced by the metric g and the chosen orientation on M.
The Levi-Civita connection V9 on T'M together with a hermitian connection A on det o define a
hermitian connection V4 on S, as follows.

Fix a local orthonormal frame (e;) of TM defined on an open set U, and denote by e’ the dual
coframe. Then VY has the form

V9:d+Zei®l“i,

where I'; is a local section of so(T'M )= skew-symmetric endomorphisms of TM. We can identify
I'; with a local vector field I'; on M via the correspondence
Dy x, V=0yV), YW eT,M, zeU,
where x4 : T M x T, M — T, M denotes the cross product in the 3-dimensional Euclidean space
(T:M, g).
A connection A on det o has the local description A :=d+1i), ape®, where a;, are real valued
functions. Then the induced connection V4 on S, has the local description

. i
VA =d+ ;ek & (C(Fk) + §aklso>.
The connection V4 induces a first order partial differential operator p.d.o.
D4 :C%(Sy) — C(Sy,),
defined by the composition
A
C™(Sy) —— C¥(T"M ®S,)

o4 C(x)e
C%(So)
D 4 is elliptic, symmetric,
DY =Dy,
and satisfies the Weitzenbdck identity
1
D40 = (V' VA + 2L+ Ze(Fa), Vi € O(S,), (12)

where s, denotes the scalar curvature of the metric g and Fi € Q%(M) ® iR denotes the curvature
of A.



§1.2 The Seiberg-Witten equations. Suppose (M, 7) is an oriented, directed 3-manifold.
To formulate the Seiberg-Witten equations we need to choose some additional data.

e A relative spin®-structure o € Spin®(M, ).
e An admissible metric g on M.

e A hermitian metric h on deto = det'S,.

e A co-closed 1-form 7.

e A real valued function p: M — R.

Definition 1.5. Denote by U = U(M, 1, 0) the space of 4-uples (g, h,n, 1) as above.

Fix a parameter u = (g, u,n, u) € U. The metrics g and h induce a geometric spin® structure
(So, ¢, ts). Denote by (e, ) the hermitian metric on S,. To every spinor ¢ € I'(S,) we associate a
traceless symmetric endomorphism of S,

2
) € Bnde(S,), a(v)6 = (6,46 — 2
Thus ig(e) € su(Sy). g(v) satisfies the important identities
1
(), v) = S0 = 1g(¥)[fna- (1.3)

. Using the Clifford multiplication isomorphism
c: QM) — su(S,).
we obtain for every spinor ¢ a purely imaginary 1-form
Qo(v) == ¢ ! (q(y)) € iQ"(M).
Denote by A, the affine space of hermitian connections on det ¢ and form the configuration space
Co i =T(Sy) x Ay

The configuration space is an affine space, and the tangent space to C, at a configuration Sg :=

(o, Ao) is
Ts,Co = T'(S,) x iQH(M).

We indicate the sections of the tangent bundle TC, by dots, e.g. S = (@ZJ, ia). The metrics on M
and S, induce a real valued L?-metric on TC,

<(z/31,id1),(¢2,ia2)> :/

(‘ﬁd%, o) + g(a, C'lz))dVy
M

In particular we have a natural identification 7*C, «— T'C,. We have a section SW = §W, , of
TC, defined by
1 .
SW(, A) = (Da+ iy, 5Qu(w) = (rgFa+in) ).

Definition 1.6. Let u € W(M,T1,0). A configuration S = (¢, A) € C, is called a (o, u)-Seiberg-
Witten monopole if it satisfies the Seiberg-Witten equations

B Dap+pmp = 0
SWo,u(S) =0 = { clxgFa+in) = 3q()

We will denote by 2y, the space of (o, u)-monopoles

Loy 1= SW;}L(O)



The Seiberg-Witten equations have a variational interpretation. More precisely, SW is the
(formal) L2-gradient of a certain energy functional. We have the following result whose proof can
be found in [11, p. 179].

Proposition 1.7. Fiz Ay € A, and define € =E,4 4, : Co — R
1 1
EwA) =5 [ (A= A0) A (Fat Fa)+ 5 [ (Dat+wo )V +1 [ (4= o) Asgn
2 Jm 2 Ju M

Then ,
Swa,u = VL ga,u,Ao

that is for every S € C, and every compactly supported S we have

d . )
0 E(S+18) = <swa,u(5), s>.

There is an infinite dimensional group rendering equivariant the above constructions. It is the
gauge group G, consisting of maps

y: M — St:={2€C; || =1}

such that 7 |sps is homotopic to the identity. The gauge group acts on C, according to the
prescription

v (P, A) = (V-w,A—2d7—7)-

Since S! is an Eilenberg-MacLane space K(Z, 1) we deduce that the group of components of G, is
isomorphic to H'(M,dM;Z). We thus get a surjective group morphism

deg : §o — HY(M,0M;7Z).

More explicitly, for every gauge transformation -, its degree is the integral cohomology class rep-

resented by the closed 1-form

1 1 dvy

—*(dl) = — —.

27r7 (d9) 2mi 7y
Every co-closed 1-form 7, the 2-form 7 is closed and thus determines a cohomology class [n] €
H?(M,R). Set

dop: 9o = R, dop(y) = /M degy A (87r20(a) — 4z[*n)).

We say that é,,, is the (o,7n)-defect of the gauge transformation . The image of ¢ is a discrete
subgroup of R. A simple computation shows that

Eou(7+S) = E5u(S) = don(7), VS €Csh, v €Y. (1.4)

The above identity implies that SW, is a §,-equivariant section of T'C,. In particular, the Seiberg-
Witten equations are G,-invariant, i.e. the set Z, of SW monopoles is G,-invariant. We denote by
M., the set of Gy-orbits of monopoles,

gﬁa,u = Z’a,u/ga-

We introduce the following important gauge invariant subclasses of configuration.



e The irreducible configurations, C: = {(¢, A) € Cx; 1 # 0}.
e The reducible configurations, CO := C, \ Cx.

*

The group G, acts freely on C, while the stabilizer of a reducible configuration S = (0, A) is
the group Stg consisting of constant gauge transformations. We set

Zhw=Z20uNCh, 20, =250u,NEY,
m;,u = Z’;u/gfﬂ mg,u = Z’g’,u/ga'

We have a natural bijection
WM, r,0) «— WM, —T1,0)
given by
w=(g,h,n,p) — = (g,h", =, )

Consider the natural bijection
Jo1=Co €5, S=(1),4) S = (I,(v)), A")
where I, : S; — Sz = S}, is the metric duality described in (1.1). This map satisfies
7-S=9s(v-S)=7-S=75-9,(5), Eou,Ao = Eo,a,4% 0o
This map thus induces bijections

jo— % jr:J' k
Dﬁa,u — m&ﬂl’ mo,u — m&,ﬁ‘

81.3 Some concrete computations. We discuss below the nature of Seiberg-Witten monopoles
in some special cases. In the sequel we assume M is a closed, oriented 3-manifold.

§1.3.1 A vanishing result

Proposition 1.8. Fiz a spin® structure o and a Riemann metric g on M, and a hermitian metric
h on o. We choose the parameter u such that p = 0, n = 0. If the scalar curvature s, of g is
positive then there are no irreducible (o, u)-monopoles.

