Math 10360 Review for Exam 2
1. Find the function y(t) if its slope is given by 21sin(2t)sin(5¢) and that y(0) = 3. (ans y =~ sin(rt) + L sin(30) +3)
2. Find the total change for the function of f(z) if f'(z) = cos*(3x) over the interval [0, 7]. (Ans: %’r)

3. Explain why the integrals are improper and evaluate them using limits:

1 0 o]
xdx
(1)/ _— (Ans: 3/4) (ii)/ xe?®dx (Ans: —1/4) (ii)/ l‘e_mz dx (Ans: 0)
0

3
1— a2 —o0 —o0

4. Evaluate the following integrals:

w/4 0 x
(i) / cos®(2x) dx (ii) /tan3 xsecz dz (iii) /x tan~! z dx (iv) / © _dz
0

oo 1+ €27

sec® x

(Ans: (i) 4/15; (i) —

1
—secx + C;  (iii) 5(302 arctan(z) — « + arctan(z)) + C;  (iv) g)

5. Find the area under the curve y = for 2 <z <5.

rzd—1

5 8 5 2 2 4
(Ans: / dz = ——— — —— — ———dz = 21In2 — 4arctan(5) + 4 arctan(2))
2 x4 —1 Jo x—1 z+1 z2 +1

6. To provide for new catch, the king crab was released into the Barents sea. However such crab has now
reached waters near the north pole to the dismay of many environmental scientist. If the population P(¢) (in
thousands) of the king crab a year after they have been discovered in northern waters is modeled by

dP 100
dt  t(Int)?’

estimate the total change in the numbers of such crab a long time after two years of their discovery?

roo 100 100
(Ans: / ——dt = —)
2 t(lnt)2 In2

7. Write down, but DO NOT solve for the constants, the partial fraction decomposition of each of the rational
expressions. Be sure to long divide if the expression is improper.

5 b 2 a3 + 222 d 2 +1
a ———— . — cC. ——— .
222 — 3z — 2 xzt — 28 2 —1 (2 + x4+ 1)%(2z + 5)
Ans: A B . b A B C D . 5 B . d Az + B Cx + D E
(Ans: (a) 21«}1-"_1727 ();-"_172-"_173+zfl7 @@+ -'—zfl-kz«l»l7 ()12+z+1+(12+z+1)2+21+5)
3 2
. . x° + 2z 2
8. Perform the integration /Zldx. (Ans: %+2m+gln\z71\7%ln\z+1|+0)
72 —

9. Parametrize in two ways using rectangle coordinates the region bounded by y = 4 — 22 and the chord joining
the points (0,4) and (2,0). If the mass density of the region is given by p(z,y) = ze¥ kg/m?, find the total
mass of the region.

Ansi 12 R={(z,4) : 0<0 <2, —20+4<y<4-22}; R={(2,9):0<y<4,%5% <o <I—y})  Mass :‘/02/747’”2 we¥dyda

2x+4

10. Parametrize as a single region the region R bounded by y =2z —1, y =+/z, x = 0. Using your answer,

evaluate the following double integral: / / (622 + day) dA.
R

"l 1 VT ‘1 22
(Ans: 13. // (6152 + dzy)dA = / / (6352 + 4zy)dyde = / (Gx‘)/z + 1622 — 202 — 2z)de = —)
R 2=0Jy=22—1 0 21



11. The population density of a certain kind of antelope leaving inside the circle 22 4+ 4% = 100 is given by the
function p(z,y) = 2 + 3y? antelope per sq. km Find the total population of the antelope.

10 27 2 2 2
Ans: 13. // p(z,y)dA = / / (r° + 2r° sin” 0)rdédr = 100007
JJR JO JO

y A

12. R is a trapezoidal metal plate as shown with dimensions in
meters. If the mass density of the plate is

p(z,y) = 627 + 2y, kg/m?
find the total mass of the plate.

3 r(O-vy)/3 4 489
Ans: 14. / / (6z” + 2zy) dedy = o kg.
0 0

=Y

4
13. Estimate the value of [ cos®z dz with (a) midpoint rule with 6 equal sub-interval; (b) trapezoidal rule

1
with 6 equal sub-interval; and (c¢) Simpson’s rule with 6 equal sub-interval. Leave your answer in terms of
cosine.

