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Name:

Final

This examination contains 5 problems (and one EXTRA CREDIT problem) on 6 sheets of paper.
Show all your work. | doubt that calculators will help much. Let me stress that ignoring the extra
credit won’t hurt you! Your score will be regarded as being from 100 points.

POINTS

Question Possible Earned Question Possible Earned

1 20 4 20

2 20 5 20

3 20 Extra 5
Total 100

1. Letp=151. Itis afact thapis a prime number. Show that each elemerZpfhas a 7th root.
(Hint: consider the functior : Z5 — Z given by f(x) = x’. Argue thatf is onto)
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2. For the following pairs of numbers, answer the given questions. Be sure to pay attention to
which ring you are to consider the numbers in.
(a). Find the greatest commond divisoraf= 980 b = 3920¢ Z.

(b). Leta =5+5i,p=7—i € Zl]i|. Factora andf into primes inZ[i], and then find their greatest
common divisor.
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3. Leta =a+byv—-3€Q(v—3), wherea,b € Q and put

a —3b

Fo(T) = det( B g} - Ma)

denote theharacteristic polynomiabf M.
(a). Show thatr andad are roots of(T). (Hint: Use the formuldy (a) = det( [G 8] - Ma)

Let

0
and a similar formula foFy (0).)

(b). If a+0a € Z andN(a) € Z, show that the polynomidd, (T ) hasinteger coefficientyThus,
o anda arealgebraic integers.

(©). Leta:H—;/__?’eQ

denominator).

(v/—3). Use (b) to show that is an algebraic integer (despite the
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4. LetG = Dg be the group of symmetries of a regular hexagon. Label the vertices of the hexagon
with the numbers 2,...,6, and regard the elements of the grd@ms permutations of these 6
vertices.
Let H denote the set of all elementisc G so thato permutes the verticeS= {1,3,5}. More
formally,
H={oeG:0(1) €S o(3) €S ando(5) € S}.

(a). Show thatH is a subgroup.

(b). Find the ordefH| of H.

(c). Lett=(14)(23)(56) € G. Show that each elemeyin the cosetH satisfieg/(1) € {2,4,6}.
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5. Let S, denote the symmetric group on the $&t2, ... .n}, and letA, denote the alternating
group (the subgroup of even permutations).

(a). Show forn > 3 thatA, contains a permutation of order 2. (Let me remind you tfatspo-
sitionsare odd permutations and hence arenAjn)

(b). Is the conclusion of (a) true when= 3? Hint: what igAz|?

(c). Show forn > 3 thatA,, is non-abelian (i.e. not commutative.)
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EXTRA CREDIT: (5 points) Letw = 24-+/3 € Z[/3]. Write
w* = a(k) +b(k)v/3

for k> 0, wherea(k), b(k) € Z. Show that