Proof Suppose (1, A) is a (o, g)-monopole. Then
1
0=Dat = D4 = (V)" V% + Ly 4 Ze(Fa) = 0.
On the other hand ¢(F4) = c(*Fa) = 3q(1) so we get
N s 1
(VA 949 + v+ a8 = 0.
A simple computation shows that
1
(W), v)s, = glvl*
and we deduce .
_ Ay A Sgy 4 L4
0= [ (U AyAv.w)+ 2ot + ololt)av,
Integrating by parts the first term we deduce
A2, S 4, L
—= — dVy, = 0.
(1940 + St + gl )av, = o

This implies 1 = 0 so that (), A) is reducible. O



§1.3.2 Monopoles on S' x X.

Suppose M is a product M = S' x ¥, where ¥ is a closed oriented Riemann surface. Denote by
7ar : M — ¥ the canonical projection. We equip it with a product metric gys = df? + g, where
df is the standard angular form on S!, and g, is a metric on ¥ of constant sectional curvature .
From the Gauss-Bonnet formula we deduce

k- vol,(X) = 2mx (). (1.5)
Denote by Ky, the canonical line bundle of 3. We set
K =Ky :i=my(Ky).

K is equipped with a natural hermitian metric. The dual vector field dy defines a spin® structure
oo on M. Moreover
det(00) = Kyt, Soq = Cpy @ K31

From the Kiinneth formula we obtain an injection
¢ Picy(E) — Picy(M).

Given a complex line bundle L — M we obtain a spin® structure o, = L ® g on M. Observe that

or=L"®50=(K—-L)®oy=o0%x_g
A hermitian metric hy, on L induces a hermitian metric on

St :=So, 2Se ® L2 L® LXK},
In particular, every spinor ¢ € I'(S;) decomposes as

Yp=a®pB, acT(L), BET(L®K;).
The Levi-Civita connection on X induces a hermitian connection on Ky, ! with curvature
Fy =icdVs, ceR

where .
1 1 C
X(Z) = deg KZ = % /E F[) — %VOIK(E).

Using (1.5 we deduce
Fy = —ikdVy, = FAO = —iIWT*dVE.

Denote *j; the Hodge *x-operator on M. We extend it by complex linearity to complex valued
forms. Observe that

|Fag(2)[2,, =K%, Vo € M, dVy =di Ar*dVy = sy Fa, = —ikdf.
For brevity, we will denote by ¢ the angular form df,
= db.
Using the isomorphism

T*M = Ry, (p) @ Ky == T*M @ C® Ky & K3}
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we obtain an isomorphism of complex vector bundles
T*"M®L>2LeLeXyeLeXy,.
Accordingly, any hermitian connection B on L decomposes
VE.T(L) - T(L)eT(LeXy) e T(L® X)), a— Via® dpaa dpa.

On the other hand hermitian connection B on L induces a hermitian connection A = A(B) =
Ag + B®? on det o, = JC]TJI. We will use the less rigorous but more intuitive notation

A= Agt2B.

For every a @ € I'(S1) we have (see [10] for a proof)
a —ivl  o; a
@Ao+2B ' |: /8 :| = I: 5B0 ivBaB :| ' |: ,8 :| ) FAOJ.rQB = FAO + 2FBa

Qa® P) = 5(1af = 18P0+ Z=(38 ~ —=a) € T(C& Xy} & Xar)

Every complex valued 2-form = on M has a decomposition
E==MdVs+dINEL, EL =0y 12 e T(Ky ® Q).

=L further decomposes
=t == g =% e I(Ky) @ T(K,})

Observe that
sar(do AEL) = —igh0 4§20,

For every real number ¢ we denote by u; € U(M,oy,) the parameter
Ut = (gahLvn = tgpﬂlu = 0)7

The Seiberg-Witten equations satisfied by a (o, u;) monopole S = (¢, A) = (a, 3; Ag+2B) can be
rewritten as

—iV§+ 056 = 0

8Ba+iV§ﬁ = 0

2F +i(t—r) = (o -8 (1.6)
2iFy! = tap
2iFg" = J5af

Denote by 9y, the set of gauge equivalence classes of (o, u;)-monopoles. For every nonnegative
integer d we denote by S%(X) the symmetric product of d-copies of ¥. For d < 0 we set S = 0.

Proposition 1.9 (Munoz). Set

degw / — Aci(L) € Z.

(i) Suppose t > 0. Then M # O if and only if deg,(L) > 0 and there exists L — % such that

L= 7*L. In this case there are no reducible momnopoles and there exists a natural bijection

Upy — Dy(L) := %Dy,

11



(ii) Suppose t < 0. Then My, # O if and only if deg,(L) < deg, Kps = deg Kx; and there exists

L — 'Y such that L = 7*L. In this case there ezists a natural bijection
Uiy :Mpe — De(L): gdeg Ky —deg, (L)

(iii) For any line bundle L — M which is the pullback of a line bundle on ¥ there exists Ty, > 0
such that for all |t| > Tr, we have an equality

Di(L) = D_y(K — L).

and a commutative diagram

Va1, —¢

Mot ———5"D_y(Kar — L)

Sketch of proof. For every hermitian connection B on L we consider the partial differential
operators I'(Sp) — I'(Sp)

A\ 0 0
Vg = o . Hp:=| - B,
B [ 0 ivp } P B [ g 0 ]
Observe that both operators are formally self-adjoint, Vg involves only derivatives in the vertical
direction, Hp involves derivatives only in horizontal directions and

9A04-2B - VB +HB

These two operators satisfy the following fundamental identity (see [10])

. 1,0
0 e ] (1.7)

Ve, Hgl .= VgH HpVp =+vV2
{VB,Hp} BHp + HpVp \f{iFgJ@ 0

where we identify Ky @c K7} = C,yy. When (1, A) = (o, 3; Ag+2B) is a monopole we deduce from
(1.6) that

1[0 ap
{Vs,Hp} = 2 [ ag 0 ] (1.8)
Form the equality (Vg + Hp)® = 0 we deduce

0= (Vg + Hp)*Y = (V5 + Hp +{Vs, Hp})¥
Taking the L?-inner product of the above equality with v/ and using the symmetry of Vz and Hp
we deduce

(1.8)
0= [Vavlte + [ Hev ! + (Va, Hoboow) = IVavlis + 1 Havllf: + /M a8V

Hence we deduce
VBa=0, VEa=0, (1.9a)

12



opa=0, 05B=0 (1.9b)
a®5=89/\FB:O. (1.9¢)
From the third equation in (1.6) and (1.9¢c) we deduce the equality

"y avs

i t
Fp = Fi AdVs = < (Jof* — 3 -

Since o and 3 are covariant constant along the fibers of S' x ¥ — ¥ we can regard |a|? and 3|2 as
functions on ¥. We deduce

i 1 t—k
T Fp=_—= 2 2 d
5 | enFa==7 [(aP - 15 Javs
so that
2i t—
/(Ia!Z— !6\2)dvz=——1/ soAFB+M / —/\—F +( “)vol(z).
b T Jmr 2 2
Hence

[ o = 52)av3: =~ deg (1) + 0 — (),

This shows that
tvol (¥) > 16w deg,(L) + 27x(X) = a # 0

tvol (¥) < 16w deg,, (L) + 2mx(¥) = B8 # 0.