14. Consider the region R bounded by the curves y = cos(x), y = —1, and y—axis. Find the volume of each of
the following solids:

14a. The solid generated when the region is revolved around the line y = —2.

14b. The solid generated when the region is revolved around the line z = —2.

14c. The solid whose base is R and the slices perpendicular to the x—axis are triangles with height sin(x).
=M & " S 2 — T T (T cos T XT3 C " l cos T sin z dzx

Ans: 14:1./0 r((cosm +2)% — 1) da; 14b4/0 27 (2 + 2)(cos  + 1) da; 144/0 (cosa+ 1) sinad

15. A cup of warm coffee at 80°C is cooling off outdoors according to the equation

dy _

— k(y — 20
7 (y )

where y(t) is the temperature (in °C) of the coffee at time ¢ minutes. If the temperature of the coffee is 60°C
after 10 minutes, what is (i) the value of k, and (ii) the temperature when ¢ = 15 minutes?

(Ans: (i) k = % In (%), (ii) y(15) = 60 (%)3/

% 1 20)
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e The Honor Code is in effect for this examination. All work is to be your own.
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e The exam lasts for one hour and 15 minutes.
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Name:

Class Time:

Multiple Choice

1.(5 pts.) The graph of f(x) is given below. Estimate the value of
2.5

f(z)dx
0.5

using Trapezoidal Rule with four equal subintervals (that is T}).

y A
a) —3/4 1
b) —1/2 0.5

Y =

2.(5 pts.) Consider the region R enclosed between y = cos(z) for —g <z< g and the

x—axis. Find the volume of the solid generated when R is rotated about the axis y = —7



Name:

Class Time:

3.(5 pts.) The rate of change of temperature @) (in °C) in a freezer is given by

(b) 5 °C

T 1
(c) (z—§> ¢
(@ —°C
() = °C

1
CE

1
4.(5 pts.) Evaluate the integral /
o (x+1

a) In3—1In2
b) In4

(
(
() In6—In2
(d) 2In2-In3
(

e) In2—1Iné6



Name:

Class Time:

5.(5 pts.) Find the area under the graph of y = 2ze~*" over the interval 2, 00).

(@) e
() o
(c) 8
(d) 2
(@) oo

xT

6.(5 pts.) Evaluate /1 o 1dx.
(a) 1
(b) 0O
1
(c) e
(d) In(e—1)

(e) Divergent



Name:

Class Time:

7.(5 pts.) Using Polar Coordinates, evaluate the following integral:

2 10
y dx dy.
/O‘ /—‘\/4—:1/2

—

o

S~—
NN oo ol

—~
@D

~—
—_

8.(5 pts.) A city is built in the region bounded by y = x — 2% and the z—axis. If the
population density of the city is given by f(z,y) = 62%y thousand per sq. km, find the
total population of the city.

(a) 1/30 g y=x-x?

(b)  16/15

(c) 71/35

(d) 1/25 X
(e) 1/35



Name:

Class Time:

9.(5 pts.) Water is flowing into a vessel at a rate of 3 cubic feet per minute. If the

vessel is empty at time ¢ = 0, find the volume (in ft3) V (¢) of water in the tank at any ¢.

() V()= gln 2t + 3] — gln(S)
(b) V(t) =52t + 3

(¢c) V(t)=5In|2t+3|—5In(3)

3 )

(&) V) =15~ 2(2t + 3)2

(e) V(t)= gln|2t+3|

10.(5 pts.) Let (z,y) denote the usual rectangular coordinates. Write the following
function f(z,y) in polar coordinates (r,8).

Flo,y) =207 + 2% + =
y

a)  f(r,0) =2r* + tand.

—

( (r,0
(b)  f(r,0) = r*cos(20) + cot 6.
(c) f(r,0)
( 0
(

2r2 + cot 0.

d) f(r,0) =2r + tané.
e) f(r,0) =2y/r + coté.



Name:

Class Time:

Partial Credit
You must show your work on the partial credit problems to receive credit!

11.(12 pts.) The slope of the graph of f(z) is given by

arctan(2x).

1
Find the formula for f(z) if its graph passes through the point (5, 0)



Name:

Class Time:

12.(12 pts.)
A1l. Give the limit definition of the following improper integral:

8
1 ?

