Extra credit homework 7, due November 3

I've included solutions for each part.
Let n be a non-negative integer. The nth Chebyshev polynomial
T, (z) is defined to be

T, (x) = cos(n arccos x).

(a) What are the domain and range of this function?

Solution: Since T, (z) is the cosine of something, then its range is
[—1,1]. Since you need to take the arccosine of z to define 7),(x), then
the only allowed values for x are [—1, 1], so this is the domain as well.

(b) Find simpler forms for Ty(x), T1(x), To(z), and T3(x).

Solution: I need some trig identities:

(1) cos(y+z) = CO8 Y/ €08 2 — siny sin z
2) cos(2y) = 2cos’y — 1
) sin(y + z) = siny cos z + sin z cos y
) sin(2y) = 2siny cosy
) sinysinz = 1/2(cos(y — z) — cos(y + 2)
) siny cosz = 1/2(sin(y — z) + sin(y + 2)

)
)

(x) cos(O)

(x) = Cos(arccos x) x,

(x) = cos(2arccos r) = 2 cos?(arccos x) — 1 = 22* — 1,
() = cos(

cos(3 arccos )

cos(arccos x) cos(2 arccos x) — sin(arccos z) sin(2 arccos z)

x(22% — 1) — sin(arccos x)2 sin(arccos ) cos(arccos )
= 22 — x — 2sin®(arccos ) cos(arccos )

= 223 — 2 — 2(1 — cos?(arccos x)) cos(arccos )

=22% — 2 —2(1 — 2z

= 42° — 3.
(c) Show that, when n is at least 1, then

Toi1(x) = 22T, (x) — Th1(z).



Solution: Let # = arccos x.
Thi1(z) = cos((n+1)0)
= cos(f + nb)
= cos # cos nf — sin # sin nf

(using trig identity 1)
1
= aT,(x) — 5(008((71 —1)0) — cos((n+ 1)0)
(using trig identity 5)

= 4T (@) = (T (x) = T (2)
= aT,(x) — ;Tnl(:z:) + ;Tnﬂ(a:).

Now solve for 7,41 (x).

(d) Use part (c) to show that T,,(x) is a polynomial of degree n.

Solution: Well, by part (b), we know that this is correct when n is
0, 1, 2, or 3. If we know that T, (z) is a polynomial of degree n, and
if T,,_1(x) is a polynomial of degree n — 1, then by part (c), we can
see that T,,1(x) is a polynomial of degree n + 1. Starting with n = 3,
we see that Ty(z) is a polynomial of degree 4, T5(z) is a polynomial of
degree 5, etc. (By "etc.”, I really mean that you should prove this by
induction.)

(e) Use (b) and (c) to express Ty, T5, and Tg as polynomials.

Solution: To get Ty, we apply (c¢) with n = 3:

Ty(x) = 22T3(x) — To(x)
= 2x(42® — 3x) — (227 — 1)
=8z% — 82 — 1.
Similarly,
Ts(v) = 162° — 202* + 5,
Ts(x) = 3225 — 482" + 182% — 1.

(f) What are the zeros of 7,7 Where are its local maxima and
minima?
Solution: T,,(x) = cos(narccos z), and cos(f) = 0 when 0§ = +7/2,

+37/2, £57/2, ... . So T,(z) = 0 when narccosz = +7/2, £37/2,
+57/2, ... . In other words, 7, (z) = 0 when
arccos x = +7/2n, +37/2n, +57/2n, .. ., or

x = cos(m/2n), cos(37/2n), cos(5m/2n), . ..
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Since T,(z) is a polynomial of degree n, then it should only have n
zeros; in fact, the terms in my list of zeros start to repeat after a while,
so the zeros are actually:

x = cos(m/2n), cos(3m/2n), cos(bm/2n), ...,cos((2n — 1)m/2n).
To find the local maxima and minima, we differentiate 7,,(z) and set
the derivative equal to zero:
nsin(n arccos x)
N

This is zero only when sin(n arccos z) = 0, which happens when

=0.

T, (x) =

narccosx = 0,7, 2m, 3w, ..., or
T 2w 37
arccost =0, —, —, —..., or
n'n n
T 2 (n—1)m nw
x = cos(0) =1, cos(—), cos(—), ..., cos ,cos(—) = —1.
(0) = 1,cos( 0, cos(—), ., cos(— ), cos(")

(g) What is the integral of T,,(z) with respect to z, as x goes from
—1to 17
Solution: Let u = arccosx, so cosu = x, so —sinu du = dzx.

1 0
/ cos(n arccos x)dr = —/ cos(nu) sinu du
™

= ;/Ow(sin((l —n)u) + sin((1 + n)u))du

(by trig identity 6)

( ! cos((n — 1u) — i n cos((n + 1)u)>

T

0

(h) You can define Chebyshev polynomials T}, for any number a, not
just a non-negative integer. What can you tell me about T, in general?
What about T, for specific values of a (for instance, a = 1 or a = £)?

Solution: This is an open-ended question; I wasn’t looking for any-
thing in particular. For example, though, T% (x) = cos(% arccos x), and
you might try to simplify that using a half-angle formula.

(i) What are these Chebyshev polynomials good for, anyway?



Solution: If you want to know, then go to the library and do some
research. When you get to the library, you may need to know how to
spell Chebyshev:

For what it’s worth, “Chebyshev” is sometimes transliterated as
“T'schebyscheft” or “éebysev” or in various other ways. See The Thread
by Philip Davis for more information (on the transliteration problem).