Using (1.9a) we deduce that the line bundle L admits a nontrivial section which is B-covariant
constant along the fibers of my;. Using (1.9¢) and the unique continuation principle applied to the
solutions of

(VB +Hp)(a®0)=(Vp+Hp)(0®B)=0
we deduce that either « =0 or 8 = 0. Thus
t>0=a#0, =0,

t<0=a=0, §#0.
These facts imply that there exist a hermitian line bundle L— ¥, a hermitian connection B on i},
and a gauge transformation v : M — S such that
La'l, v -VBy—1 = 74 (VB).

Assume ¢t > 0. (The case t < 0 is completely analogous.) Since « is covariant constant along
the fibers of my; there exists a sections @ € T'(L) along ¥ which pull-back to a. The hermitian
connection defines a holomorphic structure on L — ¥ and « is a nontrivial holomorphic section
satisfying

/E |6?dVs = 87 deg, L +m(t+x(X)) = —8n deg L + T(t+ x(2)). (1.10)

In particular
deg,,(L) = deg L > 0.

The map Wy, ; associates to the monopole (a, 3; Ag+2B) the divisor associated to the holomorphic
section &. It is easy to see that if two monopoles S,S are gauge equivalent then

U (S) = Ur.(S).

13



Conversely an effective divisor determines a holomorphic line bundle and a holomorphic section,
unique up to a nonzero multiplicative constant. The identity (1.10) determines this constant up to
multiplication by a complex number of norm 1. We get a 1 — 1 map

Upe: M — (L).

Conversely, given an effective divisor D on ¥ of degree deg D = degw(L) we can produce a hermitian
line bundle L on ¥ such that

1

degL =degD =, n*L L,

a hermitian connection B and a section & of L such that )56 = 0, and satisfying (1.10). We obtain

by pullback a monopole
Sp = (7*a, 7" 3; Ag+27*B)

such that
Vr:(Sp)=D.

This requires solving a Kazhdan-Warner type equation. O

Remark 1.10. The above argument extends to the more general case of Seifert manifolds. The
major obstacle in this case is the lack of an identity of the type (1.7). We refer to [8, 10] for different
ways of dealing with this issues.
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2 The Seiberg-Witten invariants of closed manifolds

In the sequel we will show that an appropriate count of point in 9, ,, yields a topological invariant
of the pair (M,c). We will first show that for each parameter u the moduli space M, , has a
natural structure of compact ringed space. In fact, if all the parameter u is real analytic then M, ,,
has a natural structure of real analytic space. For generic u it consists of finitely many points, and
a certain signed count of these pints will yield the sought for invariant.

§2.1 The Seiberg-Witten moduli spaces Suppose M is a closed, oriented 3-manifold. In
this case all directions are equivalent so we will not keep track of them. Fix a spin® structure
o € Spin¢(M), a parameter u = (g, h,n, u) € UW(M, o) and a point pg € M. Fix a smooth reference
hermitian connection B, on deto. To produce additional structures on 9M,, we first need to
introduce additional structures on the configuration space. We will organize this space as a Hilbert
manifold using Sobolev spaces L¥2? = “k derivatives in L?”. The fixed reference connection produces
an identification
['(Sy) @iQY (M) 3 (¢,ia) «— (3, B, + ia) € C,.

For k > 1 define the configuration space €, = Glg to consist of pairs (1, A) such that
[9[lk,2 + 1|4 = Bullr,2 < oo.

It is obviously a Hilbert manifold. Re-define the gauge group by setting
G=6":= {’y e LF12(M,C); |y(z)| =1, Vz e M}

The Sobolev embedding theorem shows that all the functions in L*2(M, C) are at least C' and one
can show easily that G is a Hilbert-Lie group, and that the action

Gx €, (v;w,icoww,ia):(vw,ia2%”)-

is smooth. Denote by X = X* = 71§ the Lie algebra of this group,
X = LFHL2(MR).
We will denote the elements of X by the symbols X,Y etc. The exponential map
exp: X 3 X =1if — exp(X) =exp(if) € §

maps X onto the identity component 1G of §. Every configuration S = (¢, A = By, + ia) defines a
linear map

Ls: X TsCy, Ls(if) = o explitf) S = (i, ~2idf).

We denote by Xg the subspace Ls(X) C TsC,. This is the tangent space at S to the orbit of G- S.
Set
L = {S € T5Cy; (S, L5(X)) 2 =0, WX € x} = ker(LE : TsCp — X),

where
LS :C®(S, ®iT*M) — C°°(M,iR)

is the formal adjoint of Ls_y, 4) defined by
C™(Se ®iT*M) 3 9 & ia > Ly )Y @ ia) = —2id*a — idm (, ) € C*°(M, iR).
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The group G is not connected. In fact, its group of components [§] is isomorphic to H(M,Z). We
have a natural epimorphism

o:5— H'(M,Z), 7+ [ = 5-7'(dh).

The metric g and the point py produces a natural splitting of this epimorphism

P
HY(M,Z) 5 A= s = Vg € G 1 (p) = exp(2ri / Ay).
Po

where [A]; denotes the unique g-harmonic representative of the class X\. Here we used the fact that
the natural map H'(M,Z) — H'(M,R) is 1 — 1.
We identify S' C C* with the subgroup of constant gauge transformation
S'sz2-7,€8, 1.(p)=2 Vpe M.
The point py determines a natural splitting of the inclusion z — +, via the evaluation map
evp, 1 G — S, = v(po)-
We define the group of gauge transformations based at pg by
Spo 1= kerevy,.
Gpo is a closed Lie subgroup of §. We thus have isomorphisms
G =Gy, xS 21§ x H'(M,Z) 21G,, x S* x HY(M,Z).
For every configuration S € €, we define the slice of the G-action at S to be the affine subspace
8s =S+ X C C,.
The subgroup S! x [G] = S! x HY(M,Z) acts on C, by
(2,A) - (¥, A) = (z-9x - ¥, A — 4mi[)]g).
Set Sp := (0, B,). Then
L = {(z/},ia) € T5,Co; d*a = o},
so that
8s, = { (4, 4) € €5 d"(4—B,) =0}.

Observe that 8s, is invariant under the above action of S* x [G]. Moreover, the quotient 8s,/[G] is
a smooth Hilbert manifold equipped with an S'-action and the natural projection 8s, — 8s,/[S]
is a Galois covering with automorphism group [9].

Proposition 2.1 (Existence of global slices). Every 9},0—07"bit intersects 8s, exactly once.

Proof The Lie algebra of G, is

19y, = {if € LF12(MLR); f(po) = 0}
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and the exponential map exp : T} 9]130 — Gp, is onto. Thus we can represent every element v € 15y,
in the form

v =exp(if), f(po)=0.