A2. Evaluate the improper integral below showing clearly how you use limits:

8
1

B. (Not Related To Above) Write out the form of the partial fraction decomposition
of the following rational functions. You DO NOT need to solve for the coefficients.

x+1 2
(z+2)%(a2+1)

C. (Not Related To Above) Find the partial decomposition of the following rational
functions. Solve for all coefficients.

$2+4i
x2—4




Name:

Class Time:

13.(12 pts.) The Region @ in the zy—plane is given below. Evaluate the following double
integral over @)

//Q (8 + 8y) dA

VA




Name:

Class Time:

14.(12 pts.) [Part A]. Find the total mass of the quarter disc sitting in the first quadrant
with radius 2 and mass density is given by

p(z,y) = 4> 4y kg/m’,

[Part b] Not Related to the Above. Find the total mass of the shaded region shown
below if the mass density of the region is given by p(x,y) = 4ze® kg/m>.

yA

1

10

=Y



Name:

Class Time:

You may find these identiies helpful in the test:
cos? 0 +sin? 0 = 1
1 +tan?d = sec* 6

cot?f +1 = csc?h

1 2

o — =t cos(26)
2

Gin?f — 1-— C;S(Q@)

sin(260) = 2sinf cos 6

sin Acos B = % [sin(A + B) +sin(A — B)]
cos Acos B = % [cos(A + B) + cos(A — B)]

sin Asin B = —% [cos(A + B) — cos(A — B)]

11
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Name:

Class Time:

Multiple Choice

1.(5 pts.) Find the total change for the function of f(z) if f'(z) = cos(3x) cos(z) over
the interval [0, 7/4].

(@) 0
0 5
© 3
@ -
©

2.(5 pts.) Estimate the area under the graph of y = f(z) over [0, 4] using Simpson’s
Rule with four equal subintervals.

yf
(@) 9
(b) 25/3 2 y =10
(c) 25/2 7
(d) 15/2

0 2 4 x
(e) 23/3



Name:

Class Time:

3.(5 pts.) Find y in terms of ¢ if
In(l —y) —In(2—y) =t

@ =1
(b) y= 11%26;
© y=22%.
(d) y= 11__2;-
() y= 11%2;

4.(5 pts.) The population density of a sector of a city area is given by

sin @

p(r,0) = thousand per sq. km

3T
4

— 2

where 0 <r<land — <6< . Find the total population in thousands.

4
(a) V/2-arctan(1/2)
T2

12

™2
4

™2
6

(e)  V2(2-V3)



Name:

Class Time:

/4
5.(5 pts.) Evaluate the integral / sec’(x) tan?(z) dz
0

(a) V2

2
‘:1 SN

—~
@
~
[\]
w

6.(5 pts.) A vessel in a fountain is drained or filled with water such that its rate of change
of volume V is given by

d
d_‘t/ =sin®(¢t) ft3/min.

What is the total change in volume over the time interval [0, 7/2] (in minutes)?

(a) 1ft?
(b) 5
() ; f?
(d) i ft3
() —}l £



-2

Name:
Class Time:

7.(5 pts.) Consider the region R given by the inequalities
Which one of the figures below best depict the region R?

-2

N\
—
(&}
N—r
x
N
d
_ ~ _ ~N
} ! N, A
T
[ =
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R
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5 over the interval [1,00).

4
1+2

8.(5 pts.) Find the area under the graph of y



Name:

Class Time:

9.(5 pts.) Evaluate /1 x24_ 4d:c.
(a) —In(3)
(b)  2In(2) — In(3)
(¢c) Divergent
In(4)
(d) In (3)
(e) 4In(3) —4In(4)
10.(5 pts.) Evaluate /3 . i 1dx.
(a) 2
() In(2)
(c) 1
(d) 0
(e)  Divergent




Name:

Class Time:

Partial Credit
You must show your work on the partial credit problems to receive credit!

11.(12 pts.) Consider a 20 meter long chain laying at the foot of a 50 meter building
with non-uniform mass density p(y) = e 2% kg for 0 < y < 20. Find the work done to
lift the chain at its lighter end so that this end is at the top of the building and the rest

of chain dangles freely.



Name:

Class Time:

12.(12 pts.) Perform the integral below.

/x4+2:1:3—|—2
— —dx

x3 4 22




Name:

Class Time:

13.(12 pts.) Part A. Solve the following initial value problem:

dy 2x+sinx

Part B. (Not related to above). Give the limit definition of the following improper
integral:




Name:

Class Time:

14.(12 pts.) (Part A). R is the shaded region as shown. Evaluate the following double
integral showing all your steps.

