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ABSTRACT. We describe the Abelian categories of sheaves over topological spaces, natural
functors between them, and several remarkable resolutions of sheaves.
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1. PRESHEAVES

A presheaf on X is a correspondence § which associates to each nonempty open subset
U C X a nonempty set $(U) and to every inclusion U — V a map

I =78V : 8(V) — 8$(U)

such that rg = lg(y) and for any U < V — W we have a commutative diagram

v o=l =rforly.

rY is called the restriction map. For simplicity we will often denote it by |;7. The set So(U)

is referred to as the space of sections of 8y over U and it is often denoted by I'(U, 8y).
A morphism of pre-sheaves 8¢ and 81 is a collection of maps

¢ ={¢v : 8o(U) — 81(U); U open subset of X }
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such that for any inclusion U C V we have a commutative diagram

So(V) =2y 81(V)
ry U= oy = dyry. (1.1)

So(U) o 81(U)

We obtain in this fashion a category pSh(X), of presheaves on X. If € is a subcategory of
Set then a pre-sheaf of C-objects is a presheaf such that every set S(U) is an object in €
and the restriction maps are morphisms in €. A morphism of presheaves of C-objects is a
morphisms of presheaves of sets ¢ such that for any open set U the map ¢y is a morphism
in €. We denote by pShe(X) the resulting subcategory of presheaves of C-objects over X.

If R is a commutative ring with 1, we denote by pMod the category of R-modules and we
set pShp(X) = pSh poq- We set

L'},F) =0, VF € pShy(X).

Note that for any two presheaves of R-modules 8o, 81 the space of morphisms Hompgn,, (80, 81)
is naturally an R-module. We denote by R = x R the constant presheaf on X determined by
the requirement that I'(U, R) consists of the continuous maps U — R, where R is equipped
with the discrete topology. Equivalently, the sections in I'(U, x R) are the locally constant
maps U — R.

For any morphism ¢ € Hompsh,(80,81), any inclusion of open sets U < V and any
s € §o(V) we deduce from the commutative diagram (1.1) that

Pv(s) =0= du(s|v) =0.
Thus the restriction maps of 8y induce morphisms
s ker (8o(V) 2% 81(V)) — ker(8o(U) 2% 81(U) ).
Hence the correspondence
U —> (ker )(U) :=ker(So(U) 2% 8,(U) ) C 8o(U)

defines a presheaf on X called the kernel of ¢ and denoted by ker ¢.
Arguing in a similar fashion we deduce that the correspondence

U — (im)(U) = im(8o(Y) 25 81(U) ) € 84(U).
is a presheaf called the image of ¢ and denoted by im ¢. Similarly we obtain presheaves
coker ¢ = 81/im o, T(U, coker §) = 81(U)/du(So(U) ),
coim ¢ = 81/ ker ¢, T'(U,coim ¢) = 8o(U)/ ker ¢yy.
Note that we have a natural isomorphism of presheaves
coim ¢ — im ¢.

This shows that pShp, is naturally an Abelian category!.

1Recall that a category is called additive if Home(X,Y') has a natural structure of Abelian group, there
exists a zero object (i.e. simultaneously initial and terminal) and there exist finite direct sums. A category is
called Abelian if it is additive, every morphism ¢ has a kernel and cokernel, and the canonical map coim ¢ —
im ¢ is an isomorphism. For more details we refer to [1, 4, 5].
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Example 1.1. (a) Suppose X is a smooth manifold. For every open set U C X we denote by

AL (U) (or AP(U) if there is no confusion concerning X) the space of degree p, complex valued,

smooth, differential forms on U. In local coordinates (x!,---,2") on U such a differential

form has the description

w= Zwada:a, (1.2)

where the coefficients w, are smooth, complex valued functions, the summation is carried
over all the ordered multi-indices o = (o, -+ , o) and

dz® = dz“* A -+ Adx®P.
The exterior differential induces a natural morphism of presheaves
. aqP p+1
d: Ay — A .

