Math 10360 Review for Exam 3

1. Let f(z,y) = 23y + In(y — ). Find the following limits:

h,2)— f(1,2 h)— f(1,2
o) iy L0 12 = 1012 () i 124 = 1012)

Ans. (a) 5; (b) 2.

2. Let f(x,y) = % + e™. Find all first and second partial derivatives of f.

af 1 . af s . %f 5 . o2 f 3 2w % f P . % f
— = Y, — =—z(1 zY, = Y. = = 2z(1 + Y, = —(1 zy Ty —
22 " g+l + ye oy z(1+y)”~ +we a2 Ve 997 (1 +y) ze 20y (1+y)" = +e*Y +aye oy0m

3. Let z = f(x,y) be a function, with f(1,2) = 5, %(1,2) =2, 3—5(1,2) = —3. (a) Estimate the value of
£(0.8,2.1), (b) Find the elasticity coefficient of z relative to x at (1,2) and the elasticity coefficient of z relative
to y at (1,2).

4. Let f(z,y) = ye® +2x — 2y + 5. Find f(0,0) and use linear approximation to estimate f(—0.05,0.01).

Ans. f(—0.05,0.01) ~ 4.89.

d
5. The population p(t) (in thousands) of cheetah is modeled by the differential equation d—;: =p (1 — Z)
If the initial population is 3 thousand, find p(¢). You are required to solve the differential equation.
12¢t 12

Ans: p(t) = =
(Ans: p(t) 1+ 3et e’t+3)

6. A cup of warm coffee at 80°C is cooling off outdoors according to the equation

dy _

= k(y —2
7 (y — 20)

where y(t) is the temperature (in °C) of the coffee at time ¢ minutes. If the temperature of the coffee is 60°C
after 10 minutes, what is (i) the value of k, and (ii) the temperature when ¢ = 15 minutes?

(Ans: () k= 4510 (2), (i) y(15) = 60 (2)"/*

+20)
7. Solve the following initial value problem: 2y = 2zy — 3; y(l) = —1. (Ans: y(z) = o~ — 222)

8. The temperature at a point (x,y) on a table is T'(z,y), measured in degree Celsius. A bug crawls so that
its position on the table after ¢ seconds is given by x = /1 +t¢, y = 2+ (¢/3), where = and y are measured
in centimeters. The temperature function satisfies 75(2,3) = 4 and T;(2,3) = 3. How fast is the temperature
rising on the bug’s path after 3 seconds? (Ans: 2 °C/s)

9. The temperature at a point (z,y) on a flat metal plate is given by

60
Ty =12,

where T is measured in °C and x, v in meters. Determine which is bigger: the sensitivity of the temperature
T in the z-direction or in the y-direction at the point (2,1). Discuss the elasticity of T at (2,1).

10. Find the rate of change of z with respect to y if 10 cos(x +y + 2) = 222 + 2%y
ou

0
11. 2% and 2 where u = Yz’ =

T 3 ,y=t>+2s and z = e**. Find u; when t =1 and s = —1.
s

w |

12. A tank contains 1000 L of brine with 15 kg of dissolved salt. Brine that contains 0.03 kg of salt per liter
of water enters the tank at a rate of 10 L/min. The solution is kept throughly mixed and drains from the tank
at the same rate. How much salt is in the tank (a) after ¢ minutes and (b) after 20 minutes? (c) What is the

limiting concentration? How would your answers change if the brine is drain away at a rate of (i) 5 L /min, and
(ii) 20 L/min?



13. The body weight of an animal which initially weighs 10kg is modeled by:
dw w
L <f) : 0) = 10
dt "5 w(0)
Use Euler’s method with At = 0.1 to estimate w(0.2)
14. Let P(t) be the immigrant population (in thousands) of a small country, where ¢ is time in months since

the beginning of this year. A demographic study has shown that P(t) is a solution to the following initial value
problem:

dpP
& —04t-P, P(0)=2
P _oar-p. W)
Use Euler’s Method with 3 steps to estimate P(1.5).
. : . of of . -
15. (a) Find all possible estimates for the value of 8—(2, 1) and 8—(2, 1) if f(x,y) is given by the table
€z Y

below. (b) How would you estimate the f(2.1,1.2) using the central difference estimate the partial derivatives
at (2,1)7

11520125
0.0] 36 | 35 | 34

2.0 44 | 42 | 38

Math 10360 Review for Exam 3 Answers
dy

— Y . — — —t/].OO

12b. y(20) = 30 — 15702

12c. Concentration at time ¢, ¢(t) = 1y0(f)2) = 0.03 — 0.015¢~*/100 Therefore tlggo c(t) =0.03

12 (i) a. % =03 1003y+5t =03 200y— 3 9(0) = 15 50 y(t) = 0.15(200 + 1) — (238%

12 (i) b. y(20) = 0.15(220) % —g3- 0= 28

12 (i) c. Concentration at time ¢, ¢(t) = 10(?0(2)—575 =0.03 — m?% Therefore tliglo c(t) =0.03

