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Abstract. We survey the role of Lie algebras in the study of unstable homo-

topy groups.
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1. Introduction

Let X be a pointed space. The Whitehead product

[−,−] : πi(X)⊗ πj(X)→ πi+j−1(X)

gives π∗(X) the structure of a graded shifted Lie algebra. This structure is most
easily conceptualized by its relationship to the Samelson product, which is given
by the commutator on the loop space

⟨−,−⟩ : πi(ΩX)⊗ πj(ΩX)→ πi+j(ΩX).

Samelson showed that under the isomorphism πi+1(X) ∼= πi(ΩX), the two products
agree up to a sign [Sam53].

This Lie algebra structure is fundamentally unstable in nature — there is no vestige
of it in the context of stable homotopy groups. It captures the difference between
unstable and stable homotopy groups in a manner made precise by Curtis’s lower

1



2 MARK BEHRENS AND CONNOR MALIN

central series [Cur65], Rector’s mod p lower central series [Rec66] and its rela-
tionship to simplicial restricted Lie algebras, and Quillen’s differential graded Lie
algebra model of unstable rational homotopy theory [Qui69].

In this paper we will review these now classical ideas, and their more recent devel-
opment in the context of Goodwillie calculus [Goo03]. Specifically, we will discuss
the results of Arone, Ching, Taggart and the second author on Koszul duality and
its interaction with Goodwillie calculus [Chi05], [AC11], [Esp22], [MT24], Kono-
valov’s work on simplicial restricted Lie algebras [Kon23], and the generalization of
Quillen’s Lie algebra model of rational homotopy theory to the unstable vn-periodic
context of Heuts, Rezk, and the first author [Heu21], [BR20a].

The recurring theme will be the following:

Unstable homotopy groups =

 stable homotopy groups
+

Lie algebra information



Conventions. We will denote the following ∞-categories by

sSet = simplicial sets (a.k.a. spaces)

sSet∗ = pointed spaces

sSet≥n = (n− 1)-connected spaces

Sp = spectra

We will use (−)∨ to denote the Spanier-Whitehead dual. Given an ∞-category C,
and objects X,Y ∈ C, we let

C(X,Y )

denote the associated space of maps, and

[X,Y ] = [X,Y ]C

denote the corresponding set of homotopy classes of maps. If C is a stable ∞-
category, we will let

C(X,Y )

denote the mapping spectrum.

p will always denote a prime number. For elements xi of a Lie algebra L, we will
let

[x1, . . . , xk] = [x1, [x2, · · · [xk−1, xk] · · · ]]

denote the iterated Lie bracket.

Acknowledgments. The authors would like to thank Nikolay Konovalov, for his
generous explanations of his work and related topics.
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2. Algebras and modules over operads

Symmetric sequences. Fix a presentably symmetric monoidal stable∞-category
(C,⊗, 1C), and let

SeqΣ(C)

denote the ∞-category of symmetric sequences in C, whose objects are sequences

{Xi ∈ CBΣi}i≥0.

We will identify C with the full subcategory of SeqΣ(C) consisting of sequences
concentrated in degree 0:

X := {X, 0, 0, . . .}.

The ∞-category SeqΣ(C) has a monoidal structure ◦ given by

(X ◦ Y)i :=
⊕

i=i1+···+ik

IndΣi

Σi1,...,ik
Xk ⊗ Yi1 ⊗ · · · ⊗ Yik ,

where Σi1,...,ik ≤ Σi is the subgroup which preserves the partition i = i1 + · · ·+ ik.
The unit of this monoidal structure is 1∗, given by

1∗ := {0, 1C , 0, 0, . . .} ∈ SeqΣ(C).

The ∞-category SeqΣ(C) also possesses a symmetric monoidal structure ⊗ given
by

(2.1) (X ⊗ Y)i :=
⊕

i=i1+i2

IndΣi

Σi1×Σi2
Xi1 ⊗ Yi2 .

Operads. An operad in C is a monoid in (SeqΣ(C), ◦).

(2.2) We shall say that an operad O is reduced if O0 = 0 and O1 = 1.

(2.3) Given an operad O in C, we will let ModrtO/ModltO denote right/left modules
over O.

(2.4) The ⊗-product of right O-modules is again an O-module, so ⊗ endows
ModrtO with a symmetric monoidal structure (see [Fre09]).