If wis as in (1.2) then

" Ow
_ k (] o
dw—kzld$ /\(Za:(?xkdx )
We obtain in this fashion a complex of presheaves
(A.d): A% S AR L AR

called the DeRham complex. As the case X = S! shows this complex may not be acyclic. Note
that we can identify the constant presheaf C with the kernel of the morphism d : Ag( — A}(.

(b) Suppose X is a complez manifold. For every open set U C X we denote by Agéq(U ) the
vector space of complex valued, smooth forms of bi-degree (p, q) on U. If we use holomorphic

coordinates (z!,---,2") on U then w € Ag&q(U) has the local description
w= Zwagdza AdzP, (1.3)
a76
where the summation is carried over all ordered multi-indices o = (o, - -+, ap), B = (B1,- -+, By)
and

dz® =dz®" A~ Adz®, dZ° =dz A - A dEP
We have natural morphisms of sheaves
9 ART — ARFT 9 ART — ARIH

If wis as in (1.3) then

aw—Zdz /\(Z aaﬁd A dzP )
Ow—Zdz /\(Z aaﬁd Adzﬁ)

Note that
P AR and d=0+0.

ptg=m
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From the equalities d? = 0% = 0% = 0 we deduce that we can form a double complex

0 0
9 AP7Q+1 L) Ap-i‘l,q-i-l L} cee

5 5 (A**,0,0))
9 ‘Apvq AP“Fl,(] L} “ee

Qi
Qi

The rows and the columns of this complex are simple complexes called the Dolbeault com-
plexes. The total complex of this double complex is precisely the DeRham complex.

We denote by Q7 the kernel of 0 : APY — APt ORI ig called the (pre)sheaf of
holomorphic (p, q)-forms on X. Note that the sections of Q%Y are precisely the (locally
defined) holomorphic functions on X. This (pre)sheaf is usually denoted by Ox and it is
called the structural (pre)sheaf of the complex manifold X. Note that the sequence

0,0 8. ~1,0 0,0 8 p+1,0
O O I R N 0 Ll

is a complex of (pre)sheaves called the holomorphic DeRham complex. Note that on Q% we

have d = 0.
O

2. SHEAVES

Suppose that § € pShp(X). Given any family U = (UZ- )z‘el of open subsets of X we set
’(U| = UUZ', Uij = Ui N Uj, F(u, 8) = {(si)iel c HS(UZ)’ Vi,j .73 ‘Uij: Sj ‘Uij }
1€l el
Note that we have a natural map
e T(Ul, 8) — r'u,8), s+— (5 |Uz)

In general this map is neither injective, nor surjective. A presheaf § is called a sheaf if for
any family U of open subsets of X the map |y is a bijection.

ielU;”

Example 2.1. Suppose X is a set equipped with the discrete topology (i.e. every subset is
open). For example X could be the set of integers equipped with the topology induced from
the Euclidean topology of the real axis. We consider the presheaves JF and F of C-vector
spaces on X defined by

1S9 =apc, res.F=]]c

seS ses

The restriction maps are given by the natural projections. Fisa sheaf, while ¥ is not.
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To any presheaf 8§ € pSh(X) we can associate a sheaf F* in the following canonical way.
First, for z € X define the stalk of § in x to be the R-module

Sy =lim__ I'(U,8),
— U3z
By definition, for any open neighborhood U of x we have a map
]z : T(U,8) — Sz, s+ [8]s.

[s]. is called the germ of s at x. We now define I'(U, 87) to be the subset of [, ;s 8 consisting
of families of germs (s,)yecy such that every u € U there exist an open neighborhood V' in U
and a section § € I'(V, §) such that

[5]y = s, YO EV.

It is not hard to check that F7* is indeed a sheaf. It is also called the sheafification® of F.
Note that by construction

I'(U,%) c T(U,F").

In Example 2.1 F is the sheafification of F.

We can organize the collection of sheaves as a category Shr(X). The correspondence
F — Ft is a functor pShy(X) — Shr(X). Note that Shr(X) is by definition a full
subcategory of pShy(X) and thus we have an inclusion functor i : Shr(X) — pShp(X).