12 (ii) a. % ~=0.3— % —=0.3— 10§y— 5+ 9(0) = 15 0 y(t) = 0.3(100 — 1) - W

12 (ii) b. (20) = 0.3(80) - 32(38)02 —20 - 2000 gy Tyl

12 (ii) c. Concentration at time ¢, c(t) = 100yO(i)10t = 0.03 — 3%88(;()” The tank dries out at ¢ = 100

minutes. Just before it dries out ¢ = 0.03 so saltier than at the start. In fact, ¢/(¢) > 0 implies the concentration
is increasing and reaches 0.03 just before it dries out.

13. w(0) = 10; w(0.1) ~ 9.930685282; w(0.2) ~ 9.862066124.

14. P(0) = 2; P(0.5) = 2; P(1) = 2.2; P(1.5) = 2.64.
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e The Honor Code is in effect for this examination. All work is to be your own.
e No calculators.

e The exam lasts for one hour and 15 minutes.

e Be sure that your name is on every page in case pages become detached.

e Be sure that you have all 10 pages of the test.

Honor pledge. “As a member of the Notre Dame community, I will not participate in
or tolerate academic dishonesty.”:

Good Luck!
PLEASE MARK YOUR ANSWERS WITH AN X, not a circle!
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Multiple Choice

1.(5 pts.) Let P(K, L) be the production function for a manufacturing company where
K is the amount of capital and L is the amount of labor. Suppose

oP oP
P(20,30) = 10; —(20,30) = 2; —(20,30)(20,30) = =3
20,30)=10;  SUE030)=2 O (20,30)(20,30)
Using the linear approximation of P(K, L) at (20, 30), estimate the amount of production

when K = 20.5 and L = 29.5.

(a) 7.5
(b) 125
() 115
(d) 85
(e) 105

2

y0r if f(x,y) =In(3z + 2y).

2.(5 pts.) Find the second partial derivative

6
(3z + 2y)?
—4
(3z + 2y)?
4
(3x + 2y)?
9
(3x + 2y)?
=6
(3x + 2y)?

(a)
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3.(5 pts.) A 500-gallon tank contains 200 gallons of brine with concentration 1/4 pounds
of salt per gallon. Brine containing 2/5 pounds of salt per gallon is pumped into the tank
at a rate of 5 gallons per minute. The mixture is pumped out of the tank at a rate of 4
gallons per minute. If y(¢) is the amount of salt in the tank at time ¢, find the differential
equation modeling the amount of salt in the tank at time t.

dy Yy
Z_9_ 2L

(@) 5 50
dy 4y

b)) Z=2-_ 7

(b) dt 200 — 4t

@ Y2
dt 5 200+t
dy 4y

d) Z=2_-

(d) dt 200 — ¢
dy 4y
7 —9_

(©) 200 + ¢

4.(5 pts.) For the same scenario above, how long it take before the brine overflow?

a) 100 minutes

b) 75 minutes

(
(
(c) 300 minutes
(d) 500 minutes
(

e) 60 minutes
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5.(5 pts.) Consider the solution curve of the differential equation below that passing
through the point (—1,1).

y/ _ :L’2 + y2
Find the equation of the tangent line to the solution curve at (—1,1).

a) y=2x—3
b) y=-2r-1

(

(

(¢) y=2z+3
(d) y=2z

(

e) y=1

6.(5 pts.) Let f(z,y) = e**¥. Find the value of the limit

p L1 — f(2, 1)
h—0 h

a) 272

b) —2e¢7?

d) e

(

(

(¢) Does not exist.
(

(e) de
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7.(5 pts.) Consider the initial value problem:
y =3z +y, y(0) = 1.
Using Euler’s method with TWO steps of equal size estimate y(0.2)

(a) 1.24
(b) 4.3
(¢) 1.1
(d) 1.424
(e) 2

8.(5 pts.) Find y in terms of ¢ if
In(l—y)—In(2—y) =t

1+ 2¢!
(&) y=1
(b) y:fiif
(c) yzi:j-
@ y=t2
(e) yZ;:Z-
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9.(5 pts.) Let u = 223 — 3y2. If z = In(¢?) and y = t*> — €? find the rate of change of u
with respect to ¢t when t = e.

(a) % py
o 2

(©) % ~12¢?
@ By
© %

10.(5 pts.) Solve the initial value problem:

Yo y-ne w0)=0
(@) y=50-e)
1
() y=5e 1)
© y=y 1)
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Partial Credit
You must show your work on the partial credit problems to receive credit!

11.(12 pts.) Find the partial derivative of z with respect to y if
x

T ¥, 34
(2y + z)? ceTE



Name:

Class Time:

12.(12 pts.) Consider the initial value problem:

/

y=@u-t% y-1)=
Use Euler’s method with two equal steps to estimate y(0).




