Math 10350 — Exam 02 Review

1. A differentiable function g(t) is such that g(2) =2, J(2)=-1, g"(2)=1/2.
(a) If p(t) = g(t)e’” find p/(2) and p”(2). (Ans: #/(2) = Teds 57 (2) = 28.5¢4)
(b) If f(t) = sec(2nt) - g(t) find the slope of the tangent line to the graph of f(t) at ¢ = 2. (Ans: f(2) = —1)

_ 1 t2g(t
(c) If h(t) tzg() find the derivative of h(t) at t = 2. Hint: No quotient rule needed. (Ans: 1 (2) = 3/4)
)

(d

at the moment When t= 2. (Ans: s'(2) = 0; s'(2) = —n?)

4—g(t
(e) If q(t) =1In <4+gEt;> find the instantaneous rate of change of ¢(¢) at ¢ = 2. Hint: No quotient rule needed.
g

Let s(t) = cos(mg(t)) be the position of a particle moving on a straight line, find its velocity and acceleration

(Ans: ¢’(2) = 2/3)

(f) Find the linearization of g(¢) at t = 2 then estimate the value of g(1.8)? (Ans: g(1.8) = 2.2)

2. Consider a cylindrical metal rod is heated up in a furnace. When the volume of the rod is 807 cm?® and
its height is 5 cm, both radius and height are growing at a rate of 0.5 cm/min. At what rate is the volume is

grOWing? (Ans: At required moment r = 4 cm and so dV/dt = 287 cm?/min.)

3. An isosceles triangle (see figure below) with fixed area of 50
cm? has its height decreasing at a rate of 0.1 cm/sec. At what rate
is the base of the triangle changing at the instant when its height is
5 cm? How fast is the angle 6 changing at the same instant? (Hint:
You do not need to find 6 explicitly.)

(Ans: db/dt = 0.4 cm/sec. Note that tan 8 = h/(b/2) = h2/50. df/dt = —0.016 radian/sec.) b

4. Two cars start from the same intersection at the same time. Car A heads east at a constant speed of 40
miles per hour, and Car B heads north at a speed of 30 miles per hour. (a) Find the distance s between Car A
and Car B in terms of time ¢. (b) How fast is the distance between the cars changing? (c) If car B is speeding
according to the position z(t) = 10¢? miles (measured from the intersection), how would your answers in (a)
and (b) change? (Ans: (a) s(t) = 50t; (b) s/(£) = 50; (c) s(t) = 10(16¢% + t)1/2; o/ (1) = 5(16t2 + +4)~1/2(32¢ + 413))

d
5. If y — 4cos(y) + 3zy? = 22 — 8 find d—y and the tangent line to the curve at the point (2,0).
x

, 2x 73y2
Ans: y = ————; y=4x — 8
4sin(y) + 6zy + 1

6. A block of ice with a square base has dimension = inches by x inches by 3x inches.

(a) If the block of ice is melting so that its surface area A is decreasing at a rate of 2 in?/sec, find the rate at

which x is changing when x = 12 inches. (Ans: de/dt = —1/168 in/sec)
(b) Estimate the change in volume when z changes from 12 in to 12.5 in. What is the corresponding percentage
change in volume. (Ans: AV = V/(12)Az = 648 in%; &Y x 100% = 12.5%.)

7. A differentiable function g(x) is such that

9(2) = -1, g2 =2, f@)=2 and  f(2) =~

?

(a) If A(z) =2g(z) + 3f(x) + €* find A'(2)

(b) If B(z) = g(z) - (2¢* — 3) find the slope of the graph of B(x) at = = 2.