Jfes ‘)

2

y=x1/2

=y

(Part B) Not related to the above. Evaluate the following double integral. Hint:
You may use any coordinate system.

2 prVA—x?
// (* +x+y°) dy do =
0 Jo

10



Name:

Class Time:

You may find these formulae helpful in the test:
cos? 0 +sin? 0 = 1
1 +tan?d = sec* 6

cot?f +1 = csc?h

1 2

o — =t cos(26)
2

Gin?f — 1-— C;S(Q@)

sin(260) = 2sinf cos 6

sin Acos B = % [sin(A + B) +sin(A — B)]
cos Acos B = % [cos(A + B) + cos(A — B)]

sin Asin B = —% [cos(A + B) — cos(A — B)]

11
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Name:

Class Time:

Partial Credit
You must show your work on the partial credit problems to receive credit!

11.(12 pts.) The slope of the graph of f(z) is given by

arctan(2z).

Find the formula for f(z) if its graph passes through the point ( Z’ y )
fo) = archans0) = J00 = [ prcfeu wrcfrs () cl/x

74 clv-

= arcteun (W} S Ay = - . 2 Ax
dr=dv = v= %

2
"FUC}Z K archan(ex) - f x /+ 4x”°LX

w K Qv’t')LQCvt (2/)() f |+ {:"X M

[+ (zx)

\/’—\,/—*CP 5
(2.1 = )7 X
= ,}CM(M)-#QM/VJ‘,‘I’ C %J/Yz_é—dw/

'kcw-lem( ) — —/—,Q,. /+S‘X11+C
1)’0 = /thZLW(C[>-——SL\(/+——)+C

':% C = ""—‘g—‘"f' 4&42
7 . L (z,>
‘F{:X\=ywm(@<)‘é/@%(/+¢7‘ﬁ"é’f42‘



Name:

Class Time:

12.(12 pts.}
Al. Give the limit deﬁmtmn of the fuﬁomno improper integral: L2
Ci?g 2
D + J 2 / 3 d X ,ﬁi% X /3 (:[4(
o z;?;’l’s - é""“)@ éf. — D 62
A2. Evaluate the improper integral below showing clearly how you use limits: )
. - ) i/a g
3 1 ] /a.i‘?
—zdr = 'éﬁﬂ; [”5% ji% 3(8) ~»-5Q
o I K20 a a-—ot

= 3(z)

B. (Not Related To Above) Write out the form of the partial fraction decomposition
of the following rational functions. You DO NOT need to solve for the coefficients.

r+1 7 A V2] - C’Y—J—D

(x+22(+1) X2 (%+2) xF /
C. (Not Related To Above) Find the partial decomposition of the following rational
functions. Solve for all coefficients. /

¥ L Y ;
nrll g 1= |1y
r? —

,Xi’;,zf_ Vm) ";Yl*—-* (7&

¢ Ao £ £
Zia % -2 K2

8 = Alx+2) ~+£(0:t‘~;z)
ﬂﬁg é? = ’{LA 'r-“-«'} /? = Q
K==—2  § = —48 = E=%




th

ti

s s
2 . 2
L 4yT —
o 9 * '8
, i
-] gy

13.(12 pts.) The Region ) in the zy—plane is given below. Evaluate the following double

integral over ¢J
o b P L
ff (8z+8y)dA = J \S
Q
° =4
0|

Name:

(Class Time:




14 [Part A]. Find the total mass of the quarter disc sitting in the first quadrant with radius 2 and
mass density is given by
2 2
p(x,y) = 4> " +y kg/m®.

