More examples on induction
Example 2
14+3454+..+@2n—1)=n?

Proof. For n = 1,LHS =1, RHS = 1?> = 1. Assume that identity holds for
n==k:
14+34+5+..+(2k—1) =k~

Then for n =k + 1,

LHS = 143+5+...+(2k—1)+(2(k+1)—1) = k*+2k+1 = (k+1)* = RHS.

Example 3

1=1
1—4=—(1+2)
1-4+9=1+2+3
1-4+9—16=—(1+2+3+4)

Guess the general formula and prove it.

n—ln(n + 1)

Guess: 1—44+9—164 ..+ (=1)""n? = (-1) >

Proof. For n = 1, obviously true. Assume that the identity holds for n = k:

1—44+9-164 ...+ (-1)F k2 = (—1)’f—1k(k2+1).

Then
LHS = 1-4+49—-16+4 ..+ ()" %2 + (=DFk + 1)
= S P
2

2
_ (_1)k2(l<: +1)2 — k(k+1)
_ ok DEF2)
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HW: p.35 # 1c, 3



Example 4 General Properties of Sums:

Z an + by) Z Z b,  (additive property)
k=1 k=1 k=1

n
Z can, = ¢ Z an  (homogeneous property)

n
Z cap =c Z a, (telescoping property)

These properties can be used to prove:

§§2k—1 }:%2 1)’} = n?
k=1

by the additive and telescoping property.

n
k=7
k=1
To figure out what the answer is observe that

K — (k-1 +3k—1

Hence

Sk = ) =
k=1 3

k=1
1 n n n
= §Z(k:3—(k:—1)3)+2k—21
k=1 k=1 k=1
3
1
_ w_ nntl) n
3 2 3
_ . . n
3 2 6

The main point is this. If we already guess the correct formula then usually
the validity of the formula can be checked by induction; however the much
more difficult part is to come up with the correct formula.



HW: p.40 #7, 8
Solutions (# 7) Find the sum: Y7 ;3. Since

(i+1)*—i* =4 + 62+ 4i 4+ 1

hence
- .3 1. & . 4 .4 - K - .
Zz :Z{Z((Z+1) —z)—6Zz —42@—12.
=1 =1 =1 =1

By the telescoping property:

g;((i +1)* -t = i{(n +1)* =1},

| =

and by the previous examples:

1. & 3 nd n? n
Z{6 2y 2 0
1t ;Z} g+ 3 5!
and
1 . n? n
1{422}:{?4‘5}
i—1
Thus
" 1 3 nd n? n n2 n, n n* nd n
3 4
— - Y1 [ N N I WY O QU L L
Z;Z gt ==t o+ g+l -1 =T+35 7%
(#8) (a) Yhoo=@Q—2")/A—=z), z#1.
Observe that, by the telescoping property:
n n
(1—$)Zxk:Z(xk—1}k+1):1—$n+1.
k=0 k=0

The formula now follows by dividing both sides by 1 — .
(b) If 2 =1 then

n
Zx’f:10+11+...+1”:n+1.
k=0



Lemma If @ > 0 then |z] < a if and only if —a <z < a.

Theorem(Triangle Inequality) For any real numbers ay, ..., a,, we have:

n n
1> <ail <> |ai|?.
i=1 i=1

Proof. Theorem is clearly true if n = 1. If n = 2, we have, by Lemma:
—la1| < a1 <la], —laz| < az < |azl.
Adding the two inequalities we obtain:
—(la1| + laz|) < a1 + a2 < |a1]| + |az|.
By Lemma this last inequality is equivalent to
lar + az| < |a1| + |az].
The case of general n follows by induction. QED

Theorem (Cauchy-Schwarz Inequality) If aq,...,a, and by, ..., b, are arbi-
trary real numbers. Then

(D aibi)® < (D ai)(D_ b))

i=1 i=1 i=1

In fact, we have:
O_a)O b)) — O aibi)? = > (aibj — ajb)’.
i=1 i=1 i=1 1<i<j<n

Proof. Theorem is clearly true if n = 1. For n = 2,
(a1b1 + asbo)? = (a1b1)? + (azbe)? + 2a1b1asbs

while
(a3 4 a3)(b? + b3) = (a1b1)? + (agbe)? + alb3 + a3b?.

Thus

(a% + a%)(b? + b%) — (albl + a2b2)2 = a%b% + a%b? — 2a1b1a262 = (a1b2 — agbl)Q



is non-negative and is zero if and only if a1bs = asb;.

Assuming that the Theorem holds for all n < k and consider the case
n==k+1:

k41 k41 k41
(D aibi)* < (3 a)(D_b))?
i=1 i=1 i=1
Write the LHS as
k k k
(O aibi) + apgrbrin)? = (O aibi)® + (apy1bri1)? + 2api1bpy Yy aibi
— — i=1
and write the RHS as
k k
Z a?) + aj1)( Z b7) + bjri1)
i=1 =1
k k k
= Z Z b}) + ak+1(z b}) + b2+1(2 aj) + a%—&-lb%—&—l'
i=1 i=1 i=1 i=1
Then the difference
RHS — LHS
k k k k k
= a)(O_ b)) - Z aibi)? + a1 (O 67) + bj 1 (O a7) — 2ap41bpg1 Y aib;
i=1 i=1 i=1 i=1 i=1
k k k
= Z (aibj - ajbi)Q + CL%+1(Z b%) + biJrl(Z a?) - 2ak+1bk+1 Z aibi
1<i<j<k i=1 i=1 i=1
k
= Z (aibj — ajbi)2 + Z(aibk_H - ak+1bi)2
1<i<j<k i=1
= Z (aibj — ajbz-)z.
1<i<j<k+1

We have used the induction hypothesis (i.e. the case n = k is valid) and the
elementary identity:

k k k k
D (aibryr — apy1bi)® = by Y af = 2ap1bery Y aibi +aig Y b7
= = i=1 i=1

QED

HW p. 43 # 1 (h), 1 (i), 1 ()); p-44 # 2, 3, 4



