MATH 166: HONORS CALCULUS 1II
FINAL EXAM SOLUTIONS

Problems 1 and 2 are definitions and theroems that can be found in the text.

3. a) arctan(z) < tan(y) dy L ! ! !
. = arctan(x n =T. — = = = = :
Y Y dv  dz/dy sec?*(y) 1+tan?(y) 1+ a2

1
T 1 then f'(x) = —2/(z — 1)2. Thus, f(x) is strictly decreasing on the intervals = < 1

b) If f(x) =
and = > 1 and therefore has an inverse on each of those intervals. To find f~!(z), solve y =

1
yr—y=z+1, a2y fl)nyrland:cf& Therefore, f~ ():i:f(x) .
Y=

for x:
rx—1

r—1

z cos(z)
4. a) Let A(x) = /0 exp(1—t?)dt, so A'(z) = exp(1—2?). Then/ exp(1—t?) dt = A(cos(x))—A(sin(x))

in(z)
cos(x)
and by the chain rule | . exp(1 —t?) dt = A’(cos(x))(—sin(z)) — A’ (sin(x)) cos(x) = — sin(x) exp(1 —
cos?(z)) — cos(z) exp(1 — sin?(z)) = — sin(x) exp(sin®(z)) — cos(x) exp(cos?(z)).

b) Let f(z) = 7%, @ > 0. Since f'(z) = exp(—xlog(z))[—log(z) — 1], we see that f(z) is increasing
(f'(z) > 0) if log(z) + 1 < 0 and decreasing (f'(z) < 0) if log(z) +1 > 0. This implies that f(z) has a

maximum when log(z) +1 =0, i.e., at # = ¢! = 1/e with maximum value f(1/e) = e'/¢.

T

vr+4

a) Substituting u = z+4, du = dx gives /

2

1 1 1 1 1
b)/id:ﬂ:§/77 dz:§(10g|m|flog|x+2|)+0

2 4+ 22 r x+2

2
do = /u1/274u*1/2du = g(x+4)3/278(x+4)1/2+0 =

dx = arcsin((z +1)/2) + C.

C’/m“:/m

S 2du 1 2
d) Substltutlng u = tan(0/2), df = m, COS(G) glVeS / 2 Te Ob = / mm du =
tan(6/2
w012 e

2 2 U 2
/mdu \[arctan(j)—FC—ﬁart ( 3 )
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o0 a
e) / e Tsin(z)dx = lim e Tsin(x)dx. Integrating by parts with u = sin(x), dv = e “dx gives
0

a— 00 0
a a

a
e ¥ sin(z) de = —sin(a)e™ —|—/ cos(z)e™" dx. Repeating this with u = cos(z) gives / e ?sin(z) dr =
0 0 0

a a 1 1
—sin(a)e™® —cos(a)e ™ +1— / sin(x)e™* dzx, so / e Tsin(z) dx = 3~ ie_a(sin(a) + cos(a)). Therefore,
0 0
in the limit as a — oo we get / e Tsin(x)dr =1/2.
0
n (k) (n+1)
6. a) f(x) = kZ:O / n!(a) (x —a)* + f(nJrl()c')(x —a)"™* for some ¢ between a and .
x x 1 T —z? —z%\2 —z2\n  (—2?/3)"HL
b 5= 5 ) =50+ () + () o () )
Vs~ s\im ey — 3 ) H ) o ) Y )
T (L>_§_£3+£5_ L (Epramt
\e2 43/ T3 327 3 gn+l

1 1. - 1 1 .
¢) Since log(1 +u) = u — §u2 + §u3 + o(u?), log(1 4 2?%) — log(1 + 23) = [2? — §x4 + §x6 +o(z")] — [2® -

1 1 5 1 5
5556 +o(2®) =2 — 2 — 51;4 + 63@6 + o(z"). Hence Tr[log(1 + %) — log(1 + 23)] = 2 — 23 — §x4 + 61‘6.
2y _ 4 Ny _ A 7 _ 3
T cos(m.g 1:(1 m2/2—|—0(z )2 1: 2:[’ /22+0(w3): 1/24—0(:5)%7735;3%0,
x2 sin”(x) 22 (x 4 o(x?)) x2(x2 + o(x3)) 1+ o(x) 2
b) i 1( 1 1 ) . 1(\/1—‘1-56—\/1—33)
im — — = lim —
z—0+t T \\/1—2 14z z—0+ T 1—avl+2x
. (I+z)—(1-2) . 2 2
= lim = lim = =
=0t o1 —22(VT—z+VIT+a) =0t Vi—22(VT—z+/I+z) 1(1+1)
inh(1 1/ 142 _ —1—x 14z 1— —2—2x 1— —2—2z
c¢) lim w = lim 2(‘? c ) = lim ¢ ( € — ) = lim 6(67,,):6
T—00 COSh(Q?) r—00 §<e$ + e_iv) T—00 e“‘(l + e_Q"L) T—00 1 + e_Q"L
1/n (_1)" 1/n (_1)" 1/n
: 100 | /_1\n T 100/n 1 : _
d) nh_)n;o <n +(-1) ) nh_)n;on (1 + 160 ) nlirgo exp[1001og(n)/n) 7}1—>H;o (1 + 700 )
exp[0](1+0)° =1

