Math 20480 Exam 03 Review Name

1. Suppose a 3 x 3 matrix A has eigenvalues 2, 3, and 3. Let J be the (real) canonical form associated
J

to A. In each of the following cases, write down e”.
la. The eigenvectors for A = 2 has the form k- and the eigenvectors for A\ = 3 has the form m-v+n -
where k£, m, and n are real constants.

1b. The eigenvectors for A = 2 has the form k - ¥ and the eigenvectors for A\ = 3 has the form m - v
where k, and m are real constants.

2. Suppose a 3 x 3 matrix A has eigenvalues —1, 3 &+ 4i. Write down the (real) canonical form J
associated to A. There are several possible answer depending on your construction, write down all of
them. Also give the corresponding e”’.



3. Solve the system of equations:

= 2
y = —5r +
7 =2z -



2 1 -2 0
0 -1 1 0
M=1y o 1 o
0 0 0 —1

4a. Find the canonical form J associated to M.

4b. Let P be a matrix such that M = PJP~!. Find exactly (every entry of) the matrices S; and Sy
as defined below. (Hint: Tt is not necessary that you know what P is)

4b. (i) T(M) = PS,P~! where T(z) is the polynomial 3 — 2% + 2z°.

4b. (ii) eM = PS,P!



5. Evaluate each of the matrix exponentials. Here Exp(A) = e?.

0

0l -
_3 -
-2

0 0
-2 0
0 -2
0 3

2
Ezxp 8
0



0 -2 2
M=1|3 5 -6
2 2 =3

6a. The characteristic polynomial of M is A> — 2A\2 — X\ + 2. Find all eigenvalues of M.

6b. Can M be diagonalized? If so write down the diagonal matrix J associated to M. If not, write
down a more general canonical form J associated to M.



6¢c. Solve the system of differential equations:

¥ = - 2y + 2z
Yy 3z + by — 6z
2 = 2z + 2y — 3z



—4 -5 5
Q=|(-2 -3 5
—4 -5 7

The eigenvalues and their associate eigenvectors of () are given below

0 o8
A =2 u=|r]; Ao =—147i: =1 (-1-2i)s
r (2—1)s

Solve the system of differential equations:

¥ = —4xr — by + 5z
Y —2x — 3y + bz
Z = —4x — by + Tz



5 4 —4

8. The eigenvaluesof B= |0 3 0] is A =3, 3, and 3. Moreover the formulas of the eigenvectors
1 2 1

1 and generalized eigenvector w of B showing the JOrdan chain relation are given below

—2r + 2s s — 2t + 2w
U= r W = t
S w

where 7, s, t and w are any real number.

Solve the system of differential equations with given initial conditions

¢ = bx 4+ 4y — 4z z(0)=1
y o= 3y y(0) = —1
7 o= + 2y + z  z20)=-2



9. Solve the system of differential equations with given initial conditions



10. Solve the system of differential equations with given initial conditions

~—
8
—~
(=
~—
Il
|
—

()= —4x(t) +6y(t
y(t)= —3az(t) + 5yt

~—
<
—
=)
~—
Il
—
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11.

k1 =2N/m

k2 =3N/m

k3 = 4N/m

L

MM —

ml = 5kg

MMM

m2 = 6kg

A~

i

A (undamped) double spring system is set up as shown below. The spring constants and masses are as
labelled. The mass m; is displaced to the left 1/2 meters and the mass my is displaced to the right 1/3
meters. Then m; and my are released from rest. Write down the equations of motion that govern the

resulting motion.

11a. Write down the equations of motion for the system above

11b. Rewrite your equations in Q11(a) as a linear first order system of equations.

11



12. The MatLab output for the Lefkovitch matrix M given in the attached page is for an animal having
five growth stages: Eggs, Juveniles, Sub-Adult A, Sub-Adult B, and Adult.

(a) Estimate the continuous grow rate of the population after a long time. Is the population increasing
or decreasing after a long time?

Continuous grow rate =

Circle One: Population Increases Population Decreases

(b) Find the stable population vector for the population. Your entries should be round to four decimal
places.

(c) What is the population distribution in percentages after a long time? Give your answer round to
two decimal places.

