1 Lebesgue Integration

1.1 Measurable Functions

Definition 1 Let X be a set with a measure p defined on a o-field of subsets . Then (X,,pu) is
called a measure space and the sets in are called measurable sets.

We are primarily interested in the case where X = (or "), is the o-field of Borel sets, and p is
Lebesgue measure. Nevertheless, we shall assume throughout this section that (X, , ) is a general
measure space because the integration theory we want to discuss would not become simpler if we
restricted ourselves to Lebesgue measure on . In fact, the essential features of the theory are easier
to grasp when it is seen that they depend only on the o-additivity of the measure p on the o-field .

Definition 2 A function f : X — is measurable if f~(B) is measurable for all Borel sets B C.

Remarks:

1) Since intervals generate the Borel sets and f~! preserves set operations, it is clear that a function
f is measurable if and only if f~!(I) is measurable for any interval I (open or closed). In fact, it
is enough to check that f~!(a,o0) is measurable ¥ a €, since

(—OO, a] = \(aa OO)

(—o0,a) = ﬂ(—oo,a—}—l/n]

n=1
la,00) = \(—00,a
(_

)
(a,b) = 00, b) N (a,00)

2) If f is continuous, then for any open interval I, f~1(I) is open and hence measurable. Therefore,
f is measurable.

3) If f: X — D C is measurable and g : D — is measurable (with respect to Lebesgue measure
on Borel sets), then the composition g o f is again measurable: If B is a Borel set, then g~ !(B) is
a Borel set and so (go f)"}(B) = f~'(g~'(B)) is measurable. It is worth mentioning that there
is a slightly larger o-field of subsets of , called the Lebesgue sets, that contains the Borel sets and
to which Lebesgue measure can be extended. The Lebesgue sets are taken to be the standard
o-field of measurable sets on by many mathematicians. However, if we assume that f and g are
measurable with respect to Lebesgue sets, then the composition g o f need not be measurable.

Theorem 1 Let {f,} be a sequence of measurable functions. Then the functions

g9(x) = sup{fu(z)}



hz) = inf{fu(2)}
jx) = limsup{fn(z)}
k(x) = liminf{f,(x)}

are measurable.

First note that for any a €, g(z) > a < f,(x) > a for some n. Therefore,

= U f;l(av OO)
n=1

The sets f,, }(a,00) are measurable by assumption, so g~!(a, 00) is measurable. By Remark 1, g is
measurable. A similar proof shows h is measurable.

By what we have just proved,
gr(x) = sup{fn(z) [ n > k}

is measurable and hence
() = lmsup{f} = lim {gi(2)} = inf{gi(x)}

is measurable. The proof for liminf is similar.

Corollary 2 (a) If f and g are measurable, then max{f,g} and min{f, g} are measurable. In
particular,
t =max{f,0} and f~ = —min{f,0}

are measurable.

(b) The limit of a convergent sequence of measurable functions is measurable.

Theorem 3 Let f,g : X — be measurable functions and let F :2— be continuous. Then h(z) =
F(f(z),g(x)) is measurable. In particular, f + g, f — g, fg, and f/g (9 # 0) are measurable.

For any a €, F~!(a,c0) is open, and hence can be written as a countable union of open rectangles,
oo
= U R,
n=1

where R, = (an,by) X (cn,d,). Now,

z€h Ha,00) & (f(x),9(x)) € F}(a,00)
< (f(x),9(x)) € R, for some n
& x € fYan, by)Ng Hen,dy,) for some n



Therefore,

U f (an, b 1(Cm dn)
Since f~!(an,b,) and g~1(c,, d,) are measurable, so is h~!(a,00), and hence h is measurable.

Summing up, we may say that all ordinary operations of analysis, including limit operations, when
applied to measurable functions, lead to measurable functions.

1.2 Simple Functions

Definition 3 A function s : X — is called simple if the range of s is finite. For any subset E C X,
the characteristic function of E is defined to be

XE(QT)Z{(I) i;g

Suppose the range of a simple function s consists of the distinct numbers c¢y,...,¢,. Let F; =

57Y(c;). Then
n
s = Z CiXE;
i=1

that is, every simple function is a finite linear combination of characteristic functions. It is clear
that s is measurable if and only if the sets E; are measurable.