Suppose S = (¢, B, + ia) € C,. To show that 1G,, - SN 8s, consists of a single point we need to
show that there exists a unique if € T} 911,0 such that

exp(if) - S — S € Xg, <> d*(a — 2df) = 0.
Using the Hodge decomposition of a with respect to the metric a we can write
a=[a]y +da+d*B, acQ’(M), 3ecQ*(M)

and where [a], denotes the g-harmonic part of a. The function « is unique up to an additive
constant. We fix that constant by requiring that «(pg) = 0. The equation d*(a — 2f) = 0 is then
equivalent to

A M(Qf — a) =0

2f — a is thus a harmonic function and hence it must be constant. Since f(po) = a(po) = 0 we
deduce 2f = a. Hence v = exp(2ia) is the unique based gauge transformation which maps S to
the slice Ss,,.

O
We deduce that there exists a S'-equivariant bijection

®50 : SSO/[S] - GJ/SPO = BU,IJO'

We use this bijection to transport the Hilbert-manifold structure on Ss,/[9] to a Hilbert manifold
structure on B, . This manifold is equipped with a residual S!-action and we set

Bo = Bope/S' = Cy/G.

Proposition 2.2 (Compactness). For every u = (g,h,n, 1) € Uy, the set of gauge equivalence
classes of monopoles My, C B, is compact.

Proof To prove this key fact we use a trick of Kronheimer-Mrowka,[4]. Suppose (¢, A) is a
(0, u)-monopole, i.e.

{ Dap+uwp = 0
c(xgFa+in) = 3q(¢)
From the first equality we deduce
2 2 _ Aveoa, , S9) 1 2 _
D% — 121 = 0 = (VA VAY 4 200+ Ze(Fa)y — iy = 0.

From the second equality we get

@+ 2y Lgwyn - Seliny — v =0,

On the other hand, we have a Kato (pointwise) inequality

Aulol? < 24V, 0) = ("D 4 Ty — Seim — w2 v)
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= (= DIWP + el v) — W), 0) < (2 = 3+ lnly) [P + gl

N——

=w

If we set f := |1|?> we deduce that the nonnegative function f satisfies the differential inequality

1
Aarf < fw+ 5.
If 2o is a maximum point of f then (Apsf)]z,> 0 and we deduce

0 < f(xo)(w(zo) — f(w0)).
This implies
2 _ 2 _.
4612 = max [9(2) < ma () = K (). 2.1

Using Proposition 2.1 we deduce that we can move (¢, A) along its G-orbit until it intersects Sg,.
Thus we can assume that (1, A) has the form

(¢7A) = (1!}, B, + ida), d*a = 0.

Using gauge transformations in [G] we can even arrange that
llalyllze < Afw) = supint{[[aly — 4x{Nglz2; @ € H'(M,R), X € Hy(M,Z)}.
[0

We deduce that
D av]loo < lpllocKu, d*a=0, [|dallc = |Fallcc <C=C(u), [alg < Ay.

An elliptic bootstrap applied to the above inequalities implies that for every positive integer £ there
exists a constant C' = C(¢,u) such that

[$lle2 + llallez < C(4;u).
The compactness result now follows from the compactness of the embeddings
L2 k2 1>k >o0.
O

Definition 2.3. The set My, C B, with the induced topology is called the Seiberg-Witten moduli
space corresponding to (o, u).

The decomposition C, = C% U €% is G-equivariant, and we get corresponding decompositions
into reducible and irreducible parts,

By =BIUBL, M, =M, UM .
B is a smooth Hilbert manifold while BY is homeomorphic to the quotient

co-closed 1-forms on M
ArHY(M,Z)

We have a natural projection
WU, — H*(M,R), W(g,h,n,pn) = [*n],-
Define the o-wall

Wy := W (2rc(0)) = {(g, honp) € Ugs 1]y = 2%[0(0)]g}-
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Proposition 2.4 (Existence of reducible monopoles).
Mo, # 0= ueW,.
Moreover, when u € W, we have
Mo, Zco H' (M, R)/4nH' (M, 7).

Proof Let u = (g,h,n,u) € Uy. A reducible (o, u)-monopole is a configuration of the form
(0, By, + ia) satisfying
FBu-I-ia:_i*T/:>FBu+ida:_i*77- (22)

If this equation has solutions we deduce that

Py = —ilbnly = [e(0)ly = o= 1Fi,ly = 5[l

so that u € W,,.
Conversely, if u € W, then [Fp, |, = —i[*n]y and using the Hodge decomposition of the closed
2-form Fpg,,
Fp, = [FBu}g +idoag ag € QI(M),

we can rewrite (2.2) as
idag +ida = 0 = da = —day

The solutions of the last equation have the form
a = —ag + closed 1-form

The conclusion of the proposition now follows by factoring out the G action.
O
Observe that the wall W, is a codimension b; (M) submanifold of U,. In particular when M is
a rational homology sphere, i.e. by (M) = 0 we have W, = U,.

Corollary 2.5. If M is a rational homology 3-sphere then for every spin®-structure o and every
u € Uy there exists a unique gauge orbit of reducible (o, u)-monopoles.

When by (M) =1 the wall W, is a connected hypersurface of U,. Its complement in the space
of parameters U, consists of two components called the chambers.

Proposition 2.6. Fiz a Riemann metric gog on M. For every positive constant C there exists a
compact convex set P = P(C) C H?(M,R) such that if u = (g, h,n, u) € U, satisfies

sup [1(z)g + sup [u(@)] + llgllcz(a,g0) < C Mo # 0
zeM zeM

then c(o) € P(C).

Proof. Using (2.1) and the equality

c(gFa +1n) = q(¥)

we deduce that there exists a constant K depending continuously on C such that

1 FallL2(ar,g0) < K = [[[Falgoll£2(a1,g0)-
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The last inequality describes a compact convex set in H?(M,R).
O
Let us summarize the things we have proved so far. We know that for every parameter v € U,
the moduli space M, ,, is a compact metric space. Moreover, if the parameter u lies on the wall,
then the closed subspace consisting of reducibles is homeomorphic to a torus of dimension by (M).
We now shift our investigation towards the local properties of the moduli space.
For every S € C, we denote by [S] its image in B,. The corresponding map

Cr 2S+—[S] € B,
is continuous. Denote by Stg the stabilizer of S € C,,

Ste {1} if S is irreducible
ST\ 8! ifS is reducible

As we have seen the slice 8g is Stg-invariant. The next result is a variation of Proposition 2.1.

Proposition 2.7 (Local slices). For every S € C¥ there evists R = Rs > 0 such that
N=0Ns = {S—i—S; Se f)Cl, ‘SH&Q <r}cCS8s

is a Sts-invariant neighborhood of S whose image [Ns] in B, is a neighborhood of S and the Sts-
invariant projection Ns — [Ns| descends to a homeomorphism

dg : Ns/sts — [Ns]

Suppose S € €, is a (o, u)-monopole. To find all the orbits of monopoles very close to [S] we
need to find the very small solutions S of the

SWou(S+S5) =0, S€XE, [S]22 < Rs.