(2.5) If an operad O is reduced, then the canonical map

O → 1∗

is a map of operads, and in particular 1∗ is both a left and right O-module.
(2.6) An object X ∈ C gives rise to a symmetric sequence X⊗ ∈ SeqΣ(C) with

(X⊗)i := X⊗i.

An O-coalgebra structure on X induces a right O-module structure on X⊗.
(2.7) A left O-module structure on X ∈ C (regarded as a symmetric sequence

concentrated in degree 0) is an O-algebra structure on X.
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Coendomorphism operads. For objects X,Y ∈ C, define a symmetric sequence
of spectra HomC(X,Y ) by

HomC(X,Y )i := C(X,Y ⊗i).

(2.8) The symmetric sequence HomC(X,X) admits a canonical operad structure
(sometimes referred to as the coendomorphism operad).

(2.9) The symmetric sequence of spectra HomC(X,Y ) is canonically a right
HomC(Y, Y )-module and a left HomC(X,X)-module.

(2.10) The n-sphere operad is defined to be the coendomorphism operad in spectra

Sn := HomSp(S
n, Sn).

Using the fact that C is tensored over spectra, we can define the nth sus-
pension σnO of an operad O to be the operad

σnO := Sn ⊗O.

If A is an σnO-algebra, then ΣnA is an O-algebra.

Koszul duality. Ching originally defined Koszul duality of operads/modules in
spectra using bar constructions [Chi05]. Recently, Espic [Esp22] introduced a more
conceptual homotopy invariant construction, which he showed was equivalent to
Ching’s.

Given a reduced operad of spectra O, its Koszul dual is defined to be the coendo-
morphism operad

K(O) := HomModrt
O
(1∗, 1∗).

GivenM∈ ModrtO , its Koszul dual is defined to be the right K(O)-module

KO(M) := HomModrt
O
(M, 1∗).

There are equivalences [Esp22], [MT24]

K(O) ≃ B(1∗,O, 1∗)∨,
KO(M) ≃ B(M,O, 1∗)∨

where B(−,−,−) denotes the two-sided monoidal bar construction. Given an O-
coalgebra X, we define the spectrum of primitives by

PrimO(X) := ModrtO(1∗, X
⊗)

It follows from the definition of K(O) that PrimO(X) naturally has the structure
of a K(O)-algebra.

The Lie operad. Let Comm be the reduced commutative operad in spectra, given
by the symmetric sequence

{0, S, S, S, . . .}.
Define the spectral Lie operad to be the shift of the Koszul dual

Lie := σK(Comm).

It is shown in [Chi05] that there is an isomorphism of operads

HZ∗Lie ∼= LieZ,
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where LieZ denotes the Lie operad in abelian groups. For a commutative ring k,
algebras over

Liek := k ⊗ LieZ

in Modk are Lie algebras over k.

3. The Goodwillie spectral sequence

The Goodwillie tower. Goodwillie calculus [Goo03], [Lur17, Ch.6] associates
to a reduced functor between presentable pointed ∞-categories a Taylor tower of
degree n polynomial approximations

F → · · · → Pn(F )→ · · · → P1(F ).

In the context where F is the identity functor

Id : sSet∗ → sSet∗,

the fibers take the form [Joh95], [Chi05]

Dn(Id)(X) ≃ Ω∞σ−1Lien ⊗hΣn
Σ∞X⊗n

and for X connected and Z-complete the map

X → P∞(Id)(X) := lim←−
n

Pn(Id)(X)

is an equivalence [AK98]. It follows that for a connected Z-complete space there is
a Goodwillie spectral sequence

(3.1) gssEt,∗
1 (X) = πtLie(Σ−1Σ∞X)⇒ πt+1X,

where

Lie(Y ) ≃
⊕
n

Lien ⊗hΣn
Y ⊗n

is the free spectral Lie algebra on a spectrum Y . Note that the E1-term is a Lie
algebra, and the GSS converges to a Lie algebra, but it has not been proven that
this spectral sequence is a spectral sequence of Lie algebras.

The homotopy and homology of free spectral Lie algebras. We are led to
compute the homotopy groups of Lie(Y ) for Y ∈ Sp. We shall do this for the
p-completions for every prime p.

The homotopy groups of any bounded below p-complete spectrum Z can be studied
using the mod p Adams spectral sequence

Exts,tAop(Fp, (HFp)∗Z)⇒ πt−sZ.