Simple functions are more useful than they appear at first sight.

Theorem 4 (Approximation Theorem) Any function f : X — can be approximated by simple
functions, that is, there is a sequence of simple functions, {sn}, such that s, — f pointwise. If f
18 measurable, then the s, may be chosen to be measurable. If f > 0, then the s, may be chosen to
be monotonically increasing. If f is bounded, then the s, converge uniformly to f.

Suppose f > 0. Forn € and i =1,2,3,...,n2", define
Ef = [ —-1)/2"i/2")

and B = f~![n,00). Let

z—l
u = z ey +mxey

We now show that for any = € X, sn(x) — f(x). Given € > 0, choose an integer N such that
f(z) < N and 1/2¥ < e. For any n > N, there exists a positive integer i < n2" such that
f(z) e[(i—1)/2",4/2™). Since s,(z) = (i — 1)/2™, we have

F@) — sa@)] < 5 <€



If f is bounded then N can be chosen independent of x and the above inequality holds Vn > N
and Vz € X, hence the convergence is uniform.

To see that the s,, are monotonically increasing in n, note that

i—1 i 2 —2 2i—1y [2i—1 2i
{ on 27) - [2n+1 ’ 2n+1>U[2n+1 ’2n+1>

Thus,
21—-2 29—-1 i—1
fx) e [W’ W) = sn(x) = Ton T Sn+1(7)
while 0i 1 9 L 9y
1 — 1 7 — 7 —
flz) € {WW> = $n(2) = o= < Gogr = Snr1(@)
Similarly,

n2n+1 +k

f(z) € [n,00) = sp(z) =n < S

= Sn+1 (.CI})

for some 0 < k < 2ntl,

For a general function, write f = f* — f~ and apply the preceding construction to f* and f~.
Finally, if f is measurable, then the sets E* are measurable, and hence the simple functions s,, are
measurable.

1.3 The Lebesgue Integral

We now define the Lebesgue integral on a measure space (X, , x1). The definition is built up in stages,
similar to the process used for the Riemann integral. First we define the Lebesgue integral of a
measurable simple function. The definition is straightforward and similar to the definition of the
integral of a step function in the Riemann theory. Then, since a non-negative measurable function
f can be approximated by a monotonically increasing sequence of measurable simple functions,
we define the integral of f to be the supremum of the integrals of measurable simple functions
< f. Finally, an arbitrary measurable function can be split f = f* — f~ where f™ and f~ are
non-negative, and the integral is the corresponding combination of the integrals of f* and f~.

Definition 4 The Lebesgue integral of a measurable function over a measurable set A is defined
as follows:

1. If s =" ¢ixE, s a simple measurable function then

/ sdp = Zci,u(AﬂEi)
A

=1

2. If f is a non-negative measurable function, then

/Afd,u:sup{/Asdu|0§s (simple) §f}



3. If f is an arbitrary measurable function, then consider

/Af+du, /Af‘du

where fT = max{f,0} and f~ = max{—f,0} are non-negative measurable functions and
f=f"—f" (see Corollary ??). If at least one of these integrals is finite, we define

/Afdu—/Af*du—/Af‘du

If both integrals are finite then we say that f is Lebesgue integrable on A with respect to
and write f €, (A).
Remarks:

1) It should be noted that an integral may have the value +oo, but the term integrable is only
applied when the integral is finite.

2) If s is a simple measurable function, then the value of [ 4 Sdp given in 2 and 3 agrees with that
given in 1.

3) If AC (or ™) and p is Lebesgue measure, it is customary to drop the subscript p and write (A)
for the Lebesgue measurable functions on A.

Theorem 5 (Basic Properties) In the following statements, functions and sets are assumed to
be measurable.

1. If f is bounded on A and p(A) < oo, then f €, (A). In fact, if m < f(x) < M,Vax € A, then
mp(A) < [ < Mu(a)

2. If f,g€u (A) and f(x) < g(x), Vo € A, then

/Afdué/Agdu

3. If f €, (A) then cf €, (A),VceE, and

/Acfduzc/Afdu
/Afduzo

4. If p(A) =0 and f €, (A), then



5. If f is non-negative and B C A then

/deu</Afdu

6. If f €, (A) and B C A, then f €, (B).

These statements are direct consequences of the definitions and their verification is left as an exercise
for the reader.