4z + g(x)
f(z) +g(x)

8. Find the third derivative of the following functions: (a) y = 3tan(36); (b)y= (1—-1)%2% (c)y==x-3"

(Ans: (a) 324 sec?(30) tan?(30) + 162 sec*(30); (b) 7%(1 - t)fl/z; (c) (In3)2(x - 3% In3 + 37T1))

(c) If O(z) =

find the instantaneous rate of change of C(z) at x = 2



9. A point is moving on the curve 2% + y3 = xy + 1. If at the point (1, —1), the velocity of the point in the
r—direction is —2 units per minute, what is its velocity in the y-direction? (Ans: dy/dt = 4 unit/min)

10. Using limits find the derivative of f(z) = +/x + 1. Write down the linear approximation to f(z) at = = 3.
Estimate v/3.8. Draw a graph to illustrate your estimation. (Ans: f(z) & L(z — 3) + 2 for @ near 3; V3.8 ~ 1.95)
11. Find the derivatives of the following functions: (a) y = (1 +22)%; (b)y=¢€; (c)y=2".

(Ans: (a) (1 + x?)® [% +1In(1 4+ 22)[; (b) eez+”; (c) ac":2 (z +2zlnz))

12. Find the value of k such that the following function f(x) is continuous at = = 0:

sin (92
in(9z*) v 40
fay=9q 3

k z=0
Show your work using limits very carefully. (ans: & =0)
13. Find the values of the following limits:

1 sin(x — 1) sin 5z sin? 5
1. —_— b _— 1 5 d 1 . ns: (a) 0; —1; (c H
(&) oo B 2 ( )ac—>1 1—2 (c) 790 sin 3¢ ( )xl—% sin 3x (st (05 (0) 25 () /5 (D 0
14. Find Y if cv 4 vP4z=1 (A dy _ zye™ - 1)
. dx N T de | zeTy + 2y

15. At noon ship A is 8 km west from ship B. Ship A is sailing south at 5 km per hour and ship B is sailing
north at 3km per hour.

(a) Find a formula for the distance L between the two ships. (Ans: L(t) = 822 + 1 km)
(b) How fast is the distance between the ships changing at 1p.m.? (Ans: 4v/3 km/h)

16. Consider the curve given by the parametric equations:
r = tsint; y = tcost.

(a) How fast are the coordinates z and y changing (relative to t) when ¢t = 7?7 (b) Find the equation of the
tangent line at the point when ¢ = 7. Give your answer in the form y = mz + b.
(Ans: (a)a' (7)) = =7,y (%) = —=1;(b)y = % - 7r)

d
17. Find d—y for the given parametric equations below. Using your result, find (a) the equation of the tangent
x

line to the curve at the given ¢t = tp, and (b) the values of tcorresponding to the points on curve where the
tangent lines are horizontal.

17 (i). a::et3+t; y=e —4t +1; t=0. (Ans: (a) y = —20 +4; (b) ¢ = (In2)/2)
. t t s .
17 (ii). = = sec 3); y = cos(t) + X t= 5 Here restrict 0 < ¢t < 2.
(Ans: (a) y = —% +1+ %3 (b) t=m/6,57/6)
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Name:

Class Time:

Multiple Choice

1.(5 pts.) The position of a particle moving on a straight line is given by s(t) = tan(t).
What is the acceleration of the particle at time ¢?

a) 4sec(t)tan?(t)
)

2 sec?(t) tan(t)

(
(
(c) sec?(t)tan?(t)
(d)  2sec(t)tan(t)
(

e) sec(t)tan?(t) + 2sec(t)

2.(5 pts.) Find the linearization of f(z) = 2ze* ! at z = 1.

(a) f(z)~2x—1)+4 for z near 1.
(b)  flz)~ (2x+2)e" Yz —2)+1 for z near 1.
(c) flx)=4(x+2)+1 for x near I.
(d)  fx)~ (2z+2)e Yz —1)+2 for z near 1.
() f(z)~4(x—1)+2 for = near 1.



Name:

Class Time:

3.(5 pts.) Consider a particle P moving counterclockwise around the ellipse

42° +9* = 5.
. : . dx dy .
Which of the following statement is TRUE about 7 and o o Quadrant 117
nm oyl I

(a)  None of the choices.

d d
(b) > 0and 2 > 0 when P is in Quadrant IT.

dt dt

d d >
(c) d—f < 0 and d_?z > 0 when P is in Quadrant II. 0 X

dx dy .. P
(d) — <0and = < 0 when P is in Quadrant II.

dt dt

d d
(e) d_ij > 0 and d—? < 0 when P is in Quadrant II. il v

d d
4.(5 pts.) For the same Particle P above, find d—f at (1,—1) if d—‘z = 2 units per second.

a) 1/2 units per second.
)

9/4 units per second.