Here A is the mod p Steenrod algebra, whose dual action gives (HFp)∗Z an Aop-
module structure. Thus the input needed to study the homotopy groups of the
p-completion of σ−1Lie(Y ) is the homology (HFp)∗σ

−1Lie(Y ).

We first consider the case of p = 2. Suppose that L is a 2-complete Lie-algebra.
Since

(3.2) Lie2 ≃ Sσ−1
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where σ is the sign representation, the Lie-algebra structure gives a map

(HF2)∗(Σ
σ−1L⊗2)hΣ2 → (HF2)∗L.

In addition to endowing (HF2)∗L with the structure of a graded Lie algebra, it also
gives rise to Lie-Dyer-Lashof operations [Beh12]

(3.3) Q̄i : (HFp)tL→ (HFp)t+iL

which satisfy the allowablity conditions [AC20]

• Q̄ix = 0 if i < |x|.
• Q̄ix = [x, x] if i = |x|.
• [x, Q̄iy] = 0.

The algebra of all such operations R̄ is subject to Lie-Adem relations [Beh12, Sec.
1.4] which give rise to a basis of admissible monomials

Q̄i1 · · · Q̄iℓ

with im > 2im+1.

Antoĺın Camarena [AC20] showed that (HF2)∗Lie(Y ) is the free allowable R̄-Lie
algebra on (HF2)∗Y . Specifically, if {xj} is a basis of (HF2)∗Y , then (HF2)∗Lie(Y )
has a basis

(3.4) Q̄i1 · · · Q̄iℓ [xj1 , . . . , xjk ]

where the brackets range over a basis of the free graded Lie algebra over F2 on the
generators {xj}, im > 2im+1, and iℓ > |xj1 |+ · · ·+ |xjk |.

For p odd, Kjaer [Kja18] constructed the odd primary analog of the Lie-Dyer-Lashof
operations (3.3), and he showed that (HFp)∗Lie(Y ) admits a basis analogous to
(3.4). However he was unable to determine the odd primary Lie-Adem relations. In
the case of the prime 2, they were deduced in [Beh12] from a classical computation
of the transfer

(HF2)∗BΣ4 → (HF2)∗BΣ2 ≀ Σ2

due to Kahn and Priddy [Pri73]. Surprisingly, the formula for the odd primary
analog of this transfer was unknown. One interesting corollary of the work of
[Kon23] (which we will discuss in Section 4) is that he is able to determine these
odd primary Lie-Adem relations.

4. The mod p lower central series and restricted Lie algebras

The Rector spectral sequence. Adapting the work of Curtis [Cur65] to the p-
primary setting, Rector [Rec66] studied the spectral sequence associated to the the
mod p-lower central series

Γp
sG = ⟨[g1, . . . , gi]p

j

: ipj ≥ s⟩ ≤ G

of a simplicial group G, whose associated graded is a simplicial graded restricted Lie
algebra over Fp. A graded restricted Lie algebra L∗ (over a field of characteristic
p) is a graded Lie algebra which possesses an additional operation

ξ : Lt → Lpt
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which satisfies certain axioms (see [MM65]).

Consider the following diagram of ∞-categories and functors.

(4.1) sSet∗

F̃p

��

Ω // sGp
Γp
• //

Fp

��

sGpfil
gr• // sLiegr .resFp

V

��
sCoAlgComm

Fp C
// sHopfFp I•

// sHopffilFp gr•
// sHopfgr .primFp

where

sGp = simplicial groups

sLiegr .resFp
= simplicial graded restricted Lie algebras over Fp

sCoAlgComm
Fp

= (non-counital) simplicial cocommutative coalgebras over Fp

sHopfFp
= simplicial cocommutative Hopf algebras over Fp

sHopfgr .primFp
= simplicial cocommutative primitively generated graded Hopf algebras

and

ΩX = the Kan loop group of a simplicial set X

FpX = the free simplicial Fp-module of a simplicial set X

F̃pX = the free reduced simplicial Fp-module of a pointed simplicial set X

V (L) = the universal enveloping algebra (of a graded restricted Lie algebra L)

C(A) = C(Fp,Fp ⊕A,Fp), the cobar construction on a non-counital coalgebra A

(where Fp ⊕A denotes the coaugmented counital coalgebra associated to A)

I•A = the filtration of A given by powers of the augmentation ideal

Cfil = filtered objects of C
gr• = the associated graded of a filtered object

The left-hand square of (4.1) commutes when restricted to sSet≥2
∗ by the conver-

gence of the Eilenberg-Moore spectral sequence. The right-hand rectangle of (4.1)
is shown to commute in [BC70]. The universal enveloping algebra functor V in
(4.1) is an equivalence by [MM65], where the inverse functor is given by taking
primitives

Prim : sHopfgr .primFp
→ sLiegr .resFp

.