For any & € pShy(X), § € Shr(X) and ¢ € Hompsh,(F,9) there exists an induced
morphism ¢+ € Homgp, (F1,5). One can show that resulting map

Hompsh,, (¥, 9)— Homgn, (57, 9)
is an isomorphism of R-module. We can write this as

Homgn, (7, 9) =, Hompsn, (F,i(9) ), VF € pShp(X), § € Shg(X),

~

where 22, means the isomorphism in natural with respect to the ”variables” ¥ and §. In
modern terms it says that * is the left adjoint of i.

Given F,G € Shp and ¢ € Homgp,(F,5) we can define ker ¢, coker ¢,im ¢, coim ¢ €
Shr(X) by sheafifying the corresponding constructions for presheaves. One can show that
Shr(X) is an Abelian category.

Any ¢ € Homgp,,,(F, 9) induces morphisms between stalks

¢, € Homp(F,,9,), Vo € X.

A short sequence F 2, S Y, 3¢ of sheaves and morphism of sheaves is exact in Shr(X) if and
only if for every x € X the sequence

¢z

is exact in pMod. More explicitly this means that for every x € X, any neighborhood U
of x and any section § € I'(U, §) such that ¥y (g) = 0 there exists a neighborhood V- C U
containing x and a section f € I'(V, ¥) such that

ov(f)=glv.

If R is a sheaf of rings on X then we can define in an obvious fashion the category Shy(X)
of sheaves of R-modules.

2We refer to [1, I1.4.12] or [7] for a more conceptual construction of the sheafification.
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For any sheaf 8§ € Shr(X), any open set U and any s € I'(U, 8) we define the support of
s to be

supps = {u € U; [s]o # 0}.
Note that supp s is closed in U with respect to the subspace topology on U.

Example 2.2. All the presheaves defined in Example 1.1 are sheaves of complex vector
spaces. If We denote by A = A° the sheaf smooth complex valued functions on X then A is
naturally a sheaf of C algebras and A™ is a sheaf of A-modules. a

Theorem 2.3. (a) (Smooth Poincaré Lemma) Suppose X is a smooth manifold. Then
the smooth DeRham sequence

Ag(—>-~—>A”X11>A”XI+1—>---

is exact She(X).
(b) (Dolbeault Lemma) Suppose X is a complex manifold. Then the Dolbeault sequences

*,0 0q 0 jeq+l
and
0,0 pe O . p+le
‘AX — e — ‘AX — ‘AX —
are exact.

(¢) (Holomorphic Poincaré Lemma) Suppose X is a complex manifold. Then the holo-
morphic DeRham complex

) )
Q%H...HQ%_)Q%+1_>...

1S exact.

For a proof of this theorem we refer to [3].
Let us rephrase the above facts in the language of homological algebra. Suppose A is an
Abelian category and

(A%d) == A" L AnH . ez
is a co-chain complex. We denote its homology objects by H®(A,d ). We denote by Com(A)
the additive category of complexes of A objects. Then a morphism of cochain complexes
¢ : (A% dy) — (B®,dp) is called a quasi-isomorphism, or a resolution if it induces an isomor-
phism in homology. Every object A € A defines a complex [A]
A if n=0
n __
4] _{ 0 if n#0.

A complex (C*®,d) is called a resolution of the object A if it is quasi-isomorphic to [4].

Suppose X is a smooth manifold. The smooth Poincaré lemma is equivalent to the state-
ment that the natural inclusion of xC in the DeRham complex (A%, d) is a resolution. If X
is a smooth manifold then the Dolbeault lemma shows that the inclusion

Of — (AR®, )
is a resolution. Similarly, the holomorphic Poincaré lemma shows that the inclusion
xC = (9%, 9)

is a resolution.
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These resolutions of the constant sheaf use special features of the topology of X, such as
a smooth structure or a complex structure. We describe below a construction of a resolution
of an arbitrary sheaf on an arbitrary space.