(
(
(¢)  —9/4 units per second.
(d)  —1 unit per second.

(

e) 1 unit per second.



Name:

Class Time:
d3y
5.(5 pts.) Find the third derivative T if  y=e*+4 23
T
d’y 323
(a) 3= 3x(3x —1)(3x — 2)e** ™ +6
d3y 3x
d3y 6396
d3y 3x
d3y 3z
(e) % =e™ + 6

6.(5 pts.) A rectangular shape is changing its dimensions such that its length L is
increasing at 2 cm/sec and width W is decreasing at 1 cm/sec. At what rate is the
area of the rectangle changing when L =5 cm and W =4 cm?

a) —2 cm?/sec

b) 2 cm?/sec

(
(
(c) 3 cm?/sec
(d) —3 cm?/sec
(

e) 13 cm?/sec



Name:

Class Time:

7.(5 pts.) Let V' be the volume of water in an inverted cone of radius 3 meters and the
height 6 meters. Find the volume V' of water in terms of the height h of the water level.

1
You may use the formula V' = §7T7”2h.

B 8mh3

a T O =
(b) V:27Th3

8.(5 pts.) The intensity I (in lumens) of light penetrating the water of a lake is related
to the amount of sediments s in the water by I(s) = s72. If the amount of sediments

s = el where h (in meters) is the depth of the lake, what is the value of T when h = 2

meters?

a) —2e~ ! lumens/meter.
)

—e~* lumens/meter.

(
(
(¢)  1/4 lumens/meter.
(d)  —1/4 lumens/meter.
(

e) e ! lumens/meter.



Name:

Class Time:

9.(5 pts.) Use linear approximation to estimate the value of  f(2.1) — f(2) if
f(2) =3 and f'(2) = -1

(a)  f21)— f(2)~3.1
(b)  F(21) - f(2) ~ 0.1
() f(21) = f(2) ~ 1.9
(@) f(21) - f(2) ~ —01
(&) f(21) = F(2) ~ 2.9

sin x

10.(5 pts.) Find the instantaneous rate of change of f(x) = T .
cos T

—cosx — cos?x + sin’ x

(14 cosx)?

—1
(b) (14 cosx)

1
(c) (1+ cosx)

-2
(d) (14 cosx)?
() cos x + cos® x — sin® x

(14 cosx)?



Name:

Class Time:

Partial Credit
You must show your work on the partial credit problems to receive credit!

11.(12 pts.) (a) Find the equation of the tangent line to the curve given by the parametric

equations
T =2+ 5; Y = tet
att =2

(b) (Not related to the above) Find the value of k such that the following function
f(z) is continuous at z = 0:

9+ (sin 3z)?
f(@) = o
k+4 =0

Carefully show all your work with limits.



Name:

Class Time:

12.(12 pts.) Using logarithmic differentiation, find the derivative of the following function

in terms of x only.

y=(1+2)"

(b) (Not related to the above) Two cars left an intersection at the same time with
one heading north at 40mph and the other heading east at 50mph. Assuming that the
roads are straight and the cars keep their directions of travel, find how fast is the distance
between the cars changing two hours after they have left the intersection.



Name:

Class Time:

r42
13.(12 pts.) (a) Find the instantaneous rate of change of f(z) =1In (6 i4>
61’

(b) (Not related to the above) A balloon is released at a point P, 20 feet from
an observer O, on a hot day with still air (See figure below). If the balloon is rising

vertically at 3 ft/sec, how fast is the angle # of elevation at O changing when 6 = %

radians. Your answer should contain no trigonometric functions.