Because the Kan loop group is level-wise free, the image of X under the various
functors of (4.1) is given by

X � // ΩX � //
_

��

Γp
•ΩX

� // Lier(Σ−1F̃pX)
_

��
FpΩX

� // I•FpΩX
� // T (Σ−1F̃pX)

where Lier denotes the free restricted Lie algebra and T denotes the tensor algebra.

Note that each of these carries a natural grading with Σ−1F̃pX in degree 1.
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The filtration Γp
•ΩX gives rise to the Rector spectral sequence

rssEt,∗
1 (X) = πtLier(Σ−1F̃pX)⇒ πt+1X

which converges for X simply connected [Rec66].

Remark 4.2. The spectral sequence associated to the filtration I•FpΩX is the
Eilenberg-Moore spectral sequence. Thus, by (4.1), the Hurewicz homomorphism
induces a map from the Rector spectral sequence to the Eilenberg-Moore spectral
sequence.

The homotopy of free simplicial restricted Lie algebras. In order to com-
pute the E1-term of the Rector spectral sequence, we observe that the homotopy
groups of a simplicial restricted Lie algebra L over Fp have algebraic structure
[BC70]. The restricted structure arises from a factorization of the Lie algebra
structure maps through maps

LieFp
n ⊗hΣn L⊗n → L.

This endows π∗L with the structure of a graded restricted Lie algebra. Furthermore
we get λ-operations coming from the mod p cohomology of Σp. For simplicity, we
restrict attention to the case where p = 2. In this case, it follows from (3.2) that
the map

LieF2
2 ⊗hΣ2 L⊗2 → L

induces operations

λi : πtL→ πt+iL

for i ≥ 0, which satisfy the instability conditions

• xλi = 0 if i > |x|.
• xλi = ξ(x) if i = |x|.
• [x, yλi] = 0 if i < |y|.

The algebra of all such operations Λ is subject to Adem relations [BCK+66], which
give rise to a basis of admissible monomials

λi1 · · ·λiℓ

with 2im ≥ im+1. The Λ-algebra is Koszul dual to the Steenrod algebra A [Pri73]
and as such possesses a differential d such that

H∗(Λ) = ExtA(F2,F2).

Bousfield and Curtis [BC70] showed that for a simplicial F2-module Y , the homo-
topy groups π∗Lier(Y ) form the free unstable Λ-Lie algebra on π∗Y . Specifically,
if {xj} is a basis of π∗Y , then π∗Lier(Y ) has a basis

[xj1 , . . . , xjk ]λi1 · · ·λiℓ

where the brackets range over a basis of the free graded Lie algebra over F2 on the
generators {xj}, 2im ≥ im+1, and i1 < |xj1 |+ · · ·+ |xjk |.

The Rector spectral sequence is a spectral sequence of Lie algebras. The first
potentially non-trivial differential on Lie algebra generators is given by the formula
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[BC70]

(4.3) drss2ℓ (σ−1x · λI) =
∑

[σ−1x′
i, σ

−1xi]λI + σ−1x · dλI +
∑
j

σ−1xSqj∗ · λj−1λI

for x ∈ (H̃F2)∗X with ∆(x) =
∑

i x
′
i⊗x′′

i . It is shown in [BC70] that for sufficiently
nice spaces, the Rector spectral sequence is isomorphic to the unstable Adams
spectral sequence after re-indexing.

The algebraic Goodwillie spectral sequence. Konovalov [Kon23] related the
Rector spectral sequence to the Goodwillie spectral sequence. Specifically, he
showed that the algebraic Goodwillie spectral sequence associated to the Goodwillie
tower of the functor1

Lier(Σ−1F̃p(−)) : sSet∗ → sLieresFp

takes the form

(4.4) agssE1 = (HFp)∗Lie(Σ−1Σ∞X)⊗ Λ⇒ π∗Lier(Σ−1F̃pX).

