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MATH 603: Basic Real Analysis I – FALL 2002

FINAL EXAM
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1. Let f : X → R be a measurable function.
Prove that for any p > 0

∫
X
|f(x)|pdµ(x) =

∫∞
0

ptp−1F (t)dt,

where F (t) = µ({x : |f(x)| > t}).

2. Let µ be a finite measure on X.
Prove that a non-negative function f is in L1(X, dµ)
if and only if the series

∑∞
n=0 2−nµ({x : f(x) > 2−n})

converges.

3. Give an example of a sequence of functions,
(fn), Lebesgue integrable on [0, 1] and such that

(i) fn → f a.e.

(ii) limn→∞
∫

[a,b]
fn(x)dx =

∫
[a,b]

f(x)dx

(iii) there is no g ∈ L1([0, 1]) such that, for |fn(x)| ≤ g(x)
a.e. ∀n.

4. Let (X, M, µ) be a σ-finite measure space, N a
sub-σ-algebra of M and ν = µ � N .
Prove:

If f ∈ L1(µ), there exists g ∈ L1(ν) such that

∫
E

fdµ =
∫

E
gdν

for all E ∈ N .

5. Two (signed) measures ν1 and ν2 are called
equivalent if ν1 � ν2 and ν2 � ν1.
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Let µ be a measure on X and f1, f2 two µ-integrable
real functions on X. Define signed measures dνi = fidµ, i = 1, 2.
Prove that ν1 and ν2 are equivalent
if and only if µ(N1∆N2) = 0, where
Ni = {x ∈ X; fi(x) 6= 0}.

6. Let f and g be two functions absolutely
continuous on [a, b]. Prove that the integration by parts formula
holds for f and g : ∫ b

a

f(x)g′(x)dx = f(x)g(x) |ba −
∫ b

a

f ′(x)

g(x) dx .

7. Given two compact metric spaces, X and Y , let
C(X, Y )
be the set of all continuous mappings of X into Y . Define
distance in C(X, Y ) by

ρ(f, g) = supx∈Xρ(f(x), g(x)) .

a) Prove that C(X,Y ) is a metric space and that it is complete.

b) Prove the following generalization of Arzela’s theorem:
A set D ⊂ C(X, Y ) is pre-compact if and only if D is an
equicontinuous family of functions, i. e. , given any ε >
0,
there exists a number δ > 0 such that ρ(x′, x′′) < δ
implies ρ(f(x′), f(x′′)) < ε for all x′, x′′ ∈ X and
all
f ∈ D.
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