Name:

Class Time:

13.(12 pts.) Solve the following initial value problem:

(®+1) (% - 3) =2zy; y(1)=0



Name:

Class Time:

1
@ifx:standy:— Give
ds

14.(12 pts.) [Part A.] Let u = sin(2® 4+ y?). Find :
(12 pts.) [Part A.] Let u = sin(z? + %?). Fin P

your answer in terms of s and .

[Part B. (Unrelated to Part A)] Discuss the elasticity of z = e*° %% relative to z
and y at (z,y) = (1,1)

10
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Partial Credit
You must show your work on the partial credit problems to receive credit!

11.(12 pts.) Find the partial derivative of z with respect to y if

xr 2
=e¥ y — 32*

(2y + z)?

N

PR A YR

_ -3 \ yT 37 o ¥
M,Z?(, (25-% Z()‘(,ﬁ)) p (,’2-1« % — 63%“ + ZJ€ E()(g\})
- 3. 4(%(3&»;)) j
. o Z “ 2 522 - \f.,,@.fi. _ 5';2?
o (ay r )" 2x (2y+2) 2y~ 35y +2yelz-172%2E 2Y
(ayr2) 1 > 2
— 4 x 29yt Z ~62j(_/ Z ...27( 2 %%) cel 22 3 Z‘
=— —/lZ
o -3 b
Sz ~4x(zytz) -2y€ 2
EV -3 2 ( 3
J Q)C(?jﬁ—%) »;»6\1 «—»IZZ
| -
oR 4;&(0‘23%8) + 2y ¢ <
= : _ S
/22”7 - 2x(2yr2) - €
¥z (2 2)3
4 +

U 3
(122> el )(2y+2) —2x
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12.(12 pts.) Consider the initial value problem:

=+t y0)=1
Use Euler’s method with two equal steps to estimate y(1).

\5(@) = 1
Ylos) & 4lo)+y'e) -4t

= 1 +4(s) =15

g) = gles) *ycs) et

= (.S + (#)(“f)

= 3.5

G 4
S
“
N

Yy = (giﬂf‘f:)l
g’i(b) < (yie)+o )2
= A )
g'c0s) = (56&5)’*@5)

Qj +
- Q’;S/*}’*S*SJ = L//
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12.(12 pts.) Consider the initial value problem:

/

y=@u-t% y-1)=
Use Euler’s method with two equal steps to estimate y(0).
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13.(12 pts.) Solve the following initial value problem:

(4 1) (% - 3) = 21y; y(1) =0
(xszi)y’f«- 3(x%%1) = 21y
(?c?’+1)3’ — 2%y = 30+ 1)

; 2

YTy T3
= - A cv o = 7(2}1
- J SSTh Ay = 2xdx
Iﬁl{jfﬁjj“ﬁ \gffua:ﬁf = C |
S — ¥ “,u; ~ Q”;,'&}
= Gj %O&{ = e/ Q A - eﬁn = U jﬁ (f’( ‘f“;>

(x?i)&jg’/-zx(x”w)mij = 30+

‘ 3
| -
%X O+ 1) :j] = o1
= (:al«z»i)wig = S) ‘;ﬁ:‘“{ odx = savctewx) + C
g =e > 20) =3ardua(t) + C = =

— 37
()C?{)gg = 3&@/-&«(%) e ’“'%/:'

o= 3 (5 1) e (%) ‘“% (x+r).
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, N
g s+t
du
14.(12 pts.) [Part A.] Let u = sin(2? + 3?). Find 5{3 ifr =standy = 57 Give
s $+ 2
your answer in terms of s and ¢. ’
Su 242X 4 24 Y x4

@,,2‘ ’
= Zx &%(X%’f‘vfz) -1+ {7&3()&?){*(3»&%)4] < . -

Y
2 2 % / ,
- ,23”('(;2‘53[3“{7-;—‘3 J : : i

( +26)2 < )é}?e\i = §ZEL+ 2
N = B (s+2t)
3t Lt ) -
“ { t %Ciﬂ‘l’e)z’) (+24)°

T S+2t

i} 28
= (Qs{-2~ (SN,{_);)%(STE * (s%zt))

[Part B. (Unrelated to Part A)] Discuss the elasticity of z = e %" relative to
and y at (z,y) = (1,1)

- Find Hhe pocidage chawe 12 i X mensans by 17
e gz Aves, nol %&SR . A similar computation can be

done for elasticity relative to y

f oo = L Al
AX = Afk{;@ X f - (o9 / kj _ X xy?
) €2 Zy(x%,y) = 2xye* t Y
. : = Z,(1,1) = 2¢?
5 7 i Z Cﬂ! { y
AT foof < V
Z(éfl) Here Ax = 0 and Ay = 0.01

So AZ is approx 2¢2/100

So elasticity relative to y is 2%

10
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