Balloon /,ﬁ)

‘ hfi
0 .:’_/_/_/_/ _’él _______________ Ei p Y




Name:

Class Time:
e . dy . 3
14.(12 pts.) Use implicit differentiation to find e if eV xy =y,
x

10
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11.(12 pts.) (a) Find the equation of the tangent line to the curve given by the parametric

equations
x = /2t +5; y=tel'
at t =2

OM/w%wﬁZ t=2 %-—@TS—:-S

Slope b t =2 3 ) o
dy /i pef e+

P—
—

= /e £ates) 2

e s

| 2e°(4) +e” ~ (iy/ _ Ix3=2f
\\%:2 N Cé‘ 7‘53"[/2 @

gk at t=2 & y=2 =2F(x-3)
[=. g = 2t — 7727



(b) Find the value of k£ such that the following function f(z) is
continuous at x = 0:

(sin 3z)?
flz) = 3k + 1 x#0
k44 z=0

Carefully show all your work with limits.

Solution. For f to be continuous at x = 0, we must have that
lim f(z) = f(0) = k + 4.
z—0

: 2 ) 5
We have lim f(z) = lim (3k; n (sin 3x) ) 3%+ lim (sin 3x) '
z—0 z—0 4 z—0 €T
(sin 3x)? sin 3z

We compute hH(l)

= lim sin 3x -
T— €T z—0 €T
We know that sin3z — 0 as x — 0, and that

I sin 3z 3 i sin 3x 3(1) 3

im = — lim = — = —.

x—0 433 4 z—0 3{E 4 4
. (sin3z)® 3,

Thus, }:133)4— = (0)(1) =0.

We conclude that for f to be continuous at z = 0, we must have
k+4=3k,or k=2



12. Using logarithmic differentiation, find the derivative of the fol-
lowing function in terms of x only.

y=(1+2)"

Solution. Recalling that e¢* and Inz are inverses of one an-
other, we have

y=(1+z)" =m0H)
Letting u = 2?In(1 + z), we thus have that y = e*. By the

? _ er In(14x) )

chain rule,
dy  dydu
dr  dudx

d, ., d, 5 o 2
= Loy Lt +0) = * @rin(1 +2) + 2%

)

1+2x

2

2 22
_ @ In(1+a) (2zIn(1 +z) + %) — n(l+z) (2zIn(1 + z) +
x

)

1+
2

x
1+

=(1+2)" 2zln(l+z)+ )=z (1+2)* 2In(1+2)+ ).

1+z

Alternative: Consider In(y) = In(1 + 2)** = 22In(1 + z).

d d, 5

() = ——(="ln(l +2))

1 dy 9 1

=Y o g 22 In(1
;i x 1+$+ xIn(l + x)
dy x?

— = 22 In(1

dz y(1+x+ zln( +x))

2
= 1+2)” (len(l—i-x)—l—lix)



(b) (Not related to the above) Two cars left an intersection at the same time with
one heading north at 40mph and the other heading east at 50mph. Assuming that the
roads are straight and the cars keep their directions of travel, find how fast is the distance

between the cars changing two hours after they have left the intersection.

%_/0‘&:0
= R®T

?E/mc@ QLS S JU\ = °
JE
st = %+J @@@Wem%mji \8\

-
& (;E')) Cvcu-)} (Aa &)) 7
A
GP [(Igt{/_ﬂ} [C/}(GH) C/%l 'E))]
)
c;zsﬂﬂ%c _ Q&Lf)/ﬁ + %&3%&
ds _ dx d.
$HE T * Ity &

AL £=0, x=o=Yy = Arl= 2,

= (lroo = 19VEE =2h

t=2: 20z %{%_ = soo (So) + g0 (4o)

Jo Seeo #3200 asfaoesie) | L0
— = — = I
dt 2-9/%/ =l /

= /oC/; M/A



13. (a)

(b)

3

T4 2
Find the instantaneous rate of change of f(z) =In (6 14)
€$

Solution. We seek to find f’(x). We could use the chain rule,

T+ 2

i . but that would be a lot
eCC

of work. So instead, let’s remember properties of logarithms,

and write

f(z) =In (z i i) — In(e” +2) — In(e” + 4).

followed by the quotient rule on

Now we use the chain rule to obtain

1 d 1 d
/ _ (o _ — (T
fla) = er + 2 dx(e +2) er* +4 dx<e +4)
1 X 1 X
- e$+2(e)—ez+4(e)

- 1 1
= e —
eT+2 erT+4

2e”
(e* +2)(e” +4)

A balloon is released at a point P, 20 feet from an observer O,
on a hot day with still air (See figure below). If the balloon is
rising vertically at 3 ft/sec, how fast is the angle 6 of elevation
of O changing when # = 7/4 radians? Your answer should
contain no trigonometric functions.