1.4 Further Properties of the Lebesgue Integral

Theorem 6 (a) If f is measurable and non-negative then for any countable union of disjoint

measurable sets, A =J;7; Ay,
fan=Y" [ i

(b) The same conclusion holds for f €, (A).

Statement (b) follows immediately from (a) by writing f = f* — f~ and applying (a) to f* and
f.

To prove (a), we first observe that if s is a non-negative simple function,
n
s = Z CiXE;
i=1

then, by the o-additivity of u,

/ sdu = zn:ci,u(Ei NA)= iiciu(& NA,) = i/ sdu
A i=1 i=1 n=1 n=1"4n

(We can rearrange the series because all terms are > 0; they either sum to oo or are absolutely
convergent.) Now suppose s is a simple function such that 0 < s < f. Since fAns dp < fAJ du,

Asdungnsduﬁ;Anfdu

Taking the supremum over all simple functions 0 < s < f we obtain

AfduégAnfdu



To show the reverse inequality, let € > 0 and choose a simple function s such that 0 < s < f and
such that

/sduz fdu—e, /sduz fdu—e
A A

1 Al 2 A2

/ fduz/ sdu = /sd,u—i—/sdu>/fd,u+/fd,u—2e
A1UAs A1UAs Ao

Since € is arbitrary, we conclude

Then

fdu> [ fdu+ [ fdu
A1UAs Aq Ao

We can repeat this argument a finite number of times to get

Ju o= [ [ rao

Since A D A1 U...U A, we know by Theorem ??(5) that

/fwz/ fdu
A A1U..UA,

/Afduz Alfdu+...+/Anfdu

Since this holds for any n, we conclude

[ﬁdugéi[ﬁwM

and so

Corollary 7 Let B and C be disjoint measurable sets and let A= BUC. If u(C) = 0, then for

any measurable function f,
[ an= [ tau
A B

Af@zéf@+éfw=éfw

by Theorem ?7? and Theorem ?7(4).

This corollary shows that sets of measure zero can be ignored in integration. A common application
is the following. Let f and g be measurable functions defined on a measurable set A, and let

B={zecAlf(x)=g)}, C=A\B

/Afdu=/deu=/Bgdu:/Agdu

Thus, functions that differ only on a set of measure zero have the same Lebesgue integral.

If u(C) =0, then



Definition 5 We say that a property P(x) holds almost everywhere if P(x) holds for every z
except for x in a set of measure zero (i.e., P(x) holds for x € A\ Z with n(Z) =0).

We can formulate the previous remark as:

Corollary 8 Let f be g are measurable functions on a measurable set A. If f = g almost every-

where on A, then
/ Jfdp= / gdu
A A

Ezxample: The Dirichlet function, f = x[o1]n, equals the zero function, g = 0, almost everywhere
on [0, 1], so f[O,l] fdu= f[()’l] gdp = 0.

Theorem 9 If f €, (A), then |f| €, (A) and

1/Afdu)s/A|f|du

Let

B = {zeA]f(z) >0}
C = {ze€A]| f(x) <0}

so that A = B U C is a disjoint union of measurable sets. By Theorem 77,

Jistan= [ ifidus [ 1f1du= [ rraus [ du<o

which shows that |f| €, (A). Since f < |f| and —f < |f],

/AfdMS/AIfldm —/Afdus/Arf\du
1/Afdu)s/A|f|du

Theorem 10 Suppose f is measurable and |f| < g for some g €, (A). Then f €, (A).

which implies

|f| < g implies 0 < f* < g. Therefore [, f*du < oo and so f €, (A).