This is equivalent to

SWyu(S+S) = 0
LES = 0 . (2.3)
ISlk2 < Rs

Observe that if S’ € 85 is sufficiently close to S then the orbit G-S’ is orthogonal to 8 and thus
it is “almost” orthogonal to 8s. Equivalently the subspaces f)Cé and Xé, are not very far apart (see
Figure 2). On the other hand, the vector field 8W is L?-orthogonal to the orbits of the G-action.
This implies that the vector SW(S') € DCSL, is very close to being tangent to Ss, i.e. the component
of SW(S) along Xé‘ is much larger than the component along Xs. More precisely, we have the
following result.

Lemma 2.8. There exists r = r5 € (0, Rs) such that for any S € Xg satisfying IS

k2 <1 we have

SW(S+S) € Xs <= SW(S+S) =0
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Figure 2: The gauge orbits and a slice of the G-action.

The equation (2.3) is thus equivalent to

SWy.u(S+S) + Ls(X) = 0
L:S = 0
. . 2.4
SeTsCs |[Slke < s (24)
XeX= TS
To understand this equation we first study its linearization at S.
SWs(S) + Ls(X) = 0
LES = 0
S e T5C, ‘S”kg < Trs ’
XeX
where 8Wg := Ds 8W,,,. Consider now the linear first order partial differential
ok o ok k=1 . oek—1 [S]_[8Ws Ls ] [S
More precisely, for § = (@b, ia) and X =if we have
W Da+p 0 0 W se(ia)y — 5 fy
Ts | ia | = 0 —xd d || ia | + 34, 9) (2.5)
i 0 a 0 if STJm (1, 1h)
7
where
106, 1) = -2 Q(v + 1)
WY = 9w '

Ts is a formally self-adjoint, Fredholm operator. We denote by Ps the zeroth order operator in the
right hand side of (2.5). Observe that if S is reducible then Ps = 0. In this case

ker Js = ker T = ker(D 4 + p) @ H'(M,R) © H°(M,R).
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The component H!(M,R) coincides with the tangent space at S to the reducible component of
My, while the component H°(M,R) corresponds to the Lie algebra of the stabilizer Sts.
We have the following genericity result whose proof can be found e.g. in [2, 6]

Theorem 2.9. There exists a generic set U; C U, with the following properties.
(a) If u € UL, and S is an irreducible (o, w)-monopole then ker Ts = 0.
(b) If by (M) =0, u = (g, h,n, p) € WS, and S = (0, A) is a reducible (o, u)-monopole then
ker(®4 + p) = 0.
(c)uGUL@ﬂEU;
We set
ul =

(o

U\ W, if by (M) >0
U if by(M)=0

The previous discussion implies the following result.

Corollary 2.10. Let u € ul. Then My, consists of finitely many G-orbits of monopoles. If
bi(M) > 0 all these monopoles are irreducible, while if by(M) = 0, then I, consists of exactly
one point.

§2.2 Spectral flows of paths of selfadjoint operators with compact resolvent. Sup-
pose (At)icio) is a family of self-adjoint operators on a real Hilbert space H, with the following
properties.

e For every t the operator R; := (i — A;)~! on H ® C is compact. In particular, the spectrum of
Ay is discrete, and consists only of eigenvalues with finite multiplicities.

e The bounded operator R; depends analytically on t.

e All the operators A; have the same domain.

As explained in [3, Thm. 3.9, Chap. VII, §4.5], we can find real analytic maps
At [0,1] = R, neZ

such that for every t € [0, 1] the spectrum of A; with multiplicities included, coincides with the
collection {A,(t); m € Z}. For every t € [0, 1] we define

sf;(A,) = the number of indices n such that \,(t) = 0 but A, () <0 for ¢’ ¢,
sf; (A,) = the number of indices n such that A, (t) = 0 but A\, (') < 0 for ¢’ \ ¢.
The local spectral flow at the moment ¢ is then
sfi(As) = sf; (As) — sf; (Ad).
Define the spectral flow of the family A, to be the integer
S (Ad) = D sfi(da) = D (SE(Aa) = 7 (As)) + SEL (Ad) — sfo(A)
t€[0,1] 0<t<0

Loosely speaking, the spectral flow is the difference between the number of times the eigenvalues
An(t) change the sign from negative to positive and the number of times the eigenvalues A, (t)
change the sign from positive to negative (see Figure 3).

For more information about the spectral flow we refer to the original source [1].
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sf =-1+(2-0) +(1-2) +1=-1

Figure 3: Computing a spectral flow.
§2.3 Seiberg-Witten invariants Suppose u € Ul. Fix as before a smooth reference config-
uration Sg = (0, B,). For every pair of configurations S1,Ss € C, we set
m(Se,S1) =sf ((1 —1)Ts, +Ts,, 0<t<1).
This integer depends only on the gauge equivalence class of the pair, i.e.
m(Se,S1) = m(y-Se,7v-S1), Vy€G.

Note that
m(S”,S) =m(S",S") +m(S,S), vS,5,5" €C,.

For every (o,u) monopole S we now set
€(S) := (=1)m5S0) = 41.

One can show that €(S) depends only on the G-equivalence class of S, and it is independent of the
choice of Sp. Indeed, for a different choice S, = (0, B],) we have

m(S,Sy) = m(S,So) + m(So, Sh) = m(S, Sp) mod 2.

We set
sw(o,u) = Z €([9]) € Z.
[Slemtz .,
It is not difficult to see that
swr(a,u) = swys(o,u). (2.6)

Theorem 2.11. Suppose bi(M) > 0 so that Uy # Wy. If ug,u; € UL lie in the same path
component of Uy \ W, then
sws(o,ug) = swys(o,uq).

Idea of proof. For every smooth path @ : [0,1] — U, \ W, such that 4(i) = u;, i = 0,1, we form

—

Mo = {(1S]:1) € By x [0,1]; 8W,.50(S) = 0}

Since u(t) € U, \ W, we deduce that ﬁgﬂl lies inside the smooth part B} x [0,1]. A genericity
argument based on the Sard-Smale theorem shows that we can choose the path 4 so that M, 4 is
smooth one-dimensional manifold with boundary such that

893?0’11 = gjta,uo U ma,zq .
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t=0 t=1

Figure 4: M, 4 is an oriented cobordism between M, and My 4, .

One can then show that 53\20773 is equipped with a natural orientation. It thus defines a 1-chain in
B* x [0,1] and the tricky part is to show that we have the more refined equality of 0-chains (see
Figure 4)
Mea= Y e(SNST- > elShIs):
S’ E€EMo,uq [S'1€Mo,uq

For more details on how to prove this identity we refer to [11, Lemma 2.3.4].
O
The wall W, is a codimension by (M )-submanifold of U, so that if b;(M) > 1 its complement
is path connected. Theorem 2.11 implies the following result.

Corollary 2.12. Suppose bi(M) > 1. Then the integer swys(o,u) is independent of the generic
parameter u € ul \ W,. It is therefore a topological invariant of the pair (M,c). We will denote
it by swar(o) and will refer to it as the Seiberg-Witten invariant of (M, o).

