§9.09

# 1. Area inside the oval limagon r = 4 4+ 2cosf. To graph, start with § = 0 so r = 6.
Compute % = —2sinf. Interesting points are where % vanishes, or at # = 0, «, 2,
etc. For these values of 8 we compute r: (6,0), (2,7) and the values repeat. Hence,
starting at # = 0 and rotating counterclockwise, we see the point moving in along the
ray starting at 6 until at # = 7 is has moved into 2. As the ray moves from 6 = 7 to
0 = 2m, the point move out along the ray starting a 2 and finishing at 6. Just to get

s 3T

a good picture it is worthwhile to plug in § = 5 and 6 = = where r = 4. Hence the

area we want is swept out once as 6 rotates from 0 to 2.

2m 2m
From the formula in the book Area = %/ r? df = é/ (4 + 2cos0)*)do =
0 0

1 2T 2m 2m 2m
- (16/ do + 16/ cos 6 df + 4/ cos? dO). Do the pieces: / do =0
0 0 0 0

2

2r
= 2m;
0

27 2w 2m 1 20 27
:O—O:0;/ c0320d9:/ md@:l/ do +
0 0 0 2 2 0

27
/ cosf df = sinf
0

2m 2m
! / cos(260)df. Pause to do/ cos(20)df = %sin(Z@)
0 0

27
2 0
1
2

27
=0-0=0. Hence/ cos? 0df =
0

- 21 = 7. Hence the Area is £(16-27 +16-0+4 - 1) = 18.

# 3. Area inside one leaf of the four-leafed rose r = cos(26). Begin with the graph, starting
with 6 = 0. d—g = —25sin(20) which vanishes when 26 = 0, 7, 27, 3, 47, etc. or when

0=0, 35, m 5, 2w, etc.: 7 itself vanishes when 6 = 7, %va %’r, %’r, etc.

A remark which is apparent if you draw the graph but not if you just look at it is

that from 0 to 7 you trace out the top half of the right-hand leaf, but from 7 to 5 you

trace out the left-half of the lower leaf. You have many choices for a range of § which
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sweep out one leaf: [Z to 2X] sweeps out the lower leaf; [2F to 2F] sweeps out the left-hand

leaf; [%’r to %] sweeps out the upper-hand leaf; [%’r to %T”] sweeps out the right-hand

leaf. We can also sweep out the right-hand leaf with [~7 to 7] and this is the one we

1 £ 11 46
choose. Hence the Area is %/ r?df = E/ cos?(20) df = 1/ +C%()cw =
T iy _% ’ _7-:21‘: ’ _%

—(/ do +/ cos(40) d@). Do the pieces: / do =46 =——(-—)=-+-=-;
4\)_=m _m _T - 4 4 4 4 2

- T T I 4

q s
/ cos(40) do = isin(éle) 47r = i(sinw — sin(—m)) =0. The Areais ;- (3 +0) = Z.

T 1

# 7. Area shared by the circles r = 2 cosf and r = 2sin 6.

By drawing the graph, you see each circle can be swept out once by letting # run
from 0 to m. The polar coordinates of the intersection point can be found by solving
2cosf = 2sinf), or tanf = 1 or § = 7. While there are many solutions to the equation
tan# = 1, they are all obtained by adding integer multiples of 7 to 7 and we see that the

I 1
only one between 0 and 7 is Z. Hence the Area is 1 / (2sin 0)2d6 + . / (2cos 0)?dh =
0 2

I pl I T 1—cos(2
2/ sin® 6 df + 2/ cos?6 df. Do the pieces: / sin?6 df = / wde =
0 z 0 0

§</0% do — 0% cos(20)df) = 3(9‘? — ~sin(26) f) =-(5—-(smZ—sm0)) =~ (3 -

2

)=1-3 /jcoszedez/j Md9:1</7d9+/§cos(29)d9):3<0§+

2 8 4 J=m T 2 2\Jx T 2\ 17
LT 1 1 1

;sin(?@) i) = é((g = E) + é(sinw—sin%)) = é(% + é(O— 1)) = g - i. Hence the
1

Areais2(%—i)+2(g—i =51

# 11. Inside the lemniscate r2 = 6 cos(260) and outside the circle r = v/3. The lemniscate can

be graphed as follows. It is actually two equations r = £4/6 cos(26). Intervals where
cos(20) < 0 are excluded: these intervals are (%,37), (2 77) etc. The right-hand

