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Infinite subgroups completely understood

i' —
1234 5 6 7 8 9 10 11 12
1 | Zooo0o 0 0 O 0 0 0 0 0
2 | omE 2, 7, Z,, Z, Z, Z, Z,- 7, I,x1Z,
3| o022z, 7, I, I, Z, Z, Z,- 7, I,x1Z,
4| 000@Z 2, I, ExI,, I,xIZ, I,xT, T,xI; I,- I,
s o000 Z Z, I, Z,, Z, Z, Z, I
6| 0000 0 Z I, il I, O Z 7,
7/ 0000 0 0 % Z, Z, Z,, 0 0
8| 0000 0O 0 O i Z, Z, Z,, O



Values stabilize along diagonals:

Tcn+k(Sk) - T

n+k+1

(S**1) for k >>0

i' —
1234 5 6 7 8 9 10 11 12
1 | Zooo0o 0 0 O 0 0 0 0 0
2 | omE 2, 7, Z,, Z, Z, Z, Z,- 7, I,x1Z,
3| oo0o@z, 7, I, Z, Z, Z, Z,- 7, I,x1Z,
4| 000@Z 7, I, ExI,, I,xIZ, I,xT, TyxI; I,- I,
s| o000 Z I 7, Z, Z, Z, 7, I
6| 0000 0 Z 7. Z i 0 i 7z,
7/l 0000 0 0 % Z, Z, 0 0
8| 0000 0O 0 O i Z, Z, Z,, O



p prime

| —=
1 234 5 6 7 8 9 10 11 12
n 1 £Z 0 00 0 0 0 0 0 0 0 0
| 2|l o@2z, 2 I, 7, Z, Z, Z,- 7, I,x1I,
3| 0027, 2 I I Z, 7, Z,- 7, I,xI,
4|l 000@ 7, 7, BxZy I,xT, I,xT, TuxT; I;: I,
5| 0000 Z I 7, Z,, Z, Z, 7, I
6| 0000 0 F 7. Z, i ) B 7,
7l 0000 0 0 & Z, 0 0
8 0000 0 0O 0 & i 7. Iry 0O
\ K S\ ;\‘5\/
7T ﬂ‘ )72 fC3 7e
Stable homotopy groups:
n.S:= limm (S k—o©
Primary decomposition:
T,° = @ (70°) () e.g.: TMy=2,,=Zg+ 72,



Stable Homotopy Groups of Spheres at the prime 2
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Computation: Mahowald-Tangora-Kochman
Picture: A. Hatcher

Each dot represents a factor of 2, vertical lines indicate additive extensions

eg.. (m3)) =1Lg, (Tg)w) = L DL,
Vertical arrangement of dots is arbitrary, but meant to suggest patterns




Computation: Nakamura -Tangora
Picture: A. Hatcher

Stable Homotopy Groups of Spheres at the prime 3 I35 A
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(TC s) Computation: D. Ravenel 20ra S
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* Each dot represents a factor of p

e.g.: (T39°)(5) = L35
* Vertical arrangement of dots is arbitrary, but meant to suggest patterns



Stable Homotopy Groups of Spheres at the prime 2
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* Each dot represents a factor of 2, vertical lines indicate additive extensions

eg.. (m3)) =1Lg, (Tg)w) = L DL,
e Vertical arrangement of dots is arbitrary, but meant to suggest patterns




Computation: Nakamura -Tangora
Picture: A. Hatcher

Stable Homotopy Groups of Spheres at the prime 3 I35 A
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Stable Homotopy Groups of Spheres at the prime 2
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Example: KO (real K-theory)
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h, Stable Homotopy Groups of Spheres at the prime 2
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Hurewicz image of TMF (p = 2) .
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