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1. a) Solve the initial value problem

y' —zy+ 22 = 0,9(0) = 0.

Solution: We have y' —zy = —2x or (ex22)’ = —2ze % 20re 2y = i —2we™ 2dx+
c=2e"T24cory=2+ce 2. Since 0 = y(0) = 2+4¢, we have c = =2 and y = 2—2e~7"2

b) Solve the DE
(ze™ + 4y*)dydr = 2x — ye™?

Solution. We have
M — ye™ — 22+ N — (2 +4y3) = 0

Since 0 Moy = e™¥ +xye™ = §NJx the DE is exact. Its solution is of the form 4(z,y) = C
where ¢(z,y) = [ Mdz = [(ye™ — 2z)dx = ¥ — 2% + h(y). We must have y1)dy = N or
ze™ + dhdy = ze®¥ + 4y3. Thus, dhdy = 4y> or h(y) = y*. Therefore the solution of the
DE is given by e®¥ — 22 + y* = C.

2. Given that y; = e* and gy, = 22

e® are two solutions to the DE
zy" — 2z + 1)y + (x + 1)y =0,
find the general solution to the DE
zy’ — (22 4+ 1)y + (z + 1)y = z(2* — 22 — 1)e”.

Solution. A particular solution of the non-homogeneous equation is of the form y, =
y1u1 + yous where uy and us satisfy the system

YUy +youh =0 eul + 2% ul =0

or
yiul + yhub = (22 — 22 — 1)e”,  e*u) + (22 + 1)e®uh = (2* — 2z — 1)
or uy + z?ub =0
3. Let y(z) = 3,7 an(z — 3)™ be the power series expansion of the solution to the
initial value problem

y' =2z -3y —2y=0,y9(3)=0,y'(3) = 1.
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a) Find the recurrence relation for the coefﬁcients ar,. Solution. We must have

Zn(n Dan(x—3)""*—=2(x—3) Znanx 3)" 2Zanx 3)" —Oorz (n+2)(
n=2
Dapto(x—3)"—2 Z an(x—3)" =0or Z [(n+2)(n+ Dapt2 — 2na, — 2a,] (x—3)" =0

n=0 n=0
or (n+2)(n+1)apte—2na, —2a, =0, n=0,1,....0or (n+2)(n+1)ay42—2(n+1)a, =
0, n=0,1,2....0r apy2 =2n+2a,, n=0,1,2, ..

b) Then compute all a,, and write the solution y(x). What is its radius of conver-
gence? Solution. Since ag = y(2) = 0 and a1 = ¥'(2) = 1, we have ag = a9 = 0,a4 =
Uag = 0, ..., agy = 0, ...az = 23a, = 23, a5 — 25a3 — 2325 = 2235, a; = 2Tas — 27223 -5 —
233-5-7,..,a2,41 =2"3-5---(2n+ 1) Thus y(z) = Y, _ 002"3 - 5--- (2n + 1)(x—3)*" "
The radius of convergence of y is R = oc.

4. Let

A=(1)3-52—7

a) Find the reduced echelon form of A. Solution. a) By row elementary operations
A are reduced to

(1)3-52—7
(1)3—501

b) Find the solution space W of the system Az = 0 and a basis for . Solution. The
system Ax = 0 is reduced to

T —2233 —5$5:0
Let z5 = a, x3 = 3 then x4 = 3, x5 = f — 2 and 1 = ba + 26 and

W:{(xh

A basis for W is {(5)
c) Rank of A =3 dim (W) =2
5. Use Cramer’s Rule to solve the system:

3961 + X2 =1
Solution. The determinant A of the coefficient is A = 310

A, =110

Ag = 310
6. Find the general solution of the system of the DE

dxdt = (1)2



Solution. Let z = &eM where ¢ = (£,&;) is a constant vector and \ is a constant.
For x to be a solution we must have

Ae e = eM AL

The last system has non-zero solutions if |[A — AI| =0 or 1 — A2
If A =5 then ¢ satisfies the system (— )42
Therefore, the general solution for our system of DE is given by

(z),
7. Assume that the human population p = p(t) of the earth obeys the logistic equation
dpdt = (1 — pk)p, r = 0.029, k = 10'°.

If the population now is 1210'°, find the population p(t) at any time ¢. Also find tlim p(t).

8. Find all terms up to degree four of the Taylor series expansion at xyp = 0 of the
function y = y(x), where y is the solution to the following initial value problem

y' —xy —e* =0, y(0)=0, 3 (0)=1.