Example 2.4 (The Godement resolution). Let X be a topological space. For every sheaf
F € Shr(X) we denote by D(F) the sheaf defined by

LU, D)) = [[ Fu-
uelU

In other words, the sections of D(f) are possibly discontinuous sections of F. Note that we
have an inclusion ¥ — D(F). We can now describe inductively the Godement resolution
(F*,d). We set F* = 0 for n < 0, F% = D(f). Suppose we have already constructed
dp_1 : F*1 — F". Then we set

dy, : F* — cokerd,,—1 — D(cokerd,,_1) =: Fntl,

3. DIRECT AND INVERSE IMAGES OF SHEAVES

Suppose f: X — Y is a continuous map. We want to construct covariant functors
fi: Shp(X) — Shp(Y), f~':Shg(Y) — Shg(X),
called respectively the direct and inverse image functors. Given F € Shg(X) we observe
that the presheaf f.JF given by
YOV —TI(V,£.F) =T(f"V,9F)
is already a sheaf. Next, for g € Shr(Y') and any open set U C X we set
LU, f7'9) = lim 'V, 9),

—VD2f(U)

where in the above limit V ranges over the open neighborhoods of f(U) in Y. Then we define
f71G to be the sheaf associated to the presheaf

X>U—TI(U, f o).

Note that
(f7'9)e = Say TV, fuf7'S) =T(f7'V, f719).
From the definition

DUV =ty ) T

we deduce the existence of a natural morphism
L(V,G) = T(f'V, f719) = T(V, f. f'S)

This defines a natural morphism of sheaves o : G — f.f~'G called the adjunction morphism.
Given a sheaf ¥ € Shy(X) and a morphism ¢ € HomShR(X)(f_19, f) we obtain a morphism
¢' € Homgp , (v (9, fF) as the composition

W.5)

§ —— f.f719
& fe(®)

[:3
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Proposition 3.1. The correspondence ¢ — ¢V defines a natural isomorphism

Homgy, ,(x)(f 'S, F) =, Homgp,(v)(S, fuF), VF,S. (3.1)
O

For a proof see [4, Thm. 4.8]. The above proposition states that f, is the right adjoint of
f~1. The next result follows easily from the definition.

Proposition 3.2. (a) f~! is an ezact functor while f. is only left exact, i.e. for every evact
sequence 0 — 8’ — 8 — 8" — 0 in Shr(X) the sequence

0— fi8 — fu8 — f.8"
is exact in Shr(Y).

(b) If X 4, Y 4 Z are continuous maps then we have equivalences of functors

(go f)e =2 geofe, (gof)h=flog
O

Example 3.3. (a) Suppose ¢ = cx — {pt} is the collapse map. Note that Shr(pt) = gpMod
so the direct image gives a functor ¢, : Shr(X) — RMod. This is precisely the global
sections functor
Shrp(X) > F— I'(X,F).

Note that

¢c'R= xR, c.c'R=c,(R)=T(X,R) € xRMod.
The adjunction morphism « : R — I'(X, R) associates to each r € R the constant section of
R equal to r.

(b) Consider the unit circle S = {z € C; |z| = 1} and the double cover
p:St— 8t 2z 22
We would like to understand p,C. Note that for any connected subset U & S! the preimage
p~H(U) consists of two connected components Vi and thus
I(U,p.C) =T (p—'(U),C) =T(V_,C) & T(V,,C) = C%.

On the other hand p~!(S') = S! and we deduce

r'(s, p.C) =T(s',C) =C.
The sheaf p,C is only locally constant. Its stalks are all isomorphic to C? and for this reason
we say it is locally constant sheaf of complex vector spaces of rank 2. For the classification
of locally constant sheaves of vector spaces we refer to [4, §IV.9].
(c) Suppose € X and j, denotes the inclusion {z} < X. Then j,'F = F,, VF € Shp(X).
More generally, suppose S C X is a closed subset and j : S — X denotes the natural
embedding. For any sheaf F on X we set

Fs :=juj 'F € Shp(X).
Note that for every open set V C X we have

. 1 T
P(V,39) =T(V NS, j719) =lim _ T(W,9).