Proposition 2.6 implies that swys (o) is zero for all but finitely many spin® structures o. From
the identity (2.6) we deduce that when by (M) > 1 we have

swy(o) =swy(a), Yo € Spin®(M). (2.7)

We set H = H?(M,Z) = H,(M,Z). We denote the group operation on H multiplicatively and for
every ring R we denote by R[H| the group R-algebra associated to H and R. The elements P of
R[H] have the description

P=>"rh,

where the coefficients rj are in R and all but finitely many of them are 0. As we know the group
H acts freely and transitively on Spin®(M). Define

SWre : Spin®(M) — Z[H], 0 —SWy, = > swy(h~'o)h.
HeH
Observe that this map is H-equivariant, i.e. for any g € H we have
SWirgs =g Z swir(htgo)gth =g - SWy,.
HeH

Observe that the involution h + h~! induces an involution Z[H] > P + P € Z[H| The symmetry
equality (2.7) takes the form
SWis =c(0)SW e (2.8)

The cases b1 (M) = 0, 1 require special care. We will discuss them separately.
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§2.3.1 The case b;(M) = 1.

In this case the wall W, is a codimension one submanifold of the space of parameters. We will show
that the complement consists of two connected components called chambers. An orientation of the
one dimensional vector space H'(M,R) will then produce a transversal orientation of the wall so
we can define a positive chamber and a negative chamber. The integer swy(o,u), u € U, \ W,
then depends only on the chamber to which u belongs. We thus get two invariants SWi,(M )
corresponding to the two chambers. We will prove a wall crossing formula relating these two
invariants.

To begin with, we fix an orientation of H'(M,R) by choosing a generator o of H'(M,Z). We
get a morphism

deg, : H*(M,Z) — Z, deg,(w) = /M 0Aw.
In particular we obtain a map
deg, : Spin“(M) — Z, deg,(0) := deg,(c(0)).
Since the tangent bundle of M is trivializable we deduce
deg,(0) € 2Z, Yo € Spin(M).
Observe now that since H'(M,R) is one dimensional we have the equivalences
u=(g,h,n, 1) € Wo < [¥n]y = 27[c(0)] = /M o A *n = 21 deg, (o).
Thus if we define
Wy : Us — R, wy(g,h,n,p1) = /M 0 A1 — 27 degy (o)

we deduce that

Define the £-chamber UF by
ut = {u € Uy; twy(u) > O}.

We get two integers
swi (o) :=swy(o,u), ueUEnul.

Theorem 2.13 (Wall Crossing Formula).

swi (o) —swy (o) = %dego(a).
Idea of proof. The proof uses a refinement of the cobordism argument employed in the proof
of Theorem 2.11. We sketch the main lines of this proof and we refer for details to [6].

Suppose u+ € UEX N ul. For any smooth path u : [-1,1] — U, such that u(+1) = uy form
again the moduli space ﬁg,u C B, x [0,1] as in the proof of Theorem 2.11. Set wy(t) := wy(u(t)).
We define the resonance locus of the path to consist only the pairs (S,¢) where S = (0, A) is a
reducible (o, u(t))-monopole such that ker(®D 4 + pu(t)) # 0. We can generically choose the path wu(t)
to satisfy the following properties.
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o Lw,(t) > 0, Vt € [-1,1], and w(0) = 0. In other words, the path u(t) crosses the wall W,
transversally at time ¢ = 0. Set ug = u(0) = (go, ho, N0, o). Note that the resonance locus is
contained in the time slice ¢ = 0 since there are no reducible (o, u(t)) monopoles for ¢ # 0.
e The resonance locus is as good as possible, i.e. it is a finite set R € M, ,,, and every monopole
(0, A) € R we have

dimc ker(D 4 + po) = 1.

Moreover if 1y € ker(® 4 + po) \ 0 then
&a = | (eliloly)in vV, 0 (29)
M

o (= ﬁa,u \ M., is smooth, naturally oriented and 1-dimensional.

One can then show that the closure of ﬁmu \ My, in B, x [0, 1] is a manifold with boundary

(see Figure 5)
OC =My URUMgy, .

resonance
locus reducibles

irreducibles

t=-1 =0 t=1

Figure 5: A singular cobordism.

The reducible component E)ﬁg’o is diffeomorphic to the circle H'(M,R)/4xH*(M,Z) which is
naturally oriented by 0. We can describe this component as a path

[0,1] 5— (0, A(s)) € C,.
We obtain a real analytic family of Fredholm selfadjoint operators with compact resolvent
s = Ts =D p(5) + Ho-

Observe that
sfs(Te) # 0 <= (0, A(s)) € R.
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Moreover
sfs(Te) =sign (£4,) = £1, V(0,45) € R.

The map
[0,1] 2 s +— sf4(Te) €7Z

thus induces a map
v:R— {£1}.

One can then show that we have the following equality of O-cycles

or equivalently
swi (o) —swy, (o) = sf (T).

Using the results in [1] we deduce after an elementary computation that

1
sf (T,) = 3 deg, 0.

The wall crossing formula can be conveniently encoded as follows. Set

©=0y= Y heZlH|,

heTors (H)
and define
SW3 .= > swi(h'o)h.
heH
Then

_ 1
SWiioo = SWirgo =75 D (dego(c(o) — 2deg,y(h))h.
heH

Let degt = max(+ deg,,0). Then
1 1
SWJJ\F/[,U,O D) Z degj_ C(h_IO')h = SWM@-’O -5 Zdeg; C(h_la)h.
h h

Observe that the left-hand-side (and a fortiori the right-hand-side) defines a H-equivariant map
SWY, . : Spin®(M) — Z[[H]].

The H equivariance of
Spin®(M) > 0 1> SWY, , € Z[[H]|

implies that there exists a function

swi, : Spin°(M) — 7Z
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such that
SWY,, = > swi (b lo)h.
heH

More precisely

1
swi, (o) = SWX/[’U b deg? c(o).

We say that sw?w is the modified Seiberg- Witten invariant. We want to present a different inter-
pretation of sw'. Define a smaller space of parameters

ua,a = {u: (g,h,n,/,L) €Uy 0< ‘/ Y /\*gn‘ < h}
M
where h is a small constant significantly smaller that 2. We deduce that U, 4, is an open subset
of Uy \ W,. We set uf,,o = U0 N Uj,. Observe that if deg, c(o) = 0 then

swh; = swi (0) = swy, (o) = swy(o,u).

The choice h < 27 implies
u;o Cc Ul if deg,c(o) <0, u;o CcU, ifdeg,c(oc) >0

Hence if deg, c(o) < 0 we have

0

swj (o) =sw, =swys(o,u), VUGULO.

On the other hand, if deg, c(o) > 0 then for every u € uL,o we have

1
swa(o,u) = swy, (o) =swi,  — 5 deg, (o) = swh, (o)

We conclude
swi;, =swa(o,u), Yuelf (2.10)

Using Proposition 2.6 we deduce that sw), (o) is zero for all but finitely many o’s so that
SWY,, € Z[H], Vo € Spin°(M).

Note also that

sw?\/lva =sw},(5), Vo € Spin°(M).