n=1

= /1 1 = /1 1 1 1 = /1 1 > 1 1
s a3 (5 -e) =X (- i) = )t G ) -
a)z n n+2 ngl n n+1+n+1 n -+ 2 ngl n n-+1 +Z n-+1 n -+ 2

n=1
(1 lim — )+ ( L ) 14223 [telescopi ]
— — 11m — — 11m = —_ = = elescopin SUIms|.
1 o2 nt1 T+1 nosen+2 272 Scopiug sums

224 (=" N DN R 1/3 —-1/3 1 3
b)ZT:2Z(§) +Z(?) :21—(1/3)+1—(—1/3):1_1:1'
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) d
) 223 + 4a® + 627 + 82 + - = 2?2 + 423 + 625 + 827 +--.) = zzd—(x2+x4+x6+z8+~~) =
x
22 d [ x? } o p2x(1—a®) — (—2x)2® 248
dol1— 2] (1—2a?)? (1 —22)?
1 1 1 1 1 1 1 1
d) The series 31 + 673 + --- converges by Leibniz’ Rule. Since 5:102 - 1:104 + 6966 — gacg 4=
xr . x T t
/ (t—t3+t> =t 4. )dt = t(l—t2+t4—t6+...)dt:/ 1+t2dt 10g(1+x2),Abel’sTheorem
0 0 0
1 1 1 1 1 1
implies that 5717+ 73 4= zlinff 3 log(1 4 2?%) = 3 log(2)
: 1—s > 1 1 1—s e
a) Since s > 1, log(a)"™° — 0 as a — oo, so ——dr = —— 10g(m) < oo. By the Integral
5 xlog(z)s 1- 2

(=n"

- is absolutely

1
Test, the absolute value series Z - converges. Therefore the series z log(n)
nlog(n)®

= nlog(n)®
convergent.

1\" d 1\"
b) Since lim (1 + f) = e, the terms of the series E (—1)"(1 + 7) do not approach 0, so the series
n—oo n e n

diverges by the Simple Divergence Test.

— 1
= 1. The harmonic series Z — diverges (e.g., by the
n

n=1

1
¢) First observe that n_. %

~ — since lim 5
1 n n—oon? +1

Integral Test), so the absolute value series Z T diverges. However, the terms strictly decrease

—1)"n
n?+1

_n
n?+1

to zero, so the series Z converges by Leibniz’ Rule and is therefore conditionally convergent.

10. a) Applying the Ratio Test to the absolute value of the terms of the series Z(l + (=3)")a" yields

n=0
1+ (=3)" |z 1 0
lim 1+ (=3) ||z|n = lim 1/ (=3)" + (= )‘| | = 0+ (= )|\ | = 3|x|. The series thus converges for
n—oo |14 (=3)"|z| n—oe |1/(=3)" +1 0+1]
3 n
|z] < 1/3 and diverges for |z| > 1/3. At the endpoints x = £1/3, the series Z +:l:(3)) is divergent since

its terms do not approach 0. Therefore, the interval of convergence is (—1/ 3 1 / 3).

)2n

b) Applying the Ratio Test to the absolute value of the terms of the series Z (z+ yields

n3nr
n=1

122 3" 1 1 1
Jim. (2_—::&3714_1 . |x:L_ G = nlLIrolo (%H)g\x—i—lf = g\x—i—l\Q. The series thus converges if §|ac—l—1|2 <1,

1
e, |z + 1| < V3, and diverges if g\x + 12 > 1, ie, |# + 1] > V3. At the endpoints z + 1 = +v/3, the

o0
+v/3)2" 1
series is E & = E — which diverges (the harmonic series). Therefore the interval of convergence
n3" n

is (—1—7%,—1+¢§).

n=1