Theorem 11 (Lebesgue’s Monotone Convergence Theorem)
Suppose {fn} is a monotonically increasing sequence of non-negative measurable functions on a
measurable set A,

Offl(l')ffz(l‘)g, Vee A



Then,

n—oo

lim fndu :/ lim f, du
A A n—oo

Because the sequences f,(z) and [ 4 fn dp are monotonically increasing, their limits exist in U{oo},
f@) = Jim fo(e), 1=t [ fodu
n—oo n—aoo J A

Now fn(x) < f(z) on A implies [, fn du < [, f du for each n, and hence the inequality is preserved

in the limit,
1< | sa
A

We now prove the reverse inequality. Pick ¢ such that 0 < ¢ < 1, and let s be a simple measurable
function such that 0 < s < f. For n € define

An ={z € A| fulz) = cs(x)}

The assumption fi(z) < fo(z) < ... implies A; C Ay C ... Moreover,

A= G A,
n=1

The union is obviously contained in A. Conversely, A is contained in the union since for any = € A
there is an n such that f,(z) > cf(x) (fn(z) is monotonically increasing to f(x) and f(z) > cf(x)),
so x € A,. Using the fact that A D A,, and f,(z) > cs(x) on A, we get

[ gwinz [ guduze [ s M

Let s = Zle ciXE,; be the description of s in terms of characteristic functions. Since
o0
E,NA= U E;NA,
n=1

Theorem 77 implies that
p(E;NA) = lim p(E;NAy,)
n—oo

Therefore, as n — oo,

o

/sd,u:ZcZ,uEﬁA HZcZuEﬁA / dp
An i—1 A

i=1

and (?7?) becomes in the limit as n — oo,

I = lim fnd,uZC/sdu

Iz/sdu
A

9

Letting ¢ — 1 we obtain



Now taking the supremum over all simple functions 0 < s < f gives

I>Afw

Lebesgue’s Monotone Convergence Theorem in conjunction with the Approximation Theorem 77 is
a powerful tool for extending properties of integrals from simple functions to more general functions.
The non-negativity assumption can often be worked around as the proof of the following theorem
demonstrates.

Theorem 12 If fi, fo €, (A) then fi + f2 €, (A) and

/ Ji+ fodp = / f1d,u+/ f2dp
A A A
First suppose f1 > 0 and fo > 0. If these functions are simple, say fr = > ckiXE,,;, k¥ = 1,2, then
ni n2
fit+fa= chiXEu + ZcszEZj
i=1 j=1

and by definition

ni n2
Z Ch‘u(A N Eh‘) + Z CQj/,L(A N Egj)

i=1 j=1
= /Afl-l-/Af2dM

If the fi are not simple, then by Theorem ?7 there is a sequence of monotonically increasing simple
functions sg, — fx, & = 1,2, with s1, + s2, monotonically increasing to f; + fo. Lebesgue’s
Monotone Convergence Theorem implies

/Afl—i-fzd,u

lim 81n+32nd,u:/f1+f2d,u
A A

n—oo

Linearity for simple functions gives

lim Sin + Sopdp = lim Sin di + / Son dit
= / Jidp + / fadp
A A

[ttt [ fraus [
A A A
Next suppose f1 > 0 and fo < 0. Let f = f1 + f2 and define

Therefore,

At ={zc A| f(x) >0}, A ={zcA| f(z)<0}

10



Then f, f1, and — fo are non-negative on A™. Applying what we have just proved to fi = f+(—f2),

A+fldu:/14+fdu+[4£_f2)dﬂzA+fdM_A+f2dH
[ i f

Similarly, —f, fi and — f2 are non-negative on A~ and (—f2) = (—f) + f1 so

Aﬁ—fz)du—qu—f)du+[4_f1du

f@z/ﬁm+ fo dy 3)
A~ A— A~

Adding (??) and (?7?), and using the fact that AT, A~ are measurable disjoint sets with A =
AT U A, we get by Theorem 77,

or

or

EAfMLI /JWH+LHWH

- fMu+/fmm+ frdp+ [ frdp
At At A~ A~

= /Afldqu/Afzdu

In the general case, A can be decomposed into four sets A; on each of which f; and f, have a
constant sign. The two cases we have proved so far imply

[ s+ pdu= [ paws [ pade =123
A; A; A;
By adding these four equations as before we get the desired formula.

Lebesgue’s Monotone Convergence Theorem can also be applied to integrals of series. The corre-
sponding theorem for Riemann integrals requires much stronger assumptions.

