IV.To solve the non-homogeneous equation

D) y™ 4+ p1@)y™ Y + L+ pp1 ()Y + palz) = g(a)

We
1. find a fundamental system of solutions y;,4>...,y, of the homogeneous equation;
2. find a particular solution y, (any solution at all) of the non-homogeneous equation,

3. write the general solution as

y(z) = iy (x) + coya(z) + ... + cpyn(x) + yp(2).

Every solution of (1) is obtained by a unique choice of the numbers c;,cs, ..., c;,.

Method of Variation of Parameters

We describe this technique for the cases n=1,n =2
n=1 y +py=g.

Let y; satisfy the homogeneous equation y| + py; =0

Set |y, = u(z)yi(z) |, ¥ =u'y1 +uy)

Substitute in the given equation
u'yr = uy; +puyr =g
wyr+u(yy +py) =g

or u'y; = g since y| + py; = 0.

_ / 9(z) _ :
U= dx so y = uy; gives
y1(z)

i) = (o) [ £ ((fj) dr.

ex. Y —2y=ux; 1y =e*

_ 2x
Yp = ue™,

y, = u'e*” + 2ue”

Therefore, u'e?* + 2ue®® — 2ue®® = x or v'e?* = z; and v/ = ze™?*



Thus u = /xe_%dx so that (since y, = uy;)

Yp = e [ ze™?*dx.

The general solution of the given equation is

y(z) = ce®® + e*® / ze 2 dz.

y' +py +ay = glx)
Let y; and y» be a fundamental system of solutions of the homogeneous equation so

that the general solution of the homogeneous equation is

Ye = c1y1(x) + caya(z)

Now set y, = ui(2)yi(x) + uz(z)y2(x) where u; and uy are unknown functions:

(1) Differentiating, we have

, —_—

Yp = ULY1 + uby + ury) + uayh.

(2)Now we set  |ujy1 +ubya =0

therefore, y, = u1y) + u2ys.

Differentiating again, we have

(3) ¥ = uly + oy + syl

(4) Substitute in the original differential equation

uy () + uy(ys) +ui(y] +pyy + qy1) +u2(yh + pys +qu2) = g

Since y; and y» satisfy the homogeneous equation, we have

(5) uiy1 + upy2 = g(x)

We rewrite the boxed in equations (2) and (5)



! /
Y1, Uy + Yo2usy =0

(6) <*>{ Lt + 9205 -
YUy +Youg =g

Since y; and y2 (as well as g) are known, we have two equations for v} and u}. These
have a unique solution if and only if the determinant of the coefficients is not zero,
i.e.,

| 2o

8

But since y; and y2 form a fundamental system (and p, q, and g are assumed contin-
uous) this is the Wronskian determinant which dose not vanish. Therefore, equation
(6) can be solved for u) and u), which in turn can be integrated and used to yield

Yp = u1Y1 + u2y2.

If we denote the matrix

vi(2) () ) by W

/
and ( Z} ) and ( 2 ) by U’ and G respectively, we can rewrite (6) as
2

(3 2)()-(0)
(T uly 9)’
or as WU =G

Ex y' —y=2a? g(x) = 2

solve 1y —y = 0 to obtain y; = €%,y = e~

Set y, = uiy1 + u2y2
Then v} and ), satisfy

T

Thus,

e’ uh + e Fmh =0
T o/ —x, ) _ .2
e’ ul —eTuy =



2

adding, we find 2e*u} = 2 therefore m) = %e‘le, uj = %e‘xe, and u; = %/xQe_mdxl

subtracting, we find 2e~*u, = —2? therefore u), = —%exe and us = —%/EISLQdSL‘

Therefore, the general solution is

X 1 —T
y=cie® +coe”* + % /wQG_Idx — 62 /:cze"”d:zz.

For n > 3 the same procedure will work.

1. get a fundamental system v, o, ...y, for the homogeneous equation.
2. Set y, = u1y1 + u2y2 + ... UpGn.
3. ul,ufy ... ul, satisfy WU' =G

Y1 Y2 - Un uy 0
i Yo e U b 0
-1 —1 —1 | )
L) U i G uy, g

Ex D*(D — 1)y = /z Solve D?(D — 1)y = 0 to get yo = ¢ + cox + c3€”
Set y, = u1 + usx + uze”.

then
1 z €
W=|01 ¢
0 0 e*
and u}, u), ud' satisfy
1 x €* u) 0
0 1 e uy | = 0o |,
0 0 e uh VT
3
uy + zuhy + efuh = 0 = u) = —auh — e"uly =22 — x
uhy + e"uy =0 = uh = —euy = —\/x

euy = r = uy = e "z

L=e 7 herefor 1 3 1
uy = e "\/xr therefore u’2:—\/53:—x2 u&:x23_$2 3
_ —T — 2 2 2
us = /\/56 Uy = ?2;32 Uy = %gﬁ — %1‘2
2.2 2.2 9.3 x —x
therefore y, = £22 — $22 — fx2 +¢* | Ve “dx
_ 2.3 4.3 T \/> -]
Yp = 5T2 — 372 t+e€ xe T
The general solution is
2 5 4 3 _
Yy = c1 + cox + c3e” + =12 — g’ +e* | Vre Tdx