Solution. Letting h denote the height of the balloon, as in the

figure, and letting ¢ denote time, we are given m = 3.
0=m/4

We wish to find p . By basic trigonometry, we have
0=m/4

tanf = —
20’
and so by implicit differentiation and the chain rule,

, do 1 dh

Sec %:%E



Thus,

do
dt

0=m/4

1 dh
20sec® 0 dt |o_,

1

20 sec?(m/4) (3)

I
(20)(75)

3

40°



d
14. Use implicit differentiation to find d_y if etV 4+ ay = 93,
x

Solution. Using the chain rule, we differentiate the left-hand
side with respect to x to get:

e o) = (@) Lty + Ly

dx dx dx
= N D)ty D)
= (€x+y)(1—l—%)+(y+x Z—z)
= 6x+y+em+y;l_i+y+xj_i
= e”y+y+j—z(e”y+x).

On the right-hand side, we obtain
dy dy
) = 3 .

dx dx
Setting the two sides equal gives us
dy dy
Tty 29 (pTty — 22 22
e +y+dx(e +1x) =3y e
and so
dy dy
T+y = 23 2\ _ I xty
evry = L) - L)
dy
— 3 2 Tty
o, By —e z)

We conclude that
dy ety 4y
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14.
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Name:

Instructor:

Multiple Choice

1.(5 pts.) What is the derivative of sec?(5x)?

a)  2sec(bx)tan(bx)
) 10sec®(5x) tan(5x)

(
(
(¢) 10sec(5z)
(d) 5tan(5z)
(

e) 10tan(5x)

2.(5 pts.) Find the linear approximation of the function f(x) = &/ + 3 at x = —1.

(a)  f(z)~ %(m—l)—Qformnear —1.
L4/

(b)  f(x) =~ E (x + 1) + 2 for x near —1.

(c) flz)=~ %(m—2)—1 for  near —1.
475

(d)  f(z) = E (x — 1) — 2 for x near —1.

(e) flz)=~ %(:p+1)+2forxnear —1.



Name:

Instructor:

3.(5 pts.) The volume of a spherical snow ball is decreasing at a rate of m cm? per
second when its radius is 5 cm. What is the rate of change of the radius at this moment?

4
You may use the formula v = §7r7“3.

a) —1/100 cm/sec
) 1/20 cm/sec

(
(
(c) 1/200 cm/sec
(d) —1/500 cm/sec
(

e) —1/20 cm/sec

4.(5 pts.) Consider the motion of a particle moving on the circle 2 + y? = 10. Find the

value of % when the particle is located at (1, 3) and Z—? =—-2.
(a) 1/3

(b)  =2/3

() —1/3

(d) 2/3

(e) 2



Name:

Instructor:

5.(5 pts.) The graph of the function g(z) is given below. Find the derivative of
flz)=g(x*+1)at z = 1.

y A
(a) f(1)=4 ’ -
(b)  f(1)=4/3 .
(c) f(1)=2 D71 /1 D B8 x
(d) f(1)=2/3 /1fy=gx>
(&) f/(1)=3/2 —1

6.(5 pts.) The position function s(¢) at time ¢ of a device floating in a pool measured
from the bottom of the pool is given by:

s(t) =5+ sin(t) — cos(t).

T
Find the instantaneous velocity of the device at time t = 3

(a) 5+1_2‘/g
0 T
@ =Y
©) 1+2\/§



Name:

Instructor:

7.(5 pts.) Find the value of k such that the following function is continuous at = 0:

sin bx
- x#0
f(z) = sin 7x
k x=0
(a) 2
(b) 12/5
(c) b/7
(d) 12/7
(e) T7/5

8.(5 pts.) Suppose that
=2 f2)=1  g1)=4, g(2)=3,

fy=6, f@2=5 4J1)=8 4@2)=1

a) 42
) 12
d) 14

(
(
(c) 40
(
(

e) 48



Name:

Instructor:
9.(5 pts.) Consider the function
. ?k: ] ifx <0
sin(kx
f(x) =
2x +5 ifxz>0

Find the value of k, if it exists, so that f(z) is continuous at x = 0.