Theorem 13 Suppose f, is a sequence of non-negative measurable functions on a measurable set

A. Then - -
ndu = nd
/A;f r ;/Af M

The partial sums, s = Zﬁzl fn, form a monotonically increasing sequence of measurable functions

converging to
o0
E fn = lim Sk
k—oo
n=1

11



By Lebesgue’s Monotone Convergence Theorem and Theorem 77,

/and,u = /klim skdu:klim/skd,u
AL A k—oo —00.JA
k k
= lim/andu: lim Z/fndu
Ap=1 k_)oonzl A

k—o00

= g:l/Afndu

[Fatou’s Lemma] Suppose f,, is a sequence of non-negative measurable functions on a measurable
set A. Then

/ liminf f, du < liminf/ fndu
A A

Define
gr(z) = inf{fp(x) | n > k}

Then g is non-negative, measurable, monotonically increasing to
liminf f,(z) = lim gx(x)
k—o0

Moreover,

/gkduﬁ/fndu, Vn >k
A A

/Agkdﬂﬁinf{/Afnd,u\nzk}

Therefore, by Lebesgue’s Monotone Convergence Theorem,
/liminffn dp = / lim gpdp = lim / g di
A A k—oo k—oo J A
< liminf{/fnd,unzk}
k—o0 A

= liminf/fndu
A

SO

It is easy to find examples that show strict inequality may hold in Fatou’s lemma. Let

)= { 0 0Sw<1y2
=11, 1/2<z2<1

and define f,, = g(x) if n is odd and f,, = g(1 — ) if n is even. Then
liminf f,(z) =0, Vz €][0,]1]

but

1
/fn(a:)d:c =1/2
0

12



Theorem 14 (Lebesgue’s Dominated Convergence Theorem)

Suppose fn is a sequence of measurable functions on a measurable set A that converges pointwise
on A,
flx) = lim f,(z),quadvx € A
n—oo

Assume there is a function g €, (A) such that Vn,
()] < g(x), VaoeA

Then
lim fndu :/ lim f,du

We first observe that f, €, (4) and f €, (A) by Theorem ??. Since f, + g > 0, we may apply
Fatou’s Lemma to get

/(f+9)duéliminf/(fn+g)du
A A

/fdugliminf/fnd;z
A A

or

Similarly, since g — f, > 0, we get

/A(g—f)duﬁliminf/A(g—fn)dﬂ

SO

—/fdugliminf—/fnd,u
A A
[ #an = timsup [ g,
A A

/fd,ugliminf/fnduglimsup/fndug/fd,u
A A A A

so the lim sup equals the liminf, and it follows that the limit exists,
[ du= [ g
A n—ooJA

Corollary 15 If u(A) < oo, {fn} is uniformly bounded on A, and f(z) = lim, . fn(z), V2 € A,
then

which is equivalent to

Therefore,

lim fnduz/fdu
A A

n—oo

A converse to Corollary 77 also holds.

13



Theorem 16 Let f,g €, (A). Suppose f > g on A and

/Afduz/Agdu

Then f = g almost everywhere on A.

Let
By={ze Al f(z) —g(z) = 1/n}

Then By C Bo C B3 C ... and
B=JB.={zeAl f@) - g(x) >0}
n=1

By our assumption and linearity (Theorem ?7?), [ 4 f—9du=0,s0

1
0—/ f—gdp> ~p(By)
B, n

Hence, p(By) =0, Vn. By Theorem ?7(2),

u(B) = lim u(B,) =0

n—oo

and therefore f = g except on a set B of measure 0.

1.5 Comparison with the Riemann Integral

We now show that the Lebesgue integral gives the same value as the Riemann integral on an
interval. We shall also show that Riemann integrable functions are subject to the rather stringent
condition of being continuous almost everywhere. One of the greatest advantages of the Lebesgue
integral, aside from the fact that it provides a larger class of functions that can be integrated, is
the ease with which limit operations can be handled as demonstrated by the Lebesgue Convergence
Theorems 77?7, ?7. Limits of Riemann integrable functions need not be Riemann integrable; in the
Lebesgue theory this difficulty is almost eliminated since limits of a measurable functions are always
measurable.

