MATH 165: HONORS CALCULUS I
EXAM II SOLUTIONS

(1) a

) lim ( ) = A means given any € > 0 there is a § > 0 such that if |z — p| < J then |f(z) — A] <e.
b) A unction f is continuous at p if f is defined in a neighborhood of p and hm f(z) = f(p).

c¢) The inverse of f(x) is a function g(x) whose domain is the range of f and satlsﬁes y = f(x) if and
only if g(y) = .
. flet+h) = fz)

M) —
Q) (@) = i TEFD SO,

(2) a) Basic LiMiT THEOREMS. Let f and g be function such that lim f(z) = A and lim g(z) = B. Then
T—p T—p

) lim[f(z) +g(2)] = A+ B,
i) lim([f(z) —g(z)] = A - B,
i) (/) ()] = A+ B,

—p
) lim[7(2)/g(a)] = A/B, if BA0.

b) INTERMEDIATE VALUE THEOREM. Let f be continuous on [a,b] and let x1 < x5 be points in [a, b]
such that f(xz1) # f(z2). Then for any value k between f(z1) and f(z2) there is at least one point
¢ € [z1,x2] such that f(p) =c.
¢) EXTREME VALUE THEOREM. Let f be continuous on [a,b]. Then f has a maximum and a minimum
in [a, b], that is, there are points ¢, d € [a, b] such that f(c) < f(z) < f(d) for all = € [a.b].
d) MEAN VALUE THEOREM FOR INTEGRALS. Let f be continuous on [a, b]. Then f attains its average
value at some point in [a, b], that is, there is a p € [a, b] such that

f(p) b_a/f

(3) a) liml(:v — 1) sin 1= 0. This follows from the SQUEEZING PRINCIPLE: —1 < sin x 1 < 1 for all
r— T — T —

xz # 1, s0 —|x—1|<(:z:—1)s1n

middle term also approaches 0.

v

1 < |z — 1|. Since the outside terms, +|z — 1|, approach 0, the

b)
— 2 _
lim cos(z) — 1 — m (cos(x) — 1)(cos(z) + 1) i 58 () -1
z—0 2 T—0 x2(cos(z) + 1) 0 x2(cos(z) 4+ 1)
— sin® 1 i |
_ oy B (x) — lim _[sm(:v)}
z—0 x2  cos(x)+1 -0 x cos(z) + 1
= _—12. 1 - _1
2 2
c)
lim 2° — [2°] = lim 2® — lim [#%] (both left-sided limits exist)
T—27 T—27 T—2~

= 8-7=1 (if 1.95 <z <2 then [z%] =7)

1
d) Since the right-hand limit, lim x’l + —‘ = lim —Hx +1] =1-]0+ 1| = 1, does not equal the
T T

z—0*t z—0+ |

left-hand limit, lim i|a; +1]=-1-]/0+1| = —1, the limit lir%x‘l + f‘ does not exist.
z—0~ T— x

||

Date: November 19, 1998.



(4)

MATH 165: HONORS CALCULUS I EXAM II SOLUTIONS

a) Let f(z) = 22/ + 27!, > 0. Then, by the power rule, f'(z) = (2/3)z?/37' + (=1)z" 7! =
(2/3)z= Y3 — 272,

b
b) Let a and b be constants, not both zero, and let f(z) = ax+b . Then, by the quotient rule,
a—bx
, ala — bx) — (=b)(ax +b) a? +v?
= = 0 for all b.
f'(@) @~ bo)? (a—bx)2> or all z # a/

c¢) Let f(z) = (ax + b) cos(x) + (cx + d) sin(z). Determine values of the constants a, b, ¢, d, such that
f'(z) = xsin(x).

Solution. By the power rule, f'(z) = acos(z) — (az + b) sin(z) + esin(z) + (cx + d) cos(z) = (cx + d +
a) cos(x) + (—ax — b+ ¢)sin(z). This equals zsin(z) when —a =1, =b+¢=0,¢=0, and d+a =0,
ie., whena=—-1,b=c=0, and d = 1. Thus f(z) = —z cos(z) + sin(z).

Let f be an integrable function on [a,b] and let F(x / f(t)dt. Prove that F' is continuous at
¢ € [a,b].
Proof. Tt is enough to show that lim F(z) — F(c) = 0. First note that

r—cC

o= [ [ o [ s

Since f is integrable on [a,b], it is bounded on [a,b] by definition, so there is a constant M > 0 such
xT

that —M < f(z) < M for all x € [a,b]. This implies that —M|x — ¢| < / fx)dx < Mz — ¢|, so

|F'(z)—F(c)] < M|x—c|. Given any € > 0, let § = ¢/M. If |x —¢| < §, then |[%‘(:v)—F(c)\ < M|z—c| <
Mé =e.

Let n > 2 be a positive integer. Prove that the polynomial f(z) = 2™ — nz 4 1 has a root in [0, 1].
Proof. If n = 2, then f(z) = 2® — 2z + 1 and f(1) = 0. So we may assume n > 2. Since f(0) = 1 and
f(1)=1—-n+1 <0, Balzano’s theorem implies that there is a ¢ € [0, 1] such that f(c) =0

1
Find the largest interval I containing = 1 on which the function f(z) = 52 has an inverse. Give
x

a formula for the corresponding inverse function, f~!(z), as a function of 2 and determine its domain.
Solution. First note that f is strictly decreasing for x > 0: If 0 < z; < x5 then 1 + x% <1+ x% SO
1 1
To) = <
) = 1+a?
interval, since any such interval would contain a negative number, say —a < 0, and f(—a) = f(a)
showing that f is not 1-1 on that interval.

1 /1
To find f~!(z) we solve the equation y = T3 22 for x to get © = +4/— — 1. The range of f on the
€z Y

= f(x1). Therefore, f is 1-1 on [0,00). Now f cannot be 1-1 on a larger

1
interval [0,00) is (0,1]: it is clear that 0 < T3 22 <1 and any number 0 < y < 1 is achieved by f(z)
T

1 1
when z = /= — 1. Thus the inverse function is f~'(z) = {/= — 1 and its domain is (0, 1].
y T

a) Using the definition of continuity, prove that f(z) = z? is continuous at any real number p.

Proof. We must show that given any € > 0 there is a § > 0 such that if |z —p| < ¢ then |f(z)— f(p)| < e.
If « is within 1 unit of p, i.e. if [x —p| < 1, then |z| < |p|+1, so |z +p| < |z|+|p| < 2|p|+1. This allows
us to estimate |f(z) — £(p)] in terms of [z—pl: | f(z)— f(p)| = |2° —p?| = |o-+pllz—p| < (2lp|+1)|z—p.
Let 6 = min{1,¢/(2|p| + 1)}. Then |z — p| < 6 implies both |z —p| < 1 and |z — p| < ¢/(2|p| + 1) and
we get |f(x) = f(p)] < @2lp| + D]z —pl < 2lp| + 1)e/lp| +1) = e

b) Using the definition of the derivative, prove that the derivative of f(z) = /z is f'(z) = F
T
Proof.
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