Hence we conclude that
(Fo) = F, if ze€8
Sle= 0 if z¢8 -



SHEAVES 9

The adjunction morphism a : F — j,j 17 is called in this case the attachment map. We will
denoted it by a®. The induced morphism a2 : F, — (Fg), satisfies

S 1g, if xe€8§
am_{ 0 if ¢85 ° (3:2)
Weset U =X\ S, Fy :=kera € Shr(X). Note that

o | Fp if zeU
(gU)mz{ 0 if 2¢U °

We have a fundamental exact sequence of sheaves
0—TFx\g—=F —=TFs—0. (3.3)

Note that if Z C X is either closed, or open, and F is a sheaf on X we have defined a
sheaf F, whose stalks are trivial outside Z, and coincide with the stalks of & on Z. The
correspondence § — Fz is an exact covariant functor Shr(X) — Shr(X).

In general if X is a topological space and Z a subset of X then the following are equivalent.

(i) The subset Z is locally closed, i.e. it is the intersection of a closed set in X with an open
subset of X.
(ii) For every sheaf ¥ on X there exists a sheaf ¥z on X such that

(0 rex\Z
(?Z)x_{f}‘m if zeZ.

For a proof of this fact we refer to [2, 11.2.9]. For example, the set
{z€C; Imz>0}U{0}
is not locally closed.
(d) Suppose U C X is an open set and i : U — X denotes the natural inclusion. For any
sheaf F € Shr(X) the inverse image i~1F is the restriction of F to U and it is often denoted
by F |r. We set
TyT =i 'F € Shy(X).
For any open set V' C X we have
L(V,Tyd) =0(VNU,9).
This implies
won={ TR Tk
If z € U\ U then it is possible that (I'yF), # 0. Take for example
X =R? U= {(z,y); zy #0}, z=(0,0), F=Age. (3.4)
1

The function 7 is a section of I'yA on R? but it is not equal to a section of A in any
neighborhood of zero.
If U’ is an open subset of U then we have a natural morphism I'yF — 'y F defined by

PV, TyF)=T(UNV,F) > f— floave U NV, F) =TV, Ty5).
We will denote this morphism as a restriction map, |4, or [
We set S = X \U and we denote by I'sF € Shg(X) the kernel of the adjunction morphism
a:F — i, 'F. The example (3.4) shows that a need not be onto. Since the functor i, is left

exact and 7! is exact we deduce that for any open set U the functor I'yy : Shr(X) — Shr(X)
is left exact.
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The sheaf I'sF can be alternatively characterized by
D(U,TsF)={fel'(UJ); suppfCS}.

We leave it as an exercise to prove that the functor I's : Shr(X) — Shgr(X) is left exact.
The functors I's, 'y : Shr(X) — Shgr(X) defined above play an important role in local
cohomology.
O

4. THE CECH RESOLUTIONS

Given a family (F;) e of sheaves of R-modules we denote by []
by

jeJ J; the sheaf defined

N, %) =[] W5
jed jedJ
We want to point out that the natural morphism (HjeJ 9"j> — [I;e(F;)e need not be an

isomorphism.
Suppose U = (U;)ses is an open cover of the topological space X. We fix a total order® on
I. For every subset a € I we define
Us = Ui

i€
The nerve of the cover is the collection of all finite subset « C I such that U, # (). For
a={ag, - ,ap} € N(U) we set dim av := p. We will refer to such a set as a p-simplex. The
O-simplices are called vertices. We will write o = (v, - - - , @) when we want to indicate that
the vertices of a are arranged in increasing order. We set

Np(U) = {a € N(U); dima = p}.

The nerve is a simplicial complex in the sense that if 3 € N(U) and o C 3 then a € N(U).
For every a = (g, - -+, ap) € Np(U) and 0 < i < p we define its i-th face, or the face opposite
to the vertex «; to be the (p — 1)-simplex

Fiao=a\{a;} € Np_1(U).

Now define?
CUF) = J[ Tv.F € Shr(X).

a€ENp(U)
and
5P F) - e F), 5= J[ s
BENp+1(U)
where
p+1
g = (-1)'65",
=0

3We can even choose a well ordering on a set, that is a total order such that every nonempty subset has
minimal element. The existence of such orderings on an arbitrary subset is equivalent to the axiom of choice.