Eggs =

Juvenile stage =

Sub-adult A stage =

Sub-adult B stage =

Adult stage =

12



13. Solve the following system of equations:
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Math 20480 — Matrix Formulas

You should know all these formulas for the exam.

Powers of 2 x 2 Canonical Forms

A0\ /a0 AT\ A pant
0 u) —\O ur)> 0 A/ —\o A

(5 0) = (Rl i) = (vintot) o)

Powers of Larger Jordan Matrices

A" n)\n—l (72&) )\n—Z

>
—
[e=)

! n(n—1)
0 X 1 =10 A" nA"1 Here (7) = i =
00 A (2) 2!(n—2)! 2
0 0 A"

AP n)\n—l (TQL) )\n—2 ('g) /\n—3
A1 0 0\" n ne1  (m\\n—2
oAx 1] |0 A G Hore () = —
O O )\ 1 N 0 O )\TL nAn_l ere r - T'(n - T)'
00 0 X

0 0 0 AT

Exponential of 2 x 2 Canonical Forms
A 0Y (et 0 A1\ (e e
“P\o uw) T \o er)’ “Plo )" \o &
'AO't'_ MO0 [eM o0
CPIo w) TP 0 wt) " N0 et )
(A1 ~t_— Mot [eM teM
“Plo AT o o) T o e

Here exp(A) = e where A is any square matrix.
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Matrix Exponential Formulas (Real Eigenvalue Case).

)G

erp <

erp

erp

erp

exp

exp

exp

Matrix Exponential Formulas (Complex Eigenvalue Case).

exp(_
(.

[t

A0
0

o O

o O O
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b

a b
b a

)= (0

o)i
H ]

A0

= exp(
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0 0 e 00

e 0]=10 €2 0];

0 X3 0 0 e

0 0

A O -t =exp )\gt

0 X3 0 Agt
1 0 At eM
A1) -t =exp| O /\t t 0
0 A 0 0 M 0
1 00 Mot 0
R 0 X t 0
0 A 1 e P
0 0 A 0 0 0 X

b B a
a) \—e%sin
= exp(

)

€” COS

(b) e*sin(b)
(b) e*cos(b)

)

e cos(

Al
exp|l 0 A
0 0
eMt
0 et
0 0
te)xt t2€/\t
e)xt te)\t
0 eAt
e)\t te)\t
0 eAt
~“lo o
0 O

bt)

A

e
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6)\

at bt\ e sin(bt)
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0

et e
0 e
0 O
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P2t
teMt

At

Remark 1. Let J be the canonical form of square matrix A and non-singular P such that A = PJP™!.

Then e4

Remark 2. If D = diag(A;, As, ...

=pP-e¢/ - PL

of size N =) n;. Then we have:

= diag(e™,

Az

s e,

, Ar) where A; is a square matrix of size n; so D is a square matrix
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MatLab Output for Lefkovitch Matrix M in Question 12

M =
0 0
0.4000 0.4500
0 0.0500
0 0
0 0

>> [P, ]] = jordan(M)

p=

4.0800 + 0.0000i
-3.6267 + 0.0000i
0.7111 + 0.0000i
-0.0571 + 0.0000i
0.0100 + 0.0000i

0.0000 + 0.0000i
0.0000 + 0.0000i
0.0000 + 0.0000i
0.0000 + 0.0000i
0.0000 + 0.0000i

2.2500 39.2000 64.0000
0 0 0
0.2550 0 0
0.0450 0.5600 0

0 0.1400 0.8000

-1.0577 - 0.9203i
1.7498 - 0.4864i
0.1259 + 0.3274i
-0.0372 - 0.01841i
0.0100 + 0.0000i

0.0000 + 0.0000i
0.2798 - 0.2577i
0.0000 + 0.0000i
0.0000 + 0.0000i
0.0000 + 0.0000i

-1.0577 + 0.9203i
1.7498 + 0.4864i
0.1259 - 0.3274i
-0.0372 + 0.0184i
0.0100 + 0.0000i

0.0000 + 0.0000i
0.0000 + 0.0000i
0.2798 + 0.2577i
0.0000 + 0.0000i
0.0000 + 0.0000i