Convert to Polar coordinates first:
Quarter disc Q@ : 0<r <2; 0<60<m7/2
pw,y) = 4e*+2° 4y = 4204 4y

p(r,0) = 4e*” 4 rsin 6

2 w/2
Mass = // plx,y) dA = // 4252 4 y dA = / / (462T2 + rsin 6’) r df dr
Q Q r=0 J0=0
2 w/2 ) 2 w/2 5
- / / (4627" +rsin 9) rdf dr = / / (47“62T +r2sin 9) do dr
r=0 J0=0 r=0 J0=0
2

2 2 /2 2T T
= / [47‘6% 6 — r* cos «9] df dr = / [47"62" ~ —r%cos =~ — (0 — 7“2003(0))} dr
r—0 0 0 2 2

2

2 ) 2 ) 2 8 1 7°3
:/ [QWT’BQT +7’2} dr:/ orre dr—ir/ r? dr:/ e —du + {—]
0 0 0 0 2 31

_7re"8+8_ med 7r+8 "
12,737 \2 273)°"®

[Part b] Not Related to the Above. Find the total mass of the shaded region shown below if the
mass density of the region is given by p(z,y) = 4ze® kg/ m”.

yA
1
1 1 1 :
MaSS:// p(x,y) dA:/ / 4ze®Y dy dl':/ [2:B62y]x2 dx
R 0 Jz2 0
1 , 1 , 2 ) .
:/ |:2:L‘62—2£E62$} d?L’:[I‘QGQ](l)—/ 2re*” dz:e2—0—/ —e" du I ox
0 0 0o 2
1 1 1
2 2 2
=e — = = = -]k
e 26 +2 <26 +2) g



Name:
Class Time:

Partial Credit
You must show your work on the partial credit problems to receive credit!

11.(12 pts.) Consider a 20 meter long chain laying at the foot of a 50 meter building
with non-uniform mass density p(y) = e~ kg for 0 < y < 20. Find the work done to
lift the chain at its lighter end so that this end is at the top of the building and the rest

of chain dangles freely. y 4
wWovle e +o Qrfzf—ﬂ‘&& manb ak zo—| - - — -
"Q‘U’Q‘Qf’f /‘@V‘—‘*&Q ‘Wb"‘ﬂﬁf Arif‘ *—*w»»-a:%aj
AW =~ Foace % Dd&p{, . Son

= (weight ka@k SXgMUX’) x D Sf?
v =

-3¢

= Ccoefjé\f- M““]) "JT} g/ﬁﬂmﬂ*\xbggp\“ . Co—
= (SC’H)'Q )(AQBC%H%@
FASAECRIEREY

—2Y
T Ay

W = Y%UM@ ‘”’@% f gy dy

q u(y@@

1

U diy
')LV A . | e i
-g| [ \ c_cb Uzl > ey
. - i~ €
(&} ~ j k-3 s
40 30 ' 231»@} dy=¢ Jﬂ) ~2
-So — 2 < -
= { Me/ — 6 —r(: _er 1,

g [ase s —Fe
&l .4_%(...6 ] = »—Lg(@-—-wlé

=g 5 - ;
s =



Name:

Class Time:

3 a2 X o+ 1
12.(12 pts.) Perform the integral below. {7+ g ‘ AF + 2%° + 2
. L -3
) KT+ X
2t + 223 + 2 q : )
[ x> 2
. 3 =
K20+ 2 2 =% ) X v %
X® K X2 HRE ==
/m/acf‘
2-%% = 2-% AL B, =
: ; el . ' SN ST foomed '—':""'""“’ ) b -
x>+ x> KX ) X Xt

2-x A s (x+1) + Blx-+) + Cx*T

i

2 =5 3

K = —]

€
<2

2o xF = Ax(xr) + 2(xH) X
= AL+ Ax o+ 22t X
= (A+DH+ (Ae2)x+2

COM,WMV\‘J e CoQg. C& A=

= A

’ .X9+24(5~f2 i _
J e A

= A=-2

J(ot-

7

E:

-+

//k. 2.

ZFH) = C > C= |

L,

X+ 1L

= ‘Zﬁ'ﬂél}c—@ - ZQM{"’X‘ ‘*% + /Qoxl'%JrI\ + C



Name:

Class Time:

13.(12 pts.) Part A. Solve the following initial value problem:

dy 2x+sinz
— T ——— Y O —

Jeidy = [Crrsnu)d
6}/ = ﬁ(L"’G@M +

5(0):0 S € = 0 —caly)+( = [ =+ C
C

Part B. (Not related to above). Give the limit definition of the following improper
integral:

[ Zat Lo fA =5 o

o %3

Part C. Evaluate the improper integral below showing clearly how you use limits:
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14.(12 pts.) (Part A). R is the shaded region as shown. Evaluate the following double
integral showing all your steps.
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(Part B). Evaluate the followmg double 1ntegral. Hint: You may use any coordinate
system. J% — <K < 2
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