Math 325: Differential Equations Name:

Final Exam December 19, 1997 Section:
0.5trueinRecord your answers by placing an x through one letter for each problem on
this answer sheet. There are 20 multiple choice questions worth 6 points each. You start
with 30 points.
Find the general solution of y4) 4 (2 = 0.
y = c1+cot+cg cos(t)+cysin(t) y = cit+cat?+c3 cos(t)+eqsin(t) y = (c1+cot) cos(t)+
(e3 + cat) sin(t) y = (c1t + cot?) cos(t) + (et + cat?) sin(t) y = c1t + cot? + czel + cpe™?
Determine the form of a particular solution to the non-homogeneous equation

y/// . 4y// + 4y/ — ¢ T €2t

y = At?+ Bt+Ct?e? y = AP+ Bt?+Cte?' y = At? + Bt +Cte® y = At>+ B> +Ct%e*
y = At? + Bt? + (Ct?* + Dt)e?!

Given that X = ¢; [_21] + o [H et is general solution of the homogeneous system

X’ = A - X, use the method of variation of parameters to find a particular solution of the

2
non-homogeneous system X' = A - X + 1 et.

- [4)0x- 3] e 4] x4

Find the fundamental matrix ®(¢) with ®(0) = I for the system

,_[3 67
x| 6] x

1—e' 3—2"| | ¢t et —sin(t) cos(2t) | | et —1 et sin(3t)  cos(t)
Determine which of the following vectors is an eigenvector of the matrix

{3& —2 6el — 6] {1 3— 3€t:| { cos(t) sin(2t)] |:3€t —2 6el — 6] {Cos(?nf) sin(t)}l

0 0 -1
2 0 0
-1 2 4
corresponding to the eigenvalue r = 1.
1 2 1 1 1
2 1 0 -1 -1
-1 -1 -1 2 0

Solve the initial value problem
|0 2] 3
x_{_z O] X, X<o>_M

] 1) [ (] [ 2

1



Find the critical points of the system

dx 2,

— =z x
dt Y
dy 3 2
dt_y +x

(070)= (17 _1) (070)7 (17 _1)7 (_17 1) (070)v (17 1)? (_17 _1) (Ov())? (17 _1)= (17 1)7 (_17 1)?.

(—1,-1) (0,0), (—1,1)
Determine the type and stability of the critical point (1,1) for the system

dx

azQa:—?)xzy—l—x?’
dy 2 3
- -9

dt y+xy Y

stable spiral stable node unstable node unstable saddle point unstable spiral
The following nonlinear system models populations of competing species:

dx

= (2 — oy —

o r(2—-y—x)
dy

- — 9 —
= y(3 -2z —y)

Determine which phase portrait corresponds to this system.



1—=x 0<z<1

Find the Fourier series for the function f(x) = { 1y _1<z<0

flx) == 81n(7rm) + 2 sin(27mc) + & sin(37x) + 2 sin(4mwz) + -+ f(2) = 2 sin(mz) +
o= sin(2mz) + 2= sin(37z) + 4= sin(47x)+- - - f(z) = 2 sin(rz) — 5= sin(2nz) + = sin(37z) —
%iﬂ sin(4mz) + - f(z) = 2sin(rz) — = sin(37x) + = sin(brz) — = sin(Trz) + - -+ f(z) =

Lsin(rz) + & Sin(37rx) + = sin(5rx) + & sin(7Twz) + - -
Use the method of separation of variables to replace the partial differential equation

(xug)e +uge =0

by a pair of ordinary differential equations.
X" (x)+ X' (z) —oX(z) =0 | X"(z) —0X(z)=0 | X"(z)+2X'(z) —0cX(z) =0
T"(t) +0T(t) =0 T"(t) —oT(t) =0 T"(t)+0=0
X'"z)—oxX'(x) =0 | X"(z) +oxX'(x) =0
T"(t) + otT(t) =0 T"(t) —oT(t) =0
Solve the heat equation bu,, = u; for 0 < x < 10, t > 0, subject to the boundary
conditions u(0,t) = 0, u(10,t) = 0 for ¢ > 0 and the initial condition u(z,0) = 30 for
0 <z <10.



[e’e) . k—1)m _ i 2 - . - 2
u(z,t) =105 L sm((2 1) z)e~((2k—1)7/10)*5t u(:z:,t) — 80500 L gin(2km )= (2hm/10) 5t|

10
u(z,t) = @ S 1 sin(kw Je — (k7 /10)%V/5t u(z,t) = %22021 ( —(km/10)%V/5t

w(z, t) = 120 Zk . (%1)1 Sln( o )e—(kw/lo)Qt

Solve the wave equation u,, = usy for 0 < x < 7w, t > 0, subject to the boundary

conditions u(0,t) = 0, u(m,t) = 0 for ¢ > 0 and the initial conditions u(z,0) = —=z,

ug(x,0) =0 for 0 <z <.
u(z,t) =237, (_i)n sin(na) cos(3nt) u(x, t) = 23°°°, ¢ n) sin(nz) cos(nt) u(z,t) —I

> (—n17T)” sin("%F x) cos(%t) u(xw,t) = Yoo | -1 sin(%z) cos( %5 t) u(z, t) = = > oo | =7 sin(nz) cos(3nt)
Solve the heat equation u,, = u;, 0 < x < 3,t > 0, subject to the boundary conditions

u(0,t) =0, u(3,t) =3 for t Z 0 and the initial condition u(x,0) =z for 0 <z < 3.

u(z,t) =z u(z,t) =z+2 3, (D" sin(%x)e_(”“/‘g)% u(z,t) =—-2%>, (—i)" Sin(%m)e_(m/?’)

n

u(z,t) =23 ( i) sin("%F x) cos(%t) u(z,t) = 2307, (_le) sin( g x) sin("5+t)
Find the inverse Laplace transform of the function ﬁ.
2t%et 2t 4t%et te! tie!
Find the inverse Laplace transform of -
t—ug(t)(t —2) t2 —ua(t)(t — 2) t — ua(t)t? t — ua(t)t t? — us(t) sin(t — 2)
Determine the solution of the initial value problem

sm( x)e

1—e 2¢
.

y' +2 +2y=906(t—m), y0) =1, y(0)=0

y(t) = e t(cos(t) + sin(t)) + ur(t)e T sin(t — 7) y(t) = e 2*(cos(2t) —|— 8111(215)) +
Ur(£)e T sin(t—7) y(t) = 2ur (t)e T sin(t) y(t) = e *(cos(t)+sin(t)) y(t) = e~ (cos(t)+
sin(t)) 4+ ur(t) sin(t — )

Find the general solution of the system

,_[4 =31
x=[4 3 x

X =0 [Z} + ¢ [H e X = ¢ [ﬂ te 2t + ¢y {H e 2 X = ¢ [_43] e 2t 4

Co {_21} e X =¢ [i] et + co [ﬂ et X =¢ {_43} + co {_21} e 2t

Compute the Wronskian of

X, — [cos(t)} o Xy = {sin(t)] ot

sin(t) cos(t)
e (cos?(t) — sin®(t)) et(cos?(t) — sin*(t)) et et 0
Use the Euler method with step size h = 0.5 to find an approximation of ¢(1) where
¢(t) is the solution to the initial value problem
y =t +y% y0)=1

2.751.25 1.50 4.0 2.25