-0.0094 + 0.0000i
-0.0306 + 0.0000i
-0.0048 + 0.0000i
-0.0162 + 0.00001i
0.0100 + 0.0000i

0.0000 + 0.0000i
0.0000 + 0.0000i
0.0000 + 0.0000i
0.5734 + 0.0000i
0.0000 + 0.0000i

1.2714 + 0.0000i
1.0551 + 0.0000i
0.0779 + 0.0000i
0.0094 + 0.0000i
0.0100 + 0.0000i

0.0000 + 0.0000i
0.0000 + 0.0000i
0.0000 + 0.0000i
0.0000 + 0.0000i
0.9320 + 0.0000i



Math 20480 Exam 03 Review Name

1. Suppose a 3 X 3 matrix A has eigenvalues 2, 3, and 3. Let J be the (real) canonical form associated

to A. In each of the following cases, write down e”.

1a. The eigenvectors for A = 2 has the form k- and the eigenvectors for A = 3 has the form m-7+n-o
where k, m, and n are real constants.

o
J = o 32
e}

<

2.

é, <
) > C = o 63

&
a

W O Q

1b. The eigenvectors for A = 2 has the form k- 4 and the eigenvectors for A = 3 has the form m - ¥

where k, and m are real constants. Neod W &éj«&? b’é%fg%’ A =232

(z o a) T [e” e o

J=\g 2L) = ¢ e* e
o

o e
o e’

2. Suppose a 3 X 3 matrix A has eigenvalues —1, 3 & 4¢. Write down the (real) canonical form J
associated to A. There are several possible answer depending on your construction, write down all of
them. Also give the corresponding e”.

- e 6 3 % o -] o S
o -4 3 J o o -/ , o ¢ 3

3z =% o
¢ 3 o
o & ] s

3
—1 o o CSCGW onlf

-l sty € -

©
o
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S
e (o]
(o eeoy ue;%mﬁo errmy @l @m‘
0 e3amy €~ caxf / o o e,



3. Solve the system of equations:

= 2z
y = bz + 5z
Z=-22 —~ y + 4z
3/ 2 o o\ .
X&) = (wr ° < ) Xt)
-2 ) é
/%

o = (-2
?j»a,f & )_,, qu%
-2 -1 4

O
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2 1 -2 0 7
0 -1 1 0 -l © © o
M=1o -2 1 o ]" 2 o o
0 0 0 -1 B .
4a. Find the canonical form J associnted to M. o /o
a P
y r 2 i -5 o e o
i“”k { =l o -f=L o
) -~2D I—A o
I o o & o
e fom A { o , -1 -4 ]
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& & _,./,./}’,

il

A,:*!,Q,:ﬁg

(2-0)(-1-A)(~ (/-2%) 2) = (+-2) r-D(L+3) = o

4b. Let P be a matrix such that M = PJP~!. Find exactly (every entry of) the matrices S; and S,
as defined below. (Hint: It is not necessary that you know what P is)

4b. (i) T(M) = PS;P~! where T(z) is the polynomial 3 — z2 + 2z°.

T(M) = 3T, - M+ 20" = 3P.P7— PT P+ 2PT P

-1
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5. Evaluate each of the matrix exponentials. Here Ezp(A4) = e’

Exp
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0 -2 2
M=1§13 5 —6
2 2 -3
6a. The characteristic polynomial of M is A — 232 — X\ + 2. Find all eigenvalues of M.

A=4: A AL +tx =0 :

/] =2 =~/ 2
-1 -2

AQL) = (,q,...;)[/f”-.-), “Z") - -2 e
=z Ov-n(L +/)C/L-~)

)L".“:i/"‘“// 2.

6b. Can M be diagonalized? If so write down the diagonal matrix J associated to M. If not, write
down a more general canonical form J associated to M.
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6c. Solve the system of differential equations:
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~4. =5 b
Q=1-2 -3 5
~4 -5 7

The eigenvalues and their associate eigenvectors of Q) are given below

0 58
A =2 d= {7}, Ao =—1+41: v= | (~1-2i)s
T (2-1)s

Solve the system of differential equations:

7

—4z — By + bz

o

Y -2z - 3y + 5z

7 = —4z — by + Tz
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8. The eigenvalues of B = G) is A =3, 3, and 3. Moreover the eigenvectors @ and generalized

a1
b Qb

1
eigenvector W of B are given below

—27 4 28 8-+ 2t
U = 7 W == 0
5 i

where r, s and ¢ are any real number.

