MATH 166: HONORS CALCULUS 1II
EXAM I SOLUTIONS

x

1
1. a) log(z) = / n dt; domain = > 0, range all y € R.

b) exp(x) is the 1inverse of log(z): y = exp(z) if and only if log(y) = z; domain all x € R, range y > 0.
¢) a® = exp(zlog(a)); domain all z € R, range y > 0.

d) sinh(z) = (¢ — e™*)/2; domain all z € R, range all y € R.

cosh(z) = (e” + ¢77)/2; domain all z € R, range all y > 1.

n (k) a
O Tuf(eia) =3 L@ a oy

k=0

x

2. a) Let f be integrable on [a,b] and let A(z) = / f(t)dt for x € [a,b]. If f(x) is continuous at z, then
A(z) is differentiable at x and A'(z) = f(z).

. Az +h)— A(x) .1 et
li _ — —
b) A(z) = }ILI—>mo h - }ILI—>mo h / F(#)dt.

Since f is continuous on the interval from x to z + h, the Mean Value Theorem implies there exists a ¢,

between z and = + h such that f(cp) = 7 / f(t)dt. Therefore, using the fact that f is continuous at x

and ¢, — z as h — 0, we get A'(z) = }lliil%f%ch) = f<;lLi£%Ch) = f(x).

3. a) Assume that f has continuous derivatives to order n + 1 on an interval conatining a. Then,

k) (g T
fz) = Z f k!( )(33 _ a)k + %/ f(”"'l)(t)(x — )" dt

b) If F(t) = T, f(z;t) = Z (z — t)*, then F(z) = f(z) and F(a) = T,f(z;a), so E,f(z) =

f(x)=T,(z;a) = F(x)—F(a) = /T F'(t) dt. Now, by the Product Rule, F'(t) = fl(t)+i(ak+1 —ay) where
£ 0 _

1)
so that E, f(z) =

aal0
n!

(z—t)k~1. Since this is a telescoping sum, we get F'(t) = f'(t) 4 apy1—a1 = (x—1t)",

| / Fo ) @ — 1) dt.

1
n

4. a) Let A(z) = / log(cos(v/t)) dt. Then by the Fundamental Theorem of Calculus, A’(z) = log(cos(v/z)).

ap =

Since / log(cos(v/t)) dt = A(z?) — A(1/2?), the Chain Rule implies
1/2z2
d [~

= log(cos(vVt))dt = A'(x?)2z — A'(1/2%)(-2/2%)
i 1/x2

2z log(cos(|x|)) + % log(cos(1/|z])) = log (cos(|x\)2£ cos(1/|$|)2/x3)
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b)
d 3 (1+z%) _d 5 3
%(14—33) = %exp[(1+x)log(1+x)]
, S
= expl(1+ %) log(1 +2°)) (5 log(1 +2°) + © i; 32%)

(1+4%) (51 + ) log(1 +4%) + 32%(1 +2%))

¢) f71(1) = z if and only if 1 = f(z) = x + €%, and this equations holds only for z = 0. By the Theorem on
the Derivatives of Inverses,

5 a) Substitute u = vz — 1, u? 4+ 1=z, 2udu = dz to get

Jr—1 2
/ a: de = / 2u du
T

u? +1

2
/Q—Wdu:2u—2arctan(u)+0
= 2z —1-2arctan(vx —1)+C

1 1 1 1
b) /(m cos(z))*dx = /x2(§ + 5 cos(2x)) dr = 6333 + 3 /x2 cos(2x) dz. Use integration by parts with

1
u =22, dv = cos(2z)dz, du = 2w dr, v = 3 sin(2x) dz to get
1
/ac2 cos(2x)) dx = 5952 sin(2z) — /xsin(Qx) dx

1 1
Integration by parts again gives /a:sin(2:r) dr = 5% cos(2zx) + 1 sin(2z) + C, so