Let X = with Lebesgue measure and A = [a, b]. We shall use the familiar notation

/abf(x)dzn

to denote the Riemann integral of f on [a, ] to distinguish it from the Lebesgue integral

/Afdu

14



Theorem 17 a) If f is Riemann integrable on A = [a,b], then f € (A) and

[ran= [ 1w

b) Suppose f is bounded on [a,b]. Then f is Riemann integrable on |a,b] if and only if f is
continuous almost everywhere on [a,b].

First recall that a step function g on [a, b] is constant on the subintervals of a partition {z¢, z1,...,2,}
of [a, b],
g(JJ) =c¢;, Vxe€ (aci,xi_l)

and therefore can be represented as a simple measurable function,

g = Z CiX(zi_1,2;) T Zg(%‘)X{m}
=1 1=0

(The values of g at the partition points are irrelevant, but we include them here in the second sum
for completeness.) Hence the Riemann integral of g is the same as the Lebesgue integral,

b m
/g(:):)dx = Zci($i_xi—1)
a i=1
= cip((@i-1,2:)) + ) g(@)p({zi}) = [ gd
; u ;g u /Ag 1

If f is Riemann integrable on [a, b, then it is bounded and there are sequences of step functions,
{sn}, {tn}, such that
50(@) < f(@) < tal), Va € o)

and
b

lim Sp(x)dx = f dx = hm tn(x)dx

—
n—oo a a

By replacing s, with max{s,, s,—1} and t, Wlth min{t,,t,—1} for n > 1, we may assume s, is
monotonically increasing and ¢,, is monotonically decreasing. Thus, the limit functions
s(x) = lim s,(x), t(z)= lim t,(z)

n—oo n—o0

exist and are measurable by Theorem ??7. By the Lebesgue Dominated Convergence Theorem 77,

b b
/ sdpy = lim [ s,du = lim sp(z) de = / f(z)dx
A a a

n—oo A n—oo

and

b b
/ tdpy= lim [ t,du= lim tn(x)dx = / f(z)dx
A n—oo A n—oo a a

/Asd,u:/abf(x)dx:/Atdu

15

In particular,



Since s < t, we conclude from Theorem ?? that s =t almost everywhere on [a,b]. But s < f <t
on [a, b], so we also obtain

s = f =t almost everywhere on [a,b] (4)

/Afduz/AdeZ/:f(w)dw

Now suppose z is not one of the partition points for any of the step functions ¢, and s,—the
union of these partition points is countable and hence has measure 0. It is then easy to see that
t(z) = s(z) if and only if f is continuous at x. Therefore, if f is Riemann integrable on [a, b], (?7)
shows that f is continuous almost everywhere on [a, b].

Therefore f is measurable and

Conversely, suppose f is bounded on [a, b] and continuous on [a,b] \ B where u(B) = 0. For each
n €, let
ri=a+ib—a)/n, 0<i<n

and define step functions as follows. For = € [x;_1, ;)
Sul) = IE{f(1) | £ € (zi 1,200} < ()
tn(z) =sup{f(t) | t € (wi—1,2:)} > f(z)

and s, (b) = t,(b) = f(b). These sequences are bounded and monotone so their limit functions,
s(x) = limy— 00 Sn (), t(z) = limy, o0 tn(x), are measurable and

n—oo

lim snd,u:/ sdu
A A

lim tnd,u:/td,u
A A

n—oo

with s(z) < f(z) < t(z), Vo € [a,b]. Moreover, s =t almost everywhere, since f is continuous on
[a,b] \ B and pu(B) = 0. By Corollary ??

/sd,u:/td,u
A A

b b

lim sp(z)dr = lim tn(z)dz

In particular,

so that the upper and lower integrals of f agree. Therefore, f is Riemann integrable on [a, b].

Ezample: Let C be the Cantor set (see p.87) and define f : [0,1] — [0,1] by
f(z) =maxC N[0, x]

This function is clearly increasing and bounded, and so must be Riemann integrable. The previous
theorem says that f is then continuous almost everywhere. We can verify this directly by noticing
that f is constant on the gaps between the points of C' and has a jump discontinuity at each point
of C. In particular, f is continuous on [0, 1] except on the Cantor set C' which has measure 0. Note
that the set of discontinuities in this example is uncountable.
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