The spectral sequence (4.4) is a spectral sequence of Lie algebras, and Konovalov
[Kon23, Rmk. 8.3.7] showed that the spectral sequence is completely determined by
explicit differentials on Lie algebra generators given by formulas discovered by Lin
[Lin81] in his proof of the algebraic Kahn-Priddy theorem.

The conjecture is that the algebraic Goodwillie spectral sequence fits into a “com-
muting square” of spectral sequences2

(HFp)∗Lie(Σ−1Σ∞X)⊗ Λ
agss +3

ass

��

π∗Lier(Σ−1F̃pX)

rss

��
π∗Lie(Σ−1Σ∞X)

gss
+3 π∗+1X

Such a commuting square would allow for the lifting of AGSS differentials to GSS
differentials.

5. Lie algebra models of rational homotopy theory

Rational homotopy theory. Quillen famously showed that simply connected
rational homotopy theory can be modeled by simplicial Lie algebras over Q. He

1Technically, Konovalov studied the case of restricted Lie algebras over the algebraic closure
F̄p. This was so he could use the action of the units of F̄p to prove degeneration results — his

results then carry over to Fp.
2By “commuting square” we mean that the square of spectral sequences arises from a bifiltered

object.
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accomplished this by observing that diagram (4.1) simplifies to a diagram of equiv-
alences of ∞-categories (the equivalence (∗) was also studied by Sullivan [Sul77]).

(5.1) (sSet∗)
≥2
Q

(∗)≃Q̃
��

≃
Ω // sGp≥1

Q

≃Q
��

(sCoAlgComm
Q )≥2 ≃

C
//

PrimComm ≃
��

sHopfconnQ

≃ Prim

��
Algσ−1Lie(SpQ)

≥2 ≃

Σ−1

// sLie≥1
Q

U

JJ

Here, U refers to the universal enveloping algebra, and PrimComm is the derived
primitives construction described in Section 2.

The rational Goodwillie tower. In the rational case, the Goodwillie spectral
sequence is the spectral sequence obtained from the bracket-length filtration on
PrimQΩX, and takes the form [Wal06]

LieQ(Σ−1(H̃Q)∗X)⇒ π∗+1XQ.

In this case the spectral sequence is known to be a spectral sequence of Lie algebras.
The d1-differential is determined by its effect on Lie algebra generators: for x ∈
(H̃Q)∗X with ∆(x) =

∑
x′
i ⊗ x′′

i this differential is given by [Qui69, Apx B]

dgss1 (σ−1x) =
1

2

∑
i

(−1)|x
′
i|[σ−1x′

i, σ
−1x′′

i ].

Thus if X is of finite type, the E1-page is the Harrison complex associated to the
ring (HQ)∗X, and the E2-page is its Andre-Quillen cohomology.

6. Lie algebra models of unstable vn-periodic homotopy theory

The Bousfield-Kuhn functor. Recall that a p-local finite complex X is called
type n if it is K(n − 1)-acyclic, and K(n) ⊗ X ̸≃ 0. The periodicity theorem of
Hopkins-Smith [HS98] implies that a p-local finite complex V of type n admits an
asymptotically unique vn-self-map: a K(n)-equivalence

v : Σt+NV → ΣtV

for t ≫ 0. The unstable vn-periodic homotopy groups (with coefficients in V ) of a
pointed space X are defined to be

v−1
n π∗(X;V ) := v−1[Σ∗V,X].

The corresponding stable vn-periodic homotopy groups

v−1
n πs

∗(X;V ) := lim←−
k

v−1
n π∗+k(Σ

kX;V )

are the homotopy groups of the telescope

v−1V ∨ ⊗ Σ∞X.
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Thus the stable vn-periodic homotopy type of X is encoded in the Bousfield local-
ization

(Σ∞X)T (n) ∈ SpT (n)

where T (n) := v−1V ∨ (this localization is independent of the choice of V and v-self
map).

The Bousfield-Kuhn functor

Φn : sSet∗ → SpT (n)

encodes these unstable vn-periodic homotopy groups, in the sense that there are
natural isomorphisms

π∗Φn(X)⊗ V ∨ ∼= v−1
n π∗(X;V ).

The completed unstable vn-periodic homotopy groups are defined to be

v−1
n π∧

∗ (X) := π∗Φn(X).

