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If coshz = 12

15> ¢ > 0 find the values of the remaining hyperbolic trig. functions. By

2
definition sechx = % From cosh?z — sinh?z = 1 we see sinh’z = (1—7> —1 =

15
289 64 8 15 % 8
552 — 1 = 55z so sinhz = ¢. By definition cschz = 2; tanhx = % = 17; and
cothx = L

?.
If y = 2v/t tanh /¢, find % d . By the Product Rule, % = (dQ\[) tanh v/t + (2\/_) dtanh\/

From the Power Rule, d%ﬁ[ =21 5t~ 1/2 — \/LE From the formula for the derlvatlve

of tanh and the Chain Rule, dtanh‘[ = <S€Ch2(\/£>>%z = (sech2 V) (3t712) =

sec2h\2[\/ Hence ftg — tan\/h{\f + S€Ch2 \/‘

If y = sechf (1 — Insech#) find %. From the Product Rule, it follows that % =

(—d Scelceh 9) (l—ln sech 9) + (sech 9) (W) . From the book, ¢ Sflceh % — —sechf tanh 6.

. . d(1—Insech 0) dsechd
From the Sum Rule, the Chain Rule applied to the In, =—7>—— =0 — ( seﬁﬁ 7 ) =
—%ﬁnhe = tanh#. Plugging back in, @ = (— sech 6 tanh 9) (1 — Insech 9) +

sech f tanh 6 = (sech §)(tanh ) (In sech §).
If y = arccosx — xarcsechx, find j—z. From the Sum Rule and the Product Rule,

dy _ darccosz _ (dz pogach g gpdarcsechz ) o formulae in the book, ¥ =
dx dx dz dz ' dx

1 1 _

— (arcsechx +x$\/w> = —arcsechz

Ify = arccsch((%)9> find %. By the Chain Rule and a formula in the book, % =

) ' do
—@ _ n(5)(3)’ _ —In2 _ —2°In2
O (@) @ (@) ()
Verity / xrarccothx dx = 22 = arccoth ac—f— “+C. Compute 72 4 where Yy = z? 1 arccoth x4+
. By the Sum Rule and the Product Rule, dy = d% arccoth x + £——= ’1 % +1.

Pluggmg in the answers for the two derlvatlves (one by 1nspect10n and the other from
the book) &2 W _ rarccothz+ 2 _1 — +— = zarccoth x4 + . The integral formula
is verified. One can derive formulae hke this using Integratlon by Parts (§7.2).

/tanhz dr. The % is annoying so substitute u = % (du = d%) /tanhz dr =

7 / tanhu du. We concentrate on / tanh u du. By analogy with the ordinary trig.

functions, try the substitution w = coshu. Then dw = sinhu du and / tanhu du =

h dw
/COS S du = “ = In|w| 4+ C = In|coshu| + C. By definition, coshu > 1 so
w

sinh u



/tanhudu: In coshu + C and /tanhz dz = Tlncosh(=) + C.

T
7
/ sech v/ tanh V£ dt sech v/t tanh /% dt

. The v/t is annoying so substitute u = v/t (du = -2.). / =

449,

2Vt Vi
2 / sech v tanh v du. From the book, /sechutanhu du = —sechu +C, So/ SeCh\/Etjlhﬁ a =
t
—2sech \/% + C.

—In2
#53. / 2¢% cosh@ df. One could do this by Integration by Parts in analogy with
—In4

/ e” cosx dxr, but at this point in the book we have only substitution. If we recall

that coshf = %, the substitution © = e? looks promising. Well du = e?df so
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—In2 1 _ 1 112
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W =

) = (L) = (Fom2) - (2 —ma) = L yom2-m2= 2 o

#77. Part a). With the verbiage removed, we are being asked to verify that v = /%2 tanh ( <\ / %) t)

satisfies the differential equation m% = mg — kv? with initial condition v(0) = 0. In

this problem, m, g and k are constants. To simplify the writing (typing) let a = %
0o__-0

and check v = £tanh(at). v(0) = Ztanh(a-0) = £tanh0 = %Z%Z—O =92.0=

0, which verifies the initial condition. Compute % = Za sech’(at) = gsech®(at).

We are being asked whether m% is mg — kv, Well, m% = mgsech®(at) and

mg — kv? = mg — k(£ tanh(ah))2 =mg — ]%2 tanh®(at) = mg — mg tanh?(at). Since

sech?u = 1 — tanh® u the two quantities are equal.

Part b). We are being asked to compute tlim v(t) = tlim ¢ tanh(at). Since a > 0,
— 00 — 00

lim e = oo and lim e”* = 0. Hence lim cosh(at) = lim sinh(at) = oo so are
t—o00 t—oo t—o00 t—o00
limit is of the form 22 and hence a candidate for L’Hopital’s Rule. tlim ? tanh(at) =
—00 @
inh(at h(at
gsinblet) _ g aoosh(@®) _ 9 Jim £ coth(at). This looks like no improvement
t—o0 a cosh(at a t—0o0 agsinh(at) at—o0 g
so some other method must be employed. Recall tanhz = Zz;Z:z SO we may rewrite
1_e—2@ .. . g g .. l—e72*™ 5190
tanh x = ==%—. Now our limit becomes lim =tanh(at) = = lim =-— =
1+e t—o0 g a t—oo 14e~ 2t a 1+0
g_ /™9
a k

Part c). We are being asked to numerically evaluate /%2 when mg = 160 and
k = 0.005 or to find v/32000 = v/3.2 - 10* = /3.2 - 10? = 1.78885 - 10%.