() 5 Ol (@

(e)  Does not exist.

10.(5 pts.) If f(x) = 22+ 7, then f"(x) =?

3
@) 3 2z + 7)
. 1
(b) V24T
3
© 2z +7)°
3
(@) 8/ (2x +7)>
3
© e



Name:

Instructor:

11.(5 pts.) What is the derivative of tan(z® + 1)?
a) sec’(z +1) + tan(3z?)
) —cot(x3 4 1)

(

(

(c) 3x?sec?(z®+1)
(d)  sec*(z3 +1)

(

e) 3x?sec(z® +1)tan(z® +1)

12.(5 pts.) The pilot of the helicopter flying over the sea observed that the area of
an oil slick caused by a sunken ship is growing a rate of 47 square kilometers per hour.
Assuming that the oil slick is circular, at what rate is the radius of the oil slick growing
when its radius is 1/2 kilometers?

(a) 2 km/hr
(b) ka/hr

(¢) 2w km/hr
(d) 472 km/hr
() 4 km/hr



Name:

Instructor:

Partial Credit
You must show your work on the partial credit problems to receive credit!

13.(10 pts.) (a) Consider the curve given by
y? —2xy =5 — 2

d
Use implicit differentiation to find d_y
x
d — 2
(b) For a certain curve C": @ _zr-yre
dr xz+y+1

If the point (1, —1) is on the curve, find the equation of the tangent line to C at (1, —1).



Name:

Instructor:

14.(10 pts.)
14A. Find the derivative of y = (1 + z)¢*" using logarithmic differentiation.

14B (Not related to above). Water is following in an inverted cone of radius 1 m and
height 2 m at a rate of 0.5 m®/min. How fast is the radius of the water surface growing
when its diameter is 1m?



Name:

Instructor:

15.(10 pts.) Cyclist A, approaching a right angled intersection from the north, is chasing
cyclist B who has turned the corner and is now moving straight east. When cyclist A is
3 meters north of the corner, cyclist B is 4 meters east of the corner traveling at a speed
of 10 meters per second. Given that the distance between A and B is increasing at a
rate of 2 meters per second, find the speed of cyclist A.

10



Name:

Instructor:

16.(10 pts.) 16A. Consider the function f(z) = /.

i. Find the linear approximation of f(x) at x = —8.

ii. Using (a), estimate the value of v/—7.8

16B. (Not related to above) Air is pumped into a perfectly spherical balloon of radius
r. Using linear approximation, estimate the change in the volume of the balloon when

the radius changes from 3 cm to 3.05 cm.
4qrr3

3

You may use the formula V' =

11
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13. (a)

(b)

Consider the curve given by
y? —2ry =5 — o
dy
o
Solution. Differentiating the left-hand side with respect to x
gives us

Use implicit differentiation to find

d, d dy dy
—(y* =2 = — () == —(2(1 20—~
dx(y Ty) d(y)(y)dx (2(1)y + xdx)
dy dy
_ 279 o -
= 3y . 2y dex
dy

whereas on the right-hand side we get
d
5(5 — 273) = —31‘2.

d
Setting the two sides and equal and solving for d—y yields
x

dy 2y — 32
dr — 3y2—2z°
A cool derivative!

d — 2
For a certain curve C': 2 = u If the point (1,—1)
dx r+y+1

is on the curve, find the equation of the tangent line to C' at
(17 _1)
Solution. We have
dy _1—(—1)%—2_4_4
de|y_y 1+(=D+1 1 7
The equation of the tangent line to C' at the point (1,—1) is
thus given by

y=A—1)+(-1) =4z -5
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14. (a) Find the derivative of y = (1 +z)¢*" using logarithmic differen-
tiation.