40ur definition differs from that in [8, vol. I, §4.1.3]. That definition is incorrect since it uses direct sums
as opposed to direct products.
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and 5?5 is the composition

[[ Tv.g o, Ty, F

a€Np (W)
“ v
B8 .
\\\ ‘UF'ﬁ
NG ’
B
Ty,

If V is an open subset of X then

r(v.erw,9)) = [] T(VnU.,9)
a€Np(U)

We can represent s € F(V, CP(U, 3")) as a collection
{s(a); a € Ny(lU), s(a) e T(VNUs,F) }

Then we can represent ds as a collection { ds (5); B € Npt1(U) } where

p+1 p+1
s (B) = Z(—l)is (£iB) lus= Z(—l)is (Bo,+, Bis -+ Bps1) lunu,€ T(V N U3, ).
=0 =0

Using the total ordering < on I we define for any vertex v € § the integers

v(v,f) =#{jeB; j<v}, €)= (-1)"D,

The integer v (v, 3) describes the position of the vertex v in the set § arranged in increasing
order. The definition of § can be rewritten

35(8) = _e(v,8) s (FB) |u, -
vES

Note that we have a natural morphism of complexes
r:[F] = C*(W,F), T(V,F) — (f lvau,)ier € CO(U, F).
Example 4.1. Suppose U = {Uy, U }. Then
oW, F) =Ty, T xI'y, T, LU, F) =Ty,,T.
For any open set V' C X we have
L(V,e%U,9)) =T(VNUy,F) x I(VNU,F), T(V,eHU,F)) =TV N, )
and 6 : I(V,C%(U, ) ) — T'(V,CH (U, F)) is given by d(so, s1) = so [vnve, —51 [vrte:- 0
Theorem 4.2. Suppose U is an open cover of the topological space X. F € Shr(X) then

the natural morphism of complexes [F] — C*(U,F) is a resolution called the Cech resolution
determined by the open cover U. In other words the long sequence

0—F 5 OUTF) — - — CPAUTF) -5 AU TF) — -

is exact in Shr(X).
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Proof The exactness at F and C¥ follows from the properties of a sheaf, namely that for
any open set the map
rv,s) -=T(Vvnl,d)

is bijective. Let us prove the exactness at CP, p > 1.

It suffices to show that for every x € X the sequence

-1
LU, F), T €U, F), < €U, T),

is exact.

Let z € X and s, € CP(U,TF), such that 6Ps, = 0. We can represent the germ s, by a
section s € T'(V, CP(U, F), ), where V is an open neighborhood of z. By shrinking V" if needed
we can assume that V' is contained in some open set Uy € U. Set

St(z,U) :={a € N(U); VNU, #0}.
St(z,U) is a simplicial subcomplex of N(U). Note also that
a€ St(z,U) = UNU, #0 = {{} Ua € N(U).

This subcomplex is the star of the vertex ¢ in N(U) and in particular it is contractible. This
is essentially the reason for the acyclicity of the Cech complex.

We denote by St,,(x,U) the set of m-simplices in St(x,U) and by St,,(x,U)" the set of
m-simplices which do not contain £ as a vertex. Note that we have a natural map

Stp_1(z, W) > ar— lxa:={} Ua € St,(z,U).
Geometrically, £ « is the cone on a with vertex £. The germ s, is represented by a collection
of sections
s(a) eT'(VNU,,J), aeSt,(X,U).

The condition éPs, = 0 is equivalent to

p+1
Z(_l)ZS (FiB) lvau,= 0, VB € St(x,U)ps1.
i=1
Now define
oe ] rwrgmH= [ rTOWnUsT)
BGStP—l(xru) 5€Stp_1(x,u)

if ¢
o (8) = { e(ﬁ,é*ﬂ).s(é*ﬂ()) if e;g
We want to prove that
do (o) = s(a), Va € St(xz,U).
We distinguish two cases.
el/casothat a={l B, - ,8,} =¢x[. Then

do (o) =e(l,a)o (B) = s(L* ) = s(a).
ol o= (ap, - ,ap). Then

p P
do (o) = Z €(j, a)o (Fjo) lvav,= Z €(j,a) - e(l,lx Fya) - s (L x Fya) v,
JEa =0

=s(a)—ds(l*xa)=s(a).

