Exam II
March 16, 2004

12. Evaluate:
[ i
— dx.
1 — 422

Try a trig. substitution with sin = 2x. Then dx = %cos@ do, r = % and V1 — 422 =
cos B, so

x2 sin?0 1 1 1 [1—cos20
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:%(9— w) +C = %6(9 — (sinf)(cos b)) + C

Now 0 = arcsin(2z), sin# = 2z and cos = /1 — 422, so

2 1
/ \/%sz dx = 16 (arcsin(Qm) — 2z 1 — 4302) +C

13. Consider the integral

2
/ (2z + 3) dux.
0
(a) (5 pts.) Evaluate this integral exactly.

a
(b) (8 pts.) Using the Trapezoidal Rule with n = 4 find an approximation to the integral.
(c¢) (2 pts.) Explain your answer in part (b).Hint:Consider the error.

(a) Jy (22 +3) du = a? +3a]; = (2 +3-2) = (0 +3-0) = 10.

(b)
T, :g [F(0) +2f(1/2) +2f(1) + 2f(3/2) + f(2)]
:12£ [3+2(4) +2(5) +2(6) + 7] = %0 = 10.

(c) The error bound for the Trapezoidal Rule involves the second derivative of the in-
tegrand, f(z). Notice that for this problem f”(x) = 0 so that we may take K = 0
and

K(b—a)?

= 0.
12n2

|Er| <

The error is guaranteed to be zero.




14. Find the area of the surface obtained by rotating the curve about the y—axis:

aj:\/a2—y2 Ogyga

Specifically,

(a) (9 pts.) Write an integral which gives the surface area using the general formula for
surface area.

(b) (6 pts.) Evaluate your integral.
Solution 1: For revolution about the y-axis

A = /27rxds = /0a27rf(y) 1+(f’(y))2 dy.

We have
-y
F'y) = 5(a® =)V (~2y) = ——=.
a= —y
Thus
" 2
A:/ 2w/ a? — y? 1+<——y> dy
0 aZ — 42
a 2 a
:/ 27r\/a2—y2\/1—|— 2y 5 dy = / 2y a? —y? + y? dy
0 a” -y 0
:/ 2mVa? dy = / 2rady = = 2ma(a — 0)
0 0
=27a’.
Solution 2:

a 2
A = /27r.rds = / 2mxq [ 1 4 d_:z: dx.
0 dy

We have x = y/a? — y? for 0 < y < a implies y = Va? — 22 for 0 < z < a, and

2 1/2 _ -z
& 2(a x?) "2 (— 2:8)_—&2—302.

i 2m¢1+(m) / /
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for u = a® — 2 and thus du = —2zdx. Thus

Thus

02
A= ul = —2ma(0 — a)

=2ma’.