1 1 1 1
/(x cos(z))? dx = 6953 + Zajg sin(2x) + 1 cos(2x) — 3 sin(2x) + C

¢) Complete the square to get /22 — x = V/(z —1/2)2 — (1/2)2. Then make a trignonometric subsitution,
%/2) tan(u) = v/(x — 1/2)2 — (1/2)2, (1/2)sec(u) = x—1/2, (1/2) sec(u) tan(u) du = dz, = = (1/2)(sec(u)+
, to get

sec(u) tan(u) du

% /sec2(u) + sec(u) du

1 1
= 3 tan(u) + 3 log | sec(u) + tan(u)| + C

1
= 127x+§10g|2171+2\/z2751:|+C’

1 1 A . Bx+C Clear the d inators t ¢
= = . Clear the denominators to ge
-1 (z—1D@24+2+1) z—-1 2a242x2+1 &

1=A(z*+2+ 1)+ Bz +C)z—-1)=(A+ B2’ +(A-B+C)z+ (A-C)

This equation must hold for all z, so

6. a)

A + B = 0
A - B + C =0
A - C =1
Solving these equations yields A =1/3, B=—1/3 and C' = —2/3.
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b) Use the substitution u = tan(z/2), dx = 2du/(1+u?), sin(x) = 2u/(1+u?) and cos(z) = (1 —u?)/(1+u?)

to get
(sin(z) +1)* (2u/(1 +u?) +1)? 2 — (u+1)* "
/ cos(x) + 3 do = / (1 —u2)/(1+u2) +3) (1 +u?) du = / (u2 + 2)(u? +1)2 d

7. a) tan(0) = 0, tan’(0) = sec?(0) = 1, tan”(0) = 2sec?(0)tan(0) = 0, tan”’(0) = 4sec?(0)tan(0) +
2 1
2sec?(0) = 2, so Ty tan(z) = = + —x —x+3x3

3!
b) First recall that T;, log(1—x) :Tn(—/ ﬁdt> = —/ Tn_1<1 t) dt = —/ Lt +t" 1 dt =
o 1~ 0 - 0
1 2 1 n . . 1 2 n+11 n
f(str 5% +- 4+ —x ) Then by the Substitution Property, T, log(1 + z) =« — 5% +oo (=) =z
n n
Therfore, by the Linearity Property,
Tonlog(l —2?) = Ty,(log(l — x) +log(l 4 z)) = Tay, log(1 — x) + Tay, log(1 + )
L, 2n L, i1 L o
= - - oo (=12 p2n
(+ 52"+ 4 ™) fo— ot 4 ()T e
1 1
_ —x2—§x4—--~—nx2"
¢)
A SN
1tz 14z ' T2
) 4an 5 4n
= 1= g2 n(l _2n )
o +1+z2”+x v +1+x2"
_ 1+Iniz2n7:€3n+ dnx +:L'
1+ z2n
142"

By the Uniqueness Theorem for Taylor Polynomials, T 3n< ) =1+a" —2®" — 25"

1+ 22n

1 C
8. By Taylor’s Formula, e® =1+ z + —2® + —2° + € 2* for some ¢, between 0 and x. Then

2 3! 4!
1.0 1.0
z 1 1 1
/ e—dx = / —+1+ x+—x+ a:da:
05 & 05 & 3! 4!
1 1.0 1.0 geo
- 1 = ‘ 3
og()+m+4x + g% +/0.5 1
1 3 7
10g(2)+ +T6+m+E

1%

1.429258 + FE

Here E is the error term and can be estimated using the inequality e < !0 =e:

1.0 - 1.0 1.0 Se
e e e
E= 3 —2dr = 4= 28 > 0.026546
os Al /05 A" T s T 512

Since E is positive, the value of the original integral lies between 1.429258 and 1.429258 + 0.026546 =
1.455804. Another way to organize this information is to take the approximation to be the midpoint,
1.443531, and say that the error is +0.026545/2 = £0.013273. (The actual value of the integral is approxi-
mately 1.440898.)