Solve the system of differential equations with given initial conditions

¥ = 5z + 4y — 4z z(0)=1
y = 3y y(0) =
Z = 'z + 23: + 2(0) = —2

U = f‘("f)ff[?) ; :f( )“’()

-\ AN Bt J-%
X = BX S X =€ - © =Pe” P X
N -2 2 i 63“’ e c’ c’
X = | o o o e“’ *'(;6517 Ca

o 1 o o o e Cz
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5 4 —4

8. The eigenvalues of B = (O 3 0] is A =3, 3, and 3. Moreover the formulas of the eigenvectors
1 2 1

u and generalized eigenvector w of B showing the JOrdan chain relation are given below

—2r + 2s s — 2t 4+ 2w
r W = t
s w

where r, s, t and w are any real number.

u

Solve the system of differential equations with given initial conditions
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o= x + 2y + z z20)=-2
A -2 2 A / (2.
U = F(o:)+3[7) ; W= 3(;) + t ”}
. -\ /
ﬂcL : W = g) = 8=/, =0=w
A d
U

- AN Bt Jt ol
‘Xs/z B-x = X =& - (D> ;’De P Xe)
N [z 2 [e* e o [
X =11 o olle €F 17 ||
0 ) o o o 63t )CB
— - 2 i /¢, ~LG G+ G l
0) = = |~
X(> i V) o C, = C‘ "’2/
d { o Cs C. ‘

=l Cr=m2 5 Gy l4ag s -2ty =3






@cl‘ ;L; — 7&-—-{7 » ‘}{(0) ..—:.1
§'=axtsy ; 46 =2

A/ A ~ - HVARY
= X :(,32 3))< / X(‘?):(,,z)
Y —
A
=1 _ i=A — : |

- O —

= 5“-4-/'),%221%%2 "-'--/LL~§P/L+S.=$/\,1*9’/\,“‘? ‘;L + /
(A_(;zﬂ)l)'q -0 > 4
“’=> *(I-& Z)Uf," Z‘{Z =0 % ﬁz }--C;/'“E)M/

. ’2- -
=(A-2)+] =0 =5 XL =21+1 |
;_./,._.2@ — / 0)
/-i) °
I’ u , . .'. ‘ ’ ) i 0 .
> Y = ( N = (—' )"’/ "H("" )M’
& e T Y

2 / % o
) J J (--/ ) ﬁfewjt{y?g

_',\\

| g;} _52: ) = X (o) P e P X (0)

¢
_r1 o) /e test e%ﬁ\(,) (c‘,_.)
("] | “‘A -€«1»9wa(§ ew&&@'{? G



Xe) - G ANe)- (1)

et 5 —g-C= 2D Gg-gr3

— ( j O ezt_c:zss.t 6’%&{- 1 | _‘
- ( o ) (6"‘%@& ~ 3¢™amt |
~1

=1
_e?t

sk + 3 e teost
Abk) = e ey — 3¢ 70t

.L_
gﬁ-) = —efest +3e emt re Vet — 3¢ et

= — fePtont + 4ot



Q. @)= -4:6(19)«;~605,l~l,—) K (0) =
5 GE) = —B%Z{—) Maé&) y; gw) ‘7
— [ Wl
X = (2% é) X 3 X =(71)
W’\w
,A")‘,il pany (NZPH/\
~3  s-A o |
= ')\LT"K/L*W)L —204+18 = A=A -2 =(/L"‘2)(/)’+’):’O
DA =-1,2

L=-1: (A-rtz)ﬁ =

= (~4-A) (5= +/9

o
0

(-3 ¢
"‘*>_ (-3 b
= 3%, +bu, =o = U, =24, >

A=2 ; A2D)T =0 (%

N | Te N'QO-'
6 Xy =€ Xo=Pet 2

, . *’E’ V] ¢
¥ ] < !
() )



2¢, +LL”

¢ G
“;_ | . ‘>(e_
AE) = (l | o

/Oc;t



11.

k2 = 3N/m

b AW

{
'k3 = 4N/m

| i

A (undamped) double spring system is set up a.ts shown below. The spring constants and masses are as
labelled. The mass m; is displaced to the left 1/2 meters and the mass m, is displaced to the right 1/3
meters. Then m, and my are released from rest. Write down the equations of motion that govern the

resulting motion.