44 4774
loop of the lemniscate is traced out by starting ¢ at —7 and going to 7. The entire
lemniscate can be described as the graph of r = /6 cos(20) where 6 runs over the

2



intervals [—7, 7] and [T”, 57]. Next we need to find the four points of intersection,
-2

S0 solve 6 cos(20) = = 3 or cos(20) = 3 so 20 = I + 2k, k: an integer, or
29 = —% + 2km. Hence 0 = &% + km and the four pomts are § = & (1st quadrant);
-z (4th quadrant); 7T (3rd quadrant) and 3T (2nd quadrant).

T I
The desired Area is %/6 (6 cos(20) — (\/§)Q)d0 + 2/56 (6 cos(26) — (\/§>2)d0 =
-z 51
i s 4 i s 1 PR
3/ cos(20) df — —/ do + 3/ cos(260) df — —/ df = 3sin(260) — -0+
5 gy 2 /g 5 2%
. 6 3 |6 . s . T 3, s . s 5 3,7
3sin(26) %—59 5 :3(sm(g)—sm(—g))—;(g—(—E))—{—B(sm(?)—sm(?))—;(z—
(5—7r)) Now sin(3) = ﬁ; sin(—%) = —sin(5). Since ?:T 2m + % sm(?) = sin(3) and

2
similarly, sin(2F) = sin(—%) = —sin(%). Hence Area= 6*[ 32r =33 -m.

# 21. Find the length of the cardioid » = 1 4 cos 6.

2
The graph is swept out once as 6 runs from 0 to 27. Length= Vr2+(r)?de.

0
Compute as follows. % = —sinf, so (r')? = sin® 6 so r? + (1) = (1 + cos#)? + sin®f =

1+2cosf 4 cos? 0 +sin® 0 = 2+ 2cosf = 2(1 + cosf) = 41+§OSQ 4cos?(4). Hence

27 27 T 27
cos( )‘d@-?/ cos( )d«9 2/ cos( )d@-
0 g

Length :/ WOM .y
iw> = 2(2 sin<§> —ZSin(O)) —2(2 sin(r) —2sin<g>) _s.

0

2(2sn(?)]) 2 (2sn()




# 25. Find the length of the curve r = cos? (%) 0<o< %. There is no need to graph this

curve since we are told the limits of integration, but just for the record, here is the
graph.

>

Next compute % = 300s2(§> — sin(%) %) =— sin(
cos® <§)—I—sin2 <§) cos? (%) = cos? (—) (0082 <g)+sin2 (g)
11 =
cos( > 0, so Length = / V2 4+ (r)2 df = / COSZ(§> dh = / Md@ =
0

/ a0+ / Cos(g)de_59\f+;(gsin(239>yj>:;
N

# 29. Find the surface area generated by revolving r = y/cos(20), 0 < 6 < 7 about the

w
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y—axis. Again the graph is not necessary but is included so you may practice if you
wish.
—(sin(26))2 sin(20)
Compute as follows. 4 = (SIL = — =7 - 2 4 ()2 = cos(20) +
P do 24/ cos(20) \/cos(20) () (26)
sin?(26)  cos?(26) + sin?(26) 1

— /72 T (11)2
cos(20) — cos(20) ~ cos(20)° Hence /7 \/K From the

book we have the formula, SurfaceArea = 27r/ rcos /12 + (r')? df =

0
27r/ V cos(20) cos ) —

do = 27r/% T 2 (sin(%) -
\/COS(QQ) 0 4
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Siﬂ(())) = QWg =

# 31. Find the surface area generated by revolving 72 = cos(26) about the z—axis. This
time a graph is helpful in determining the limits of integration.