We want to present yet another, less canonical description of SW?\/[, » Which is useful in concrete
computations. Fix T € H such that deg, T = 1 and set d(c) := % deg, ¢(c). Then

%Zdeg: (=6 3 (do)—n)T" =0 Y mri@)-m —g. i) 3 7
h

n<d(o) m' m>0 m>0
Similarly
1
= degy c(hlo)h =0 > (n—d(0))T" =0T Y " kT*
2 h n>d(o) L k>0
Hence

SWY,, =SW, -0 .7 Y"1 =sW,, — 14"y kT,
m>0 k>0
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Example 2.14. Suppose M = S! x S2. We orient H'(M,Z) via the cohomology class o =
%dﬂ, where dfl denotes the angular form on S'. Denote by 7' € Hi(M,Z) the homology class
corresponding to the fiber S* of this trivial S'-bundle. Since M admits a metric a positive scalar
curvature we deduce that

swi; (o) =0, Yo € Spin®(M)
so that
T

SWij, = T4 0 3 T )

m<0

§2.3.2 The case b;(M) = 0.

For every u € U, consider a fixed smooth configuration So = (0, B,,) and o € Spin®(M). Since
¢(0o) is a torsion class we can choose B, to be a smooth flat connection. In the remainder of this
subsection we will assume Fp, = 0. For every u = (g,h,n, ) there exists a unique G-orbit of
reducible monopoles [S,] = [(0, A,)]. This is determined by solving the equation

FAu +1i *g 1) = 0.
If we write A, = B, + ia, then the above equality becomes
da, = — x4 1.

Since *,47 is a closed 2-form and H'(M,R) = H?(M,R) 2 0 it follows from Hodge theory that there
exists a unique co-closed 1-form a, satisfying the above equality. we will denote it by —d_l(*gn) SO
that

Ay = By, —id (x4m). (2.11)

Observe that the real number
E(u) = / d™(kgn) A xgm
M

is independent of the choice of the flat connection B, and thus depends only on the parameter u.

For every u = (g, h,n, 1) € U}, the moduli space M, ,, consists of finitely many gauge orbits of
irreducible (o, u)-monopoles and the unique orbit [S,] = [(0, A,)] of reducible monopoles. We get
a non-constant function

Wr S urswy(ou)= > €[S).
[Slems ,

For every ug, u; € U, we denote by ®(u1,us) the spectral flow of the affine path of Dirac operators
P (u1,uo) = sfc(Da, + e, t€0,1]),

where
ut = (1 - t)IU/UO + Ly, Ay = (1 - t)Auo + tAm'

Theorem 2.15.

sws(o,ur) — swar(o,ug) = —P(ug, up), Yug,u; € U.
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Idea of proof Again we use a cobordism approach. We can generically find a smooth path
u [07 1] - uU: t— U(t) - (9t7 htuntaut)a U(k) = Uf, k= 07 1

satisfying the following properties.

e The resonance locus

R:={t€[0,1]; ker(Da,, +pm)# 0}

is finite. Moreover, for every ty € R we have dimc ker(® Ay T i) = 1, and if g is a generator
of this one dimensional space then

6 = [ ({6l 0. 0) + 4 )V, 0. (2.12)
where p ;
A;(to) = dt |t=to Au(t)a M;O = at li=to Ht-
e The space

M, = {(S],1) € B x [0,1], SW,,(S) = 0}

is a smooth 1-dimensional manifold. -
One can show (see [6] for details) that 9} , is naturally oriented and its closure in B, x [0, 1]
is a manifold with boundary. Moreover (see Figure 6)

My, = > ellSDIST— D eSS+ Y sign (&) [Sue)

[S“]eim;’ul [S/]eimj;,uo teR

We deduce that

Yoo S = D S+ sien(é) =0.

[S"]em ., [S']€M5 teR
resonance
locus

reducibles

=0 =1

Figure 6: A singular cobordism.
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A simple computation shows that
> “sign (&) = sfc(Da,, + e, t € [0,1]),
teR

while the homotopy invariance of the spectral flow implies
Sf@(@Au(t) + g, T E [0, 1]) = @(ul,uo).

Hence

swa(o,ur) —swy(oug) = > e((S") = Y €([S]) = —@(u, uo).

[S”] e [S']em

T, U T,u(

To produce a topological invariant we will construct a function
F,: W, — R
such that
F(uy) — F(ug) = ®(uy,up), Yug,u; € W.

Then the number
swi, (o, u) = swyr(o,u) + Fy(u), Yuc U

is independent of u and is thus a topological invariant of the pair (M, o). To do this we first need
the map
Uy — Uy, u=1(g,h,n,p) = u:=(g,h,n,0).

Observe that

Then
@(u1,up) = P(ur,uy) + ‘1)(21720) - q’(uoauo)~

Hence it suffices to find
Gy:Us — R

such that
Go(ur) — Gol(uo) = P(uy,up)

for then the function
Fy(u) = @(u,u) + Go(u)

will do the trick. To achieve this we need to use the Atiyah-Patodi-Singer index theorem. Given
up, u1 € U we a smooth path

u: [07 ” - uj;) U(t) = (gt)htantao)
such that u(t) = u;, for [t —i| < 1, i = 0,1. Form the cylinder

M :=[0,1] x M

equipped with the metric § := dt?> + g;. The spin® structure ¢ induces a spin® structure & on M.
The associated line bundle det & is then equipped with a metric A

iL‘txM: ht-
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Fix a hermitian connection A on deté. Set D, = QA"i’ d; := dimg ker®; .The Atiyah-Patodi-
Singer index theorem implies that

3019, + 1) = 50, + o) = Plagp) + 5 [ (=gmi(9) + a(4F)

For u = (g, h,n, \) we denote by 7sign(u) the eta invariant of odd signature operator corresponding
to the metric g. The Atiyah-Patodi-Singer index theorem implies

1 N
nsign(ul) - Wsign(u0> = § /]\7[ pl(vg)'

Define the Kreck-Stolz invariant of u € U, to be
KS(u)=4 (n@Au + dimc ker @Au) + Nsign(u).

We conclude that

KS(un) — Ks(uo) = 8(B(uy) — Blug)) + /M e (A)2,

A simple computations shows that

Thus the function ) )
G Uy = R, ur— gKS(u) - 327T2E(u)

satisfies
Go(u1) — Go(uo) = ®(uy) — P(up)-

Definition 2.16. The modified Seiberg-Witten invariant of (M, o) is the real number

1
swi, (o) :=swa(o,u) + gKS(u) — Z(u) + ®(u,u), uwelUl.

3272
We set
SW?\/],U = Z swi,;(hto)h € R[H].
heH

§2.4 A combinatorial description of the Seiberg-Witten invariant Suppose X is a
closed, oriented manifold such that x(X) = 0. Fix a point g € X. A spider on X is a pair
consisting of a finite good open cover (Uy)aeca of X an a collection of smooth paths ~, : [0,1] — X,
one for each simplex o of the nerve N(U,) of the cover, such that

70'(0) = Zo, 70'(1) S Ug, Vo.