A generalization of rational homotopy theory. Let v−1
n sSet∗ denote the ∞-

category obtained by inverting the v−1
n π∧

∗ -isomorphisms. Heuts [Heu21] showed
that Φn(X) canonically admits the structure of a σ−1Lie algebra which is compati-
ble with the Whitehead product on homotopy groups, and proved that the induced
functor

Φn : v−1
n sSet∗

≃−→ Algσ−1Lie(SpT (n))

is an equivalence of ∞-categories.

While this result gives a fantastic generalization of Quillen’s simplicial Lie model of
rational homotopy theory, it tells us nothing about the homotopy type of Φn(X).
To that end, one can imitate Quillen’s approach to the rational case. It is shown
in [Heu21] (see also [BR20a]) that the diagram

v−1
n sSet∗

≃Φn

��

Σ∞
T (n)

))
CoAlgComm(SpT (n))

PrimCommuu
Algσ−1Lie(SpT (n))

is lax commutative in the sense that there is a natural transformation called the
comparison map

(6.1) cX : Φn(X)→ PrimCommΣ∞
T (n)X.

We shall say the a space X is Φn-good if the map

(6.2) X → P∞(Φn)(X)

is an equivalence.

One of the main results of [Heu21] is

Theorem 6.3 (Heuts). The comparison map (6.1) is an equivalence for X which
are Φn-good.
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Theorem 6.3 improved upon the main result of [BR20a], which showed that if X
is finite with (6.2) a K(n)-equivalence (i.e. X is ΦK(n)-good), then the comparison
map (6.1) is a K(n)-equivalence. If n = 1, the validity of the telescope conjecture
[Bou79, Prop. 4.2] implies Φ1(X) is K(1)-local. The telescope conjecture has been
shown to be false for n > 1 [BHLS23].

Arone and Ching discovered yet another approach to Theorem 6.3 in the case where
X is finite, assuming certain results about Koszul duality of right modules, which
was described in [BR20b, Sec. 9]. These Koszul duality results have now been
proven [MT24], and in the next two subsections we will proceed to give a concise
recapitulation of the Arone-Ching approach to Theorem 6.3.

Koszul duality and calculus. For a functor

F : sSet∗ → Sp

define the Koszul dual derivatives to be the spectrum of natural transformations

∂k(F ) := NatX(F (X),Σ∞X⊗k).

The diagonal of X induces a right Comm-module structure on ∂∗(F ). Using the
Yoneda lemma, there is a natural transformation

F (X)→ ModrtComm(∂∗(F ),Σ∞X⊗)

which gives an approximation of F (X).

The derivatives ∂∗(F ) were shown in [AC11] to possess a right σ−1Lie-module
structure. The reason that we refer to ∂∗(F ) as the Koszul dual derivatives of F is
that if each ∂iF is a finite spectrum, there is an equivalence [AC11, Example 17.28]
of right Comm = K(σ−1Lie)-modules

(6.4) ∂∗(F ) ≃ Kσ−1Lie(∂∗(F )).

It follows from the results of [MT24] that if X and all of the derivatives ∂k(F ) are
finite, then Koszul duality gives an equivalence

ModrtComm(∂∗(F ),Σ∞X⊗) ≃ Modrtσ−1Lie(∂∗(Σ
∞sSet∗(X,−)), ∂∗(F )) =: Ψ(F )(X)

where

Ψ(F )(X) ≃ lim←−
k

Ψk(F ) = lim←−
k

Modrtσ−1Lie(∂≤k(Σ
∞sSet∗(X,−)), ∂≤k(F ))

is the fake Taylor tower of [AC15].3

There is a map from the Taylor tower to the fake Taylor tower, giving a diagram
of fiber sequences [AC11, Rmk. 4.2.27]

(6.5) ∂k(F )⊗hΣk
Σ∞X⊗k //

N

��

Pk(F )(X)

��

// Pk−1(F )(X)

��
∂k(F )⊗hΣk Σ∞X⊗k // Ψk(F )(X) // Ψk−1(F )(X)

where N is the norm map.

3In [AC11],[AC15], the notation Φk(F ) is used, but we instead use Ψk to avoid conflict with
the notation for the Bousfield-Kuhn functor.
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Proof of Theorem 6.3. We may now explain how the theory of the previous
subsection specializes in the case of F = Φn to prove Theorem 6.3 in the case
where X is finite.