11a. Write down the equations of motion for the system above

¥

™M, X

m, X

fm:,(?j'

= -2% - 3X +3O‘{
=-Sx +55 |

= +3% - 34 ~*Y
= 5?(-:;&6(

Y 44
8
—

A(6) =

4

il
N

11b. Rewrite your equations in Q11(a) as a linear first order system of equations.

0 - A S — =
U= = U =% = X + =z
o Y "....L ____.z_

x = U

g - U Aa.ﬁo): [/5

4 = ~X*+ ] (o) = X0~
- — 4 (s) =©
U -ZL%-——?—O% ve) =y
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12. The MatLab output for the Lefkovitch matrix M given in the attached page is for an animal having
five growth stages: Eggs, Juveniles, Sub-Adult A, Sub-Adult B, and Adult.

(a) Estimate the continuous grow rate of the population after a long time. Is the population increasing

. . o .
or decreasing after a long time? Do mik ank u?a,‘v‘ Lt L

= 0,932
9322
QM(O Cf% ) @k:. 0,932

Circle One: Population Increases @ ) Fnex 0-732_ < t

(b) Find the stable population vector for the population. Your entries should be round to four decimal
S = L2RI1% +1-0SE[ +0.0777 +0.007F +ov0/
= 2.¢23% .

Continuous grow rate =

places.

.23 ¥ 0.S2¢S i
%4’& , A (655 0- 43532

/’D/)M‘V\ = S 0. 63317 = %~032-/
c-@ .
vecker el 0037
9-0py

(c) What is the population distribution in percentages after a long time? Give your answer round to
two decimal places.

52,45 7,
43.53 Y,

Eggs =

Juvenile stage =

3.2 %

Sub-adult A stage =

e
Sub-adult B stage = 03 ? )/0

0-4| 7,

Adult stage =

12



13. Solve the following system of equations:

Zt)=  z(@)+ ylt) + 4 z(0)= 1
yt)= —a(t)+3yt) +8  y0)= 1
=/ /| LN i
AGE) = <_, 3)7(\(4:)-»(‘; =AY + A4 B
D ey S _ 13[4
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Math 20480 — Matrix Formulas

You should know all these formulas for the exam.

Powers of 2 x 2 Canonical Forms
A0\ /om0 A1\ o pant
0 p) —\O u)’ 0 X/ T \0 A

(o) = (el o) = (Fomtosy oo

Powers of Larger Jordan Matrices

A on )‘n—-l (Z) )\““2
g .i (1) =10 A qax? Here (3) = n! = n(n—1)
0 2 2 n—2)! 2

0 0 A"

[ mat (e ()

A1 0 0\" _ e
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Exponential of 2 x 2 Canonical Forms
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Here exp(A) = e where A is any square matrix.
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Matrix Exponential Formulas (Real Eigenvalue Case).
A0\ [t 0. , o> 1) = et e
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Matrix Exponential Formulas (Complex Eigenvalue Case).
eznl @ b\ [ e%cos(b) e*sin(b)
Plob o)™ —e?sin(b) e®cos(b)

a b\ o = at bt\ [ e®cos(bt) e*sin(bt)
“PI\-b a TP\ bt at) T \—eotsin(bt) eotcos(bt)

Remark 1. Let J be the canonical form of square matrix A and non-singular P such that A = PJP~%,
Then et = P-e’ - P71,
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Remark 2. If D = diag(A;, As, ..., A;) where A; is a square matrix of size n; so D is a square matrix
of size N = " n;. Then we have:

eP = diag(et,e®?,. .. e™¥).
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