Two spiders {(Ua)a,72} {(Ua)a, 7L} corresponding to the same good cover are said to be homologic
if

D (=1 (30 — 4)) = 0 € Hi(X,2),

(el

where for every o € N(U,) we denoted by 52 the path obtained from 9 by extending it with an
arc in U, connecting v2(1) to yL(1).
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Fix a spider s = {(Ua)ac4, 7o} and a nontrivial character x : Hy(X,X) — C*. Set 2, := 7,(1).
The character x determines a pair (L, A), where L is a complex line bundle, and A is a flat
connection on L. Denote by I'y the sheaf of sections of L covariant constant with respect to A.
This is a locally constant sheaf and, as the notation suggests, it depends only on the character y.
Denote by (C%(Us), ) the Cech complex associated to this cover and this locally constant sheaf.

More precisely
k ~
CiU) = P TWU)= @B L,
dim o=k+1 dim o=k

Using the parallel transport 75 along <, we can identify L,, = L, so that

Once we fix a basis eg of L, we deduce that C’Q(U.) is also equipped with an unordered basis. For
each simplex 7 = (a, -+ , ay) of N(U,) and each i = 0,--- ,m we set

Ti:(a07"'di7"' 7am).

The coboundary operator § is defined by

5( D z(,e(])T: D T;1<I§(—1)iTTi(zTieo)|UT).
1=0

dim o=k dim 7=k+1

We can now define the torsion Tx s(x) of the triple (X,s, x). Following Turaev, we declare it to
be zero if the cohomology of (C3(U*®),d) is nontrivial. If this complex is acyclic, then the torsion
is equal (up to an undetermined sign) to the determinant of this acyclic, based complex (see [13,
Chap. 1] for more details on the determinants of complexes. The torsion depends only on the
homology class of the spider.

Example 2.17. Consider the simplest case X = S'. We identify the circle with the boundary
of the triangle [VpV1 V3] in Figure 7. We denote by M; the barycenter of the edge opposite to V;.
The dual cell decomposition of the simplicial complex 9[V, V1 V3] defines a good open cover of the
circle whose nerve is isomorphic to the 1-dimensional simplicial complex 9[VpV;V3]. For example
the open set Up is a small neighborhood of the union of segments [VyM;] and [VyMa].

|7

Y M, Y
Figure 7: A simplicial decomposition of the circle.

The group H;(S',7Z) is generated by the 1-cycle [S'] := [VoVi] + [VaVa] + [VaVo]. A character
of Hy(S',Z) is uniquely determined by its value on this cycle. Fix a character x such that

xX([8']) =t e C\{0,1}.
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We choose a spider s as follows. xg = Vj, x, is the barycenter of the simplex o.
zi) = Vi, xo1) = M2, z@19) = Mo, 02 = M.
o is the path running counterclockwise from xg to x,. E.g.
Yor = [VoMal, va) = [VoVil, zaz) = [VoVi] + [ViMo)], etc.

Fix a basis ey of Ly,. For every o we denote by e, the basis of L, obtained from ey via the
parallel transport along ~,. If 7 is a codimension 1 face of o, fix a path v, : [0,1] — U, from z,
to z,. We get a cycle

Yr 4+ Yro — Yo = NS € Hi(SY, 7).

We have
Cg = LVo (&) LVl @LVQ, 0)1( = LMO @LJ\/[1 @LMZ.

We will represent the elements of C’g (respectively Cg) as vectors

ZV() CM()
2y, |, resp. Cry
V3 CMz
Then
2V Mo Vvy 2y, — Mo Vo 2V, 0 Mo VL — MoV, 2V
) 2 — MV, 2V, — MV 2V, — —tMy vy 0 MV . 2y,
ZVQ tn]\/lz Vo ZVO — tnl\lzvl ZVl tnMQVO —tnMQVI 0 ZVQ

The integers nyy,y; are the winding numbers of the path that vy, + [V M;] — ;. Of these integers,
only one is nonzero, namely npy,1;, which is equal to 1. We deduce that

2V, 0o 1 -1 2V
o0l zyy | =] -1 0 1 | | 2y
AT t —1 0 2V

The determinant of this matrix is (¢ — 1) and the torsion is the inverse of this determinant so that

(‘TSl,s(X) = :l:(l )

O

As explained by Turaev in [14], on a closed oriented 3-manifold M there is a natural bijection
between the set of spin® structures and the set of homology classes of spiders. Moreover, the sign
ambiguity can be removed by fixing an orientation on the determinant line det H*(M,R). On a
closed, oriented 3-manifold, the Poincaré duality induces a natural orientation on this line. This
the one we will consistently use in the future. Set H := Hy(M,Z), H := Hom(H,C*). The torsion
associates to each spin® structure o on M a holomorphic function Ty, on H \ {1}.

By Hartogs’ theorem, this function has a holomorphic extension at x = 1 if by(M) > 1. If
b1(M) =1, it has a pole of order two at y = 1 while if b; (M) = 0 we have

Tarx (1) = 0.
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When b1 (M) = 1 we can define a modified torsion as follows. Fix an orientation o of Hj(M,R).
Fix T € H such that deg,(7") = 1. For every o € Spin(M) we set

Wyo:H\ {1} - C

—d(o) . 1 i
x(T) (x(1)-1) (x(1)~1-1) .f 1) #1 . d(o) = * deg, (o). (2.13)
0 if x(T)=1 2

Wy (x) = |Tors H| - {
We set X
T () = Tare (00) + Wo (X)-

Suppose G is a finitely generated Abelian group of rank r. We set G = Eom(AG, C*). For every
function f : G — C we define its Fourier transform to be the distribution f on G defined by

F00 =Y flox ().

geG

We can recover f from f vie the Fourier inversion formula

1 )
10) = G /x1 F00x(g)dx.

For example, the function W, , in (2.13) is the Fourier transform of the function
Wso:H—C

defined by the generating series

3 Woolh) = —04 TS kT, 05 := Y hezH],
heH k>0 heTors H

ie.
Wy o(h) = —max(deg, h — d(c0),0).

Theorem 2.18 (Meng-Taubes-Turaev). Suppose M is a closed oriented 3-manifold. Set H :=
H(M,7Z).
(a) If by (M) > O there exists epy = +1 such that for every o € Spin®(M) we have

TMo = 6MS/V\VM,U(X), Vx € H.
(b) If by(M) =1 then
—— 0 .
T (X) = SW o (x), ¥x € H.
For a general outline of the proof! we refer to [7, 15].

In the case by (M) = 0 one can check on simple examples that S/\X7M7g(1) # 0= Ta(1) so the
Meng-Taubes theorem does not extend to this case in the form above. In this case we defined a

modified torsion as follows )
_ ‘J’M,O' X if X 7é 1
'IOM,O'(X) - { —CWM if X(M) ’

where CW is the Casson-Walker invariant of M normalized as in C. Lescop’s book [5]. We have
the following result.

! As of April 2003, there is no published complete proof of this fact.
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Theorem 2.19 (Nicolaescu). If M is a rational homology 3-sphere, H = Hy(M,Z) then

To(X) = SWars(x), Yo € Spin®(M), x € H.

—

For a proof we refer to [12]. We want to mention that the equality 73470(1) = SWy (1) is
equivalent to

—CWy =) _swih(o).
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