Firstly, it follows from the general theory of [Goo03] that there is a natural equiv-
alence

Φn(Pk(Id)(X)) ≃ Pk(Φn)(X)

and therefore

∂∗(Φn) ≃ (σ−1Lie∗)T (n).

It follows from (6.4) that the dual derivatives are given by

∂∗(Φn) ≃ (1∗)T (n)

Since σ−1Liek is level-wise finite, we may apply Koszul duality for right modules
[MT24] to deduce that there is an equivalence

Ψ(Φn)(X) ≃ ModrtComm(1∗,Σ
∞
T (n)X

⊗) = PrimComm(Σ∞
T (n)X).

Finally, since Kuhn proved norm maps in SpT (n) are equivalences [Kuh04], it follows

from (6.5) that there is a natural equivalence

P∞(Φn)(X)
≃−→ Ψ(Φn)(X).

We deduce that the comparison map (6.1) may be identified with the composite

Φn(X)→ P∞(Φn)(X)
≃−→ PrimComm(Σ∞

T (n)X).

Theorem 6.3 follows.

The vn-periodic Goodwillie spectral sequence. The Taylor tower for Φn gives
rise to the vn-periodic Goodwillie spectral sequence (which converges when X is
Φn-good)

v−1
n

gssEt,∗
1 (X) = πtLie(Σ−1Σ∞X)T (n) ⇒ v−1

n π∧
t+1(X).

Arone and Mahowald [AM99] showed that in the case where X = Sd (and d is odd
if p is odd), v−1

n
gssEt,k(Sd) = 0 unless k = pi ≤ pn, and they use this to prove

that spheres are Φn-good. The v1-periodic GSS was computed for Sd by Mahowald
[Mah82] for p = 2 and Thompson [Tho90] for p odd.

As T (n)-local homotopy groups are largely incomputable at present for n > 1, one
may alternatively consider the K(n)-local Goodwillie spectral sequence

gss
K(n)E

t,∗
1 = πtLie(Σ−1Σ∞X)K(n) ⇒ πt+1Φn(X)K(n).

The K(2)-local GSS for S3 and p ≥ 5 was computed by Wang in [Wan15].

In general, the homotopy groups of the K(n)-localization of a spectrum Z may
be computed by its K(n)-local Adams-Novikov spectral sequence, which by the
Morava change of rings theorem [Mor85] takes the form

Hs
c (Gn; (En)tZ)⇒ πt−sZK(n).

Here (En)∗Z is the (completed) Morava E-homology, and Gn is the nth (extended)
Morava stabilizer group. Thus the input needed to study the K(n)-local GSS is
(En)∗Lie(Z).
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The Morava E-theory of Lie(Z) was computed by Brantner [Bra17] in the case
where (En)∗Z is flat over (En)∗. We briefly summarize his result. Let ∆ denote the
Dyer-Lashof algebra for Morava E-theory, which acts on the Morava E-cohomology
of any space. The algebra ∆ was shown by Rezk to be Koszul [Rez17]. Define the
algebra of Hecke operations HLie to be the Koszul dual algebra of ∆ (in the sense of
[Pri70]). For simplicity, assume p is odd. Then Brantner showed that (En)∗Lie(Z)
is the free complete Hecke-Lie algebra on (En)∗Z:

(En)∗Lie(Z) = [HLie ⊗(En)∗ Lie
(En)∗((En)∗Z)]∧I .

In the case of n = 2, the algebra HLie , and the Morava E-theory (E2)∗Φ2(S
2i+1),

was determined by Zhu [Zhu18].

The first non-trivial differentials in the K(n)-local GSS are given by analogs of the
formula (4.3). In the case of n = 1 and p odd, Kjaer used this to compute the
v1-periodic GSS in its entirety for X a simply connected finite H-space [Kja19]. By
comparing his results with the work of Bousfield [Bou99], Kjaer established that
for p odd, all finite H-spaces are Φ1-good. This suggests that the higher chromatic
analogs of the right-hand column of (5.1) should be better behaved than the higher
chromatic analogs of the left-hand column. Progress on the study of T (n)-local
Hopf algebras is being made in ongoing work of Brantner, Hahn, Heuts, and Yuan,
who have proposed that it may be the case that all loop spaces are Φn-good.
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