Consider for example the situation depicted in Figure 1 where p = 2, the simplex « is
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FIGURE 1. A three-dimensional simplex.

(o, a1,a2) = (0,2,3) (marked in green), and the vertex ¢ is £ = 1 (marked in red). The
condition that s is a cocycle translates into
0=105(0,1,2,3) =s,(1,2,3) —s(0,2,3) + s(0,1,3) — s (0,1, 2).
Note that for j > 1
0,(0,7) = =s(0,1,5),
while for j > i > 1 we have
o (i,j) = s (1,4, 7).
Then
00 (0,2,3)) =0(2,3) —0(0,3) +0(0,2)
=5(1,2,3) +5(0,1,3) —s(0,1,2).

In view of the cocycle condition the last expression is equal to s (1,2, 3).

g

Remark 4.3. As explained in [5, §2.8], the Cech complex of sheaves associated to an open
cover and a sheaf is locally the cone complex of a morphisms between complexes. This
explains its acyclicity. O

Suppose now 8 = (S;)ier is a locally finite closed cover of X. This means that the sets S;
are closed, their union is X and any point x € X has a neighborhood which intersects only
finitely many of the sets S;. Fix a total order on I. The nerve N(§) of this cover is defined
as before. For every simplex oo € N(8) we set as before

Sa =) So-
vEQX
Note that if @« C 8 € N(8) then S, O Sp and we have a natural isomorphism Fg, = (s, )s,-
In particular we have a natural attachment map ag : Js, — 3'“55. Now define
e’(8,9):= [] Fs. and o7:€P(8,F) - PS8, F), 6= [[ 9
aENR(8) BENp+1(8)

where
0g = Ze(v,ﬁ)aiﬁ.
veR
Note that we have a natural attachment map
a®: F - eS8, 9), a¥= Has.
Ses
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Theorem 4.4. Suppose X is a Tz-space.”> If § = (S;)ics is a locally finite closed cover of X
then the long exact sequence of sheaves

0—F 2 e0s,9) 2L T s, 5)

is exact. In other words, the morphism of complexes a% : [F] — C*(8,F) is a resolution of F
called the Cech resolution determined by the closed cover S.

Proof The injectivity of a® follows from the injectivity of the explicit description (3.2)
of the attachment maps. The fact that ima® = ker ¢° follows from the surjectivity of the
attaching maps a®. We need to check the exactness of

CP1(8, F)y —2 CP(8,F)y — CPFL(S, F),,

for any x € X. Let s, € CP(8,F), such that ds, = 0. We can represent s, as the germ of
a section s € F( U,CP(S,F) ), where U is a very small neighborhood of & which intersects
finitely many S;’s. Since X is a T3 we can choose U small enough so that the set S; intersects
U if and only if it contains the point x. We let

Li={icel;, z€8;}, 8:=(S)ier,, {=minl,.

Note that the simplicial complex N(8,) is an elementary simplex. In particular it is con-
tractible. The section s is described by a family

s(a) e (U, Fs,), a€ Np(8z).

Now define
ce ] TW3Fs,) crU,er (s )
BENp—1(8z)
by setting
if
0(6):{ s(f*ﬁ()) if i;g
A computation identical to the one in the proof of Theorem 4.2 shows that do = s.
O

Suppose U is an open cover of the topological space X. The Cech resolution construction
associates to each sheaf F € Shr(X) a complex C*(U,F) € Com(Shgr(X)). This construc-
tion is functorial in the sense that any morphism of sheaves ® : F3 — F; induces a morphism
of complexes of sheaves

Oy C*(U, Fp) — C* (U, TFy)

satisfying all the functorial requirements. In particular, to every complex (F° d) we can
associate a double complex

(C'(u,ff"), df,dn), d? = 67 : CP(U, F*) — CPH (U, F*)
d}; = (—1)Pd : CP(U,F?) — CP(U, F41).

SWe use the conventions in [6, Chap. 4] so X is T3 if it is Hausdorff and for every point x and any closed
set S not containing = there exist disjoint neighborhoods of x and C' in X. For example, all paracompact
spaces ar regular.
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