The function cos(20) vanishes at —7, 7,

as r = \/M for [-7%, %] and [?jf, %]

A further problem occurs. To get the surface of revolution, we should only rotate
the top half or the bottom half of the curve. The right-hand branch can be swept out by
letting ¢ run from 0 to 7, which sweeps out the top half of the right-hand piece. The top
half of the left-hand piece needs 6 to run from ?jf to 7.

The next step is to compute /72 + (r)2. We just did this in #29 and we got

V(P =
\/cos( 29
Hence SurfaceArea = 27 / V/cos(20) sin ) ————

?jf, %’r, etc. so the curve can be described

+27r/ V/€os(20) sin ) ——— d6

cos(20)

) ~or{ (el -

4

\/cos(20)

+ (—cos @)

o

3 0

er ™
27r/ sin0d9+27r/ sin0d0:27r<(—cost9) 4
0

(- cos(O))) + ((— cos(m)) — (— cos(%)))). Since cos(%) = @; cos(0) = 1; cos(m) = —1;

and cos(2F) = —\/75 we get SurfaceArea = 27(2 — V/2).

# 37. Find the centroid of the region enclosed by the cardioid r = a(1+cos ). Look at #21
for the graph of the cardioid with a = 1 and recall that the cure is swept out once as
6 runs from 0 to 2.

2
To find the centroid we first calculate the area: Area = %/ (a(l + cos 9))2d0 =
0

o2 2m o2 2m 2m 2T o2 2m
—/ (142 cos O+cos? §)df) = —(/ d9+2/ cos 9d9—|—/ cos? 0d0> = —(/ df+
2 Jo 2 \Jo 0 0 2 \Jo

2m 27 2 27 27
1 2 a2
2/ cos0d9—|—/ Md&) :-(f/ d9+2/ cos@d@—kl/ cos(29)d9>.
0 0 2 232 Jo 0 2Jo

6ra’

The integral involving cos @ is 0 as is the integral involving cos(26) so Area = . Now

we turn to the moments.



2m 2m
The moment about the z—axis is & / r3sind do = - / a®(1 + cos ) sin 6 df.
0 3Jo

21

2
Substitute u = 1+ cos§, du = —sin 6§ db. a®(1+ cos0)®sinf df = —/ a’u? du = 0.

0 2
Once can also argue from symmetry: there is as much of the curve above the x—axis as

below it.

2 27
The moment about the y—axis is % / 3 cosfdf = é / a®(14cos 0) cos0df =
0 0

%3 /OQW(H—?) cos 043 cos® f+-cos® 0) cos 0df) = ? /027T (cos 0+3 cos? 043 cos® O-+cos* 0)db =.

We can do / cos* df by parts as follows. Let © = cos® 6, dv = cosf df. Then du =
—3 cos? @ sin fdf and v = sin §. Hence / cos? df = cos® fsin «9—/(sin (-3 cos? sinf)db =
cos®Osinf + 3 [ cos®Hsin? @ df. Now write sin®?f = 1 — cos?d so [ cos®sin?6 df =
/COS2 9d9—/ cos® 0df. Plug back in and solve for /(3034 0do: 4 / cos™ 6df = cos® 0 sin 6+

30sin 6
3/(:0828(19, or/cos‘%d@z%—ki/coﬁ@d&.

cos? 0sin 6

A similar Integration by Parts and solving for the integral gives / cos® 0df = 3

z /cos@ do.
3

27 27
Hence / (cos® + 3cos? @ + 3cos® O + cos* 0) df = / (3cosf + %r)cos2 6) do +
0 0

2 30sin g 27 2m 2 2 q 26
cos? 0 sin 6 —I—M . Further/ cosfdf =0 and/ cos? 0dh = / —H:L()dﬁ =
0 4 0 0 0 0 2
7. Hence the moment about the y—axis = %1‘% = 5721“
5ma’
Therefore, the x coordinate of the center of mass is 5 ;‘ag = %L. The y coordinate of
4

the center of mass is 0.



