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O /1
Write the first four terms of the binomial series for (1 +z)z = Z (2

n=0
1 11 1
L1 11 1)k -2
four terms are 1 + 2 x+2( 51 ) 2-|-2(2 3)'(2 )x?’,orl-l—%x—%xz—i—ix?’.

)x”. The first

6
= /-2 z\"
Write the first four terms of the binomial series for (14 £)72 = Z ( <;) .
>3

The first four terms are 1 —2 & 5+ Lj_—l) <§> + —2(=2-1)(= 22

1—x+3x2 % 3,

Solve Yy — xy = 0 with y(O) 1. We are looking for a power series solution, y =
o oo

Zan ", Then v/ Znan = Z(n + Dapp12™ and xy = Zanac”+1
n=0 n=0

n=0
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y —xy=a1+ Z ((n +1Dans1 — an_l)x”. The only way a power series can vanish is
n=1

if all its coefficients vanish, so a; = 0 and the recursion relation (n+1)a,+1 —a,—1 =0

holds. The initial value condition y(0) = 1 shows ap = 1. The recursion relation can

be rewritten (k+2)ag2 = ay, or axr2 = 5. Since a1 = 0, azx41 = 0 for all integers

+
k > 0. Since ap = 1, agr = for all integers k£ > 0. Hence y = i x2n is the
- ’ Zkk" = 2"nl

o0 2n
solution. One can see easily that eT = Z o,
n=0
you will get if you apply your technique for solving first order linear equations to this
problem.

1‘_
2

as well. y = ez is the answer

Solve(l—x)y’' —y = 0 with y(0) = 2. Same yoga as the last problem. We are looking for

o0 [oe) o0
a power series solution, y = Z an,z". Then ¢y = Z na,a" "t = Z(n + Dapyi2™.
n=0 n=1 n=0
(@) o0 [ee]
Then (1—2)y =y —xy’ = Z(n+ Dapsr2™ — Z(n +1Danp12"™ =ay + Z((n
n=0 n=0 =
(e e}
Dapy1 — nan)x” and (1 —2)y —y =a1 —ap + Z((n + Dapy1 — na, — an)m" =
n=1

a; —ag+ Z(TH— 1)(@nt1—an)z™. In order for this power series to vanish, a; —ag =0
n=1
and ap4+1 —a, = 0 for all n > 1. Hence a9 = a1 = ay = --- = a, = ---. From

the initial value condition y(0) = 2 we see a9 = 2, so y = Z 2x™ is our solution.
n=0

Note that this series is a geometric series so y = —12—33 is another expression for the

solution.



# 43. Find a polynomial that will approximate the function F(x) = / sint? dt on the
0

interval [0,1] with an error of magnitude less than 1073. First write down an ex-

0 (_l)nx2n—|—1 o (_1)n(t2)2n+1
act power series solution: sinx = T;J W so sint? = ?;) 2n+ 1)1 =
N (t)4n+3 x N
—1)"
S DO iy - [ = 3 TV Bl (et
—  (2n+1)! 0 —  (2n+1)! = (4n+3)-(2n+1)!
On the interval [0,1] the series is alternating because z4"*3 > 0 and one can see

m4n+3

An+3)- (2n+1
associated to the Alternating Series Test applies.

that for a fixed z in this interval ( )0 decreases to 0. Hence the estimate

‘ ‘ m (_l)nx4n+3
Th that th 1 1 of d has th t
is says that the polynomial of degree m, ; n+3) @t as the property
m (_1)nl,4n+3 m4m—|—7 ) )
that |F(z) - | < f the interval
at |F(x) 7;)(4n+3)-(2n+1)! S Gma 7). @t 3 or every z in the interva
m _1)n$4n+3 1
0,1]. Si Am+T 4 d F(z)— ( <
[0, 1]. Since z increases as x does, |F(x) nz_% @3- @Dl S @t 7). @nt3)
and we may choose any m so that @+ -1(2m 3! <1073, When m =1, (4m +7) -

3 7
(2m+3)! = 11-5! = 11120 = 1320 > 1000. Hence the polynomial % — % approximates

F(x) to within 1073 on the interval [0,1]. The answer in the back of the book is not
completely correct. If one is approximating F'(z) one would like to see a polynomial in z,
not t. The book is not wrong to include an extra term. Once the polynomial of degree m
works, so does the polynomial of degree m + 1.

. : = . A Sy (i D L = — (1"
# 53. Find mlLI%OxQ(e —1). Since e” = Z ) e” = Z 7(1! m)% soe” —1= Z 7(1! x)zn
n=0 n=0 n=1

andhencer(e;_;—l)— Eooﬂ— ;O ﬂ As z — o0 L oes to 0
B n! z?=2 (n+1)! 22"’ 12 8
n=1 n=0

so only the degree 0 term is left in the limit and that term is —1.
__1

Hence lim xQ(e’”2 —1)=-1.