Solution.
eQac

Iny =1In(1 + 2)

Iny =e**In(1 + z)

Ly = L e In(1 4 )

1 dy 9 1

i 262 In(1
;i e (1+x)+ e In(1 + x)
dy

€2m
I =Y { +2e* In(1 + x)]

(1+x)

2z

(1+2)

dy 2z
71 e
. (1+ ) [

+ 2e** In(1 + x)}



(b) Water is flowing into an inverted cone of radius 1 m and height
2 m at a rate of 0.5 m®/min. How fast is the radius of the
water surface growing when its diameter is 1 m?

Solution. Let r be the radius of the water surface, h the water

level, and V' the volume. Then
1
V= gm“?h.

By similarity of triangles, we thus have the relationship
h  height of cone  2m

— = = =2
r  radius of cone 1 m ’
and so h = 2r. Therefore,
1 2
V= §7r7"2(2r) = §7r7"3.
d
Letting ¢ denote time in minutes, we are given that i 0.5,
or
av d (2 dr
05=—=—|=mr®) =21r*—.
it dt <3W ) Tt
Thus,

dr 0.5 1

dt — 2mr?2 A4mr?
Now we wish to find dr/dt when the diameter of the water
surface is 1 m, or in other words, when the radius if 0.5 m.
This is therefore
dr

dt

s Am(05)2  4m(1)?
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15. Cyclist A, approaching a right angled intersection from the
north, is chasing cyclist B who has turned the corner and is
now moving straight east. When cyclist A is 3 meters north of
the corner, cyclist B is 4 meters east of the corner traveling at a
speed of 10 meters per second. Given that the distance between
A and B is increasing at a rate of 2 meters per second, find
the speed of cyclist A.

Solution. Let D(t) denote the distance between A and B,
where ¢ is the time in seconds. Let A(t) denote the position of
A at time ¢ to the north of the origin, and B(t) the position of
B to the east of the origin. Notice that A(¢) and B(t) are also
the distances of A and B, respectively, from the origin. So, by
the Pythagorean theorem, we have

D(t)* = A(t)* + B(t)%.

Since distance is never negative, we thus have

D(t) = /A2 + B(t)2.

dA
We want to find the speed of A, or in other words, o at the

time ¢ when A(t) = 3 m and B(t) = 4 m. Rewriting the first
equation above gives

A(t)* = D(t)* — B(t)",

so by implicit differentiation,

dA dD dB
2A(t)— =2D(t)— — 2B(t)—
(0 = 2D() ~ 2B(1)".
SO
dA _ 2D(t)42 —2B(t)42 _ D)2 — B(t)%2
dt 2A(t) A(t)
Now at the time in question, we are given that
dD
i 2 m/sec.
and that iB
pre 10 m/sec,

and we can figure out that

D(t) = \/(3)2+ (4)2 = V25 = 5.

Thus, at this time, we have

dA  (5)(2) — (4)(10) 10—40
= 3 =—5 = —10 m/s.
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So A is going at a speed of 10 m/s in the direction of the origin,
as indicated by the minus sign.
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16. (a) Consider the function f(z) = /z.
(i) Find the linear approximation of f(z) at x = —8.
Solution. We have f(z) = z'/% so f'(z) = 1272/ and
J/(—8) = 3(—8)"%3 = £(=2)7? = ;13 = . The equation
for the linear approximation to f at x = —8 is thus

L(z) = %(w +8)—2.

(ii) Using (i), estimate the value of v/—7.8.

Solution. We have that

0.2 1 119
T8 A L(—T8)=-2—2=——2=—"",
J(=78) ~ L(=78) = 35 60 60

(b) Air is pumped into a perfectly spherical balloon of radius r.
Using calculus, estimate the ~ change in the volume

of the balloon when the radius changes from 3 cm to 3.05 cm.
43

3
Solution. The change in V as r increases from 3 to 3.05 is
given by

AV = V'(3)Ar = V'(3)(3.05 — 3) = V/(3)(0.05).
From the formula for V', we have
V'(r) = 4mr?,
and so V'(3) = 4n(3)? = 367. Thus
AV = (367)(0.05) = 1.87.

You may